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To my teacher Prof: R. P. Bambah who 
initiated me into Algebraic Number Theory 


Preface 


This book is an outcome of teaching a two-semester course on Algebraic Number 
Theory several times and carrying out research work for many years in this area. 
Our main aim is to present the core course contents of Algebraic Number Theory 
for post-graduate students in a comprehensive and lucid manner. We follow the 
classical approach of Dedekind’s theory of ideals. The prerequisite for this book is 
basic knowledge of abstract algebra and Elementary Number Theory including the 
Legendre symbol, the law of quadratic reciprocity and continued fractions. Some 
simple results regarding infinite series and infinite products are used in the proof of 
Dirichlet’s Class Number Formula in Chap. 9. We have tried to make the book as 
self-contained as possible. 

Chapter | gives the notions of the characteristic polynomial, norm and trace 
together with their properties and introduces the reader to algebraic numbers and 
algebraic integers. Formulae for discriminant and integral bases of quadratic, pure 
cubic and cyclotomic fields are derived in Chap. 2. In Chap. 3, the ideals of the 
ring Ox of algebraic integers in an algebraic number field K are studied. Chapter 4 
contains a proof of Dedekind’s Theorem on splitting of primes and its applications. 
In Chap. 5, Dirichlet’s Unit Theorem is proved and a method to compute units of 
real quadratic fields using continued fractions is also explained. Chapter 6 deals 
with relative extensions of algebraic number fields, and a proof of the fundamental 
equality involving relative index of ramification and residual degree is given. In 
Chap. 7, the notions of relative different and relative discriminant are introduced and 
their properties are studied. This chapter culminates with the proof of Dedekind’s 
Theorem on ramified primes. Chapter 8 establishes the finiteness of class number 
and proves Minkowski’s Convex Body Theorem. A slight variation of this theorem 
is applied to obtain Minkowski’s bound which has been used for computing class 
number of some algebraic number fields. Hermite’s Theorem on discriminant has 
also been proved in this chapter. A self-contained proof of the first case of Fermat’s 
Last Theorem for regular primes is also given in this chapter. In Chap. 9, we prove 
Dirichlet’s Class Number Formula and give some of its applications. In Chap. 10, 
a simplified version of Dirichlet’s Class Number Formula is derived for cyclotomic 
and quadratic fields using numerical characters and L-functions. We also deduce 


Vili Preface 


Dirichlet’s Theorem for primes in arithmetic progressions. At the end, an appendix 
has been added which contains the basics of field theory, the fundamental theorem 
of the Galois theory and a new proof of the classical Eisenstein-Dumas Irreducibility 
Criterion which has been published in 2020. Historical comments are added at several 
places in the book and a couple of open problems are also stated in certain remarks. 
Every chapter culminates with a set of exercises. At the end of the book, we provide 
“Hints and Answers to Selected Exercises” where answers to all numerical exercises 
are given, and moreover, elaborate hints to challenging exercises are also given. 

We also aim to arouse readers’ interest in research in Algebraic Number Theory. 
For this purpose, we have cited some recent results which are directly related to the 
basic results proved in the book and mentioned a few research problems arising out 
of these results together with the progress made in the direction of each problem. 
For example, in Chap. 2, we have remarked that a formula for the discriminant of 
nth degree fields of the type Q(a'/") involving only the prime powers dividing a 
and n with a, n coprime or a squarefree, was given in 2017; an explicit integral 
basis for such fields has been constructed in 2020 but the problem is still open 
when a, n are arbitrary. Similarly, in Chap. 4, we introduce the reader to the simple 
criterion known as the Dedekind Criterion proved in 1878 which gives a necessary 
and sufficient condition on the minimal polynomial of @ over Q for a prime p to 
divide the group index [Ox : Z[@]], where Ox is the ring of algebraic integers of an 
algebraic number field K = Q(6); this index is usually called the index of @. We also 
refer to a result proved in 2017 which characterizes all primes dividing the index of 
@ when K = Q(6) with 6 satisfying an irreducible trinomial F(X) = X" +aX”" +b 
belonging to Z[X]. However, it is an open problem to determine the exact power of a 
prime p dividing the index of 6 even in the simpler case when F(X) = X"+aX+b 
for n => 7; this problem is completely solved for all choices of a, b when n < 6 and 
solved for many choices of a, b when n is prime power. 

It is hoped that this book will be of great use to students and researchers. I would 
appreciate receiving comments and suggestions for improvement of the book. 


Chandigarh, India Sudesh Kaur Khanduja 
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Chapter 1 ®) 
Algebraic Integers, Norm and Trace sheet 


1.1 Historical Background 


The origin of Algebraic Number theory is attributed to Fermat’s Last Theorem which 
was conjectured by a French mathematician Pierre de Fermat in 1637. It states that 
the equation X” + Y” = Z” has no solution in non-zero integers x, y, z, when n 
is an integer greater than 2. Fermat himself proved the case n = 4 of the theorem 
(see [Ded2, 0.3.1]). If = pm, then the relation x” + y” = z” implies that (x)? + 
(vy)? = (z’")? which gives a solution of the equation X”? + Y? = Z?. Since any 
integer greater than 2 is either a multiple of 4 or has an odd prime factor, for proving 
Fermat’s Last Theorem it is enough to show that X¥? + Y? = Z? has no solution in 
non-zero integers for all odd prime exponents p. This celebrated theorem motivated 
a general study of the theory of algebraic numbers. History reveals that in 1770, 
Leonhard Euler used the field Q(w) with w a complex cube root of unity to prove 
Fermat’s Last Theorem for the case n = 3 (cf. [Ded2, 0.5.1]). The first major step 
towards a general proof of Fermat’s Last Theorem was by a French woman! Sophie 
Germain. In a letter dated May 12, 1819 to the greatest number theorist of that time 
Carl Friedrich Gauss, she explained her idea of the proof. She had proved that if p is 
an odd prime such that g = 2kp + 1 is also a prime for some number k satisfying the 
following conditions: (i) x? = p (mod q) has no solution (ii) the set of pth powers 
modulo q contains no consecutive non-zero integers, then the first case of Fermat’s 
Last Theorem holds for the exponent p, i.e., the equation X¥? + Y? = Z? has no 


‘Tt may be pointed out that women were not allowed to enroll themselves as members of Ecole 
Polytechnique which was opened in Paris in 1794 when Germain was 18 years old. Germain 
managed to obtain lecture notes from this institute under the pseudonym Monsieur Le Blanc. A 
couple of months later, the supervisor of the course Joseph-Louis Lagrange could no longer ignore 
the brilliance of Monsieur Le Blanc’s answer sheets and Germain was forced to reveal her identity. 
Lagrange recognised her abilities and became her mentor. She wrote several letters discussing 
mathematical problems to the well known number theorist Carl Friedrich Gauss under the same 
pseudonym. 
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solution in integers x, y, z with p not dividing xyz. In particular, for an odd prime 
p if 2p + 1 is also a prime, then the first case of Fermat’s Last Theorem holds for 
the exponent p. In this way she was able to show that the same holds for all odd 
primes p < 197. In 1825, her method claimed its first complete success when the 
famous mathematicians Peter Gustav Lejeune Dirichlet and Adrien-Marie Legendre 
(one German and the other French) working independently were able to prove the 
case n = 5 of Fermat’s Last Theorem. In fact, they acknowledged that their proofs 
were based on the method of Sophie Germain. Fourteen years later, the French 
mathematician Gabriel Lamé proved the case n = 7 of the theorem using Germain’s 
results. Her results related to Fermat’s Last Theorem remained most important until 
the contribution of Eduard Kummer in 1847. 

The German mathematician Ernst Eduard Kummer contributed a lot towards the 
subject. While trying to prove Fermat’s Last Theorem, he was studying arithmetic 
of the ring Z[¢,] where ¢, is a primitive pth root of unity, p prime and realized 
that unique factorization into prime elements may not hold in such rings. While 
tackling the above problem, he made a remarkable achievement discovering that 
the unique factorization property could be salvaged if we replace role of elements 
of Z[¢p] by what he called ideal numbers. Richard Dedekind extended Kummer’s 
work by using ideals in place of ideal numbers; in fact the concept of an ideal of a 
ring was thus born in the work of Kummer and Dedekind. By using the theory of 
ideal numbers, Kummer proved Fermat’s Last Theorem for a wide range of prime 
exponents - the so called ’regular’ primes.” He also evolved a powerful approach with 
applications to many other problems. In fact, a large part of classical number theory 
can be expressed in the framework of Algebraic Number Theory. This theory now 
has a wealth of applications to several topics in mathematics such as Diophantine 
equations, cryptography, factorizations into prime ideals, primality testing etc. It is 
this wider link that led to the final proof of Fermat’s Last Theorem. After seven years 
of single minded efforts, an English mathematician Andrew John Wiles completed 
a proof of Fermat’s Last Theorem by May 1993. He outlined the proof in three 
lectures in a conference held at Sir Issac Newton Institute in Cambridge in June 
1993. The title of Wiles’ lecture series was “Modular forms, Elliptic curves and Galois 
representations”. At the end of his third lecture on 23rd June 1993, when he concluded 
Fermat’s Last Theorem, he became the most famous mathematician in the world. In 
September 1993, Nick Katz, a referee of the paper containing this proof noticed a gap 
in one of the arguments. Wiles corrected the proof with the help of his former student 
Richard Taylor and the revised proof was published in 1995 (cf. [Wil, Ta-Wi]). In the 
words of Cambridge Professor John Coates (Ph.D. supervisor of Andrew Wiles) “A 
proof of Fermat’s Last Theorem is a great intellectual triumph and one shouldn’t lose 
sight of the fact that it has revolutionised number theory in one fell swoop. For me 
the charm and beauty of Andrew’s work has been that it has been a tremendous step 
for algebraic number theory”. For solving this problem, he was knighted in 2000 and 


2 A prime p is said to be regular if the class number of the field Q(e2”'/”) is not divisible by p. 
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received other awards such as 2016 Abel? prize. A detailed outline of Wiles’ proof 
along with all other necessary preliminary results is fairly well explained in [St-Ta]. 
Simon Singh in his book “Fermat’s Last Theorem” [Sin] takes us through a journey 
of more than 330 years of the struggle of Math world to prove this theorem. His 
narrative fold is very interesting which includes Pythagoras, Euclid, Fermat, Euler, 
Germain, Gauss, Cauchy, Lamé, Kummer, Taniyama, Shimura, Ribet, Faltings* and 
eventually Andrew Wiles whose legacy will remain as long as Mathematics rules our 
lives. 


1.2. Algebraic Numbers and Algebraic Integers 


We begin by introducing some basic notions of algebraic number theory. 

Definition A complex number a is said to be an algebraic number if @ is a root 
of a non-zero polynomial with coefficients from the field Q of rational numbers. A 
complex number which is not an algebraic number is called a transcendental number. 


Note that if w is an algebraic number, then the degree of the extension Q(a@) over 
Qis finite and vice versa. 
Theorem 1.1 The set ofall algebraic numbers is a subfield of C, the field of complex 
numbers. 


Proof Suppose that a, 6 are algebraic numbers with 6 4 0. We have to show that 
a+ B, aB and ; are algebraic numbers. The extensions Q(a)/Q and Q(B)/Q are 


finite, say of degree m and n respectively. Since 


[Qta, B) : Q@)] < (Q(B): QU =n, 


it follows from Tower theorem (cf. Theorem A.1) that 


[Q@, B) : Q) = [Q@, B) : Q@)][Q@) : Q] < mn. 


As the elements a + 6, af and as belong to Q(a, B), therefore the degree of the 


extension obtained by adjoining any of these elements to Q is finite and hence the 
theorem is proved. 


3 This prize is named after the Norwegian Mathematician Niels Henrik Abel (1802-1829) and 
directly modeled after the Nobel Prize. It comes with a monetary award of 7.5 million Norwegian 
Kroner. 

4 Gerd Faltings has been closely linked with the work leading to the final proof of Fermat’s Last 
Theorem by Andrew Wiles. In 1983, he proved that for every n > 2, there are at most a finite 
number of coprime integers x, y, z with x” + y” = z”. In 1986, he received the highest honour 
that a young mathematician can receive when he was awarded a Fields Medal at the International 
Congress of Mathematicians at Berkeley. 
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Theorem 1.2 The field A of all algebraic numbers is a countable set. 


Proof We know that a complex number o@ is an algebraic number if and only if it is 
a root of a non-zero polynomial with coefficients from the ring Z of integers. For a 
non-constant polynomial f(X) = a,X” + Gn-1X" 1 +--+ +a9 belonging to Z[X], 
we define the rank of f(X) by 


rank(f) = + |an| + |an—1| + +++ + aol; 


note that rank( f) > 2. Also observe that for any given positive integer s, the number 

of polynomials with coefficients from Z having rank s is finite. Consequently if 

P, denotes the set of all those algebraic numbers which are roots of polynomials 
[oe 


with integer coefficients having rank s, then P, is a finite set. Since A = U P, and 
s=2 


countable union of finite sets is countable, it follows that A is countable. 


Remark 1.3. The above theorem implies that the set of all transcendental numbers 
is uncountable. It was Joseph Liouville who first constructed in 1853 a large num- 
ber of transcendental numbers by proving that real algebraic numbers cannot be too 
well approximated by rationals.° However the question whether some familiar real 
numbers were transcendental still persisted. The first success in this direction was 
by Charles Hermite. In 1873, Hermite proved that e is transcendental and in 1882 
Ferdinand Lindemann proved the transcendence of zr; in fact he proved that for any 
non-zero algebraic number a, e% is transcendental, which implies that zr is transcen- 
dental because e”' = —1 is algebraic. In 1934, working independently Alexander 
Gelfond and Theodor Schneider proved that if a, 6 are algebraic numbers (real or 
complex) with a #0, 1 and 8 irrational, then each value of a? is transcendental. 
This answered in affirmative the question raised by David Hilbert, whether 2v? is 
transcendental. 


Definition A complex number «a is said to be an algebraic integer if w is a root of a 
monic polynomial with integer coefficients. To avoid confusion, elements of Z will 
sometimes be called rational integers and a prime number will sometimes be referred 
to as a rational prime. 

Note that /2 is an algebraic integer but 1/./2 is not in view of the following 
theorem. 


Theorem 1.4 A complex number a is an algebraic integer if and only if the minimal 
polynomial of a over Q has all its coefficients in Z. 


Proof Suppose that a is an algebraic integer and f(X) = X" + dy_jX" 1} +++-+ 
dg is a monic polynomial with coefficients in Z of which @ is a root. We can write 
S(O) = fi(X) fio(X)--- f-(X), where each f;(X) belonging to Q[X] is irreducible. 
For 1 <i <r, write 


5 For precise statement of Liouville’s Theorem and its applications, see Sect. 3.2 of [Es-Mu]. 
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d; . 
fi(X) = 5 8i(X), dj, bj eZ ’ 
i 


where g;(X) € Z[X] is primitive.° Then 
bi bz +++ by f (X) = dido- ++ d,gi(X)g2(X) +++ gr (X). 


Since product of primitive polynomials is primitive by Gauss’ lemma, on taking 
content, the above equation implies that bjb2---b, = d;d)---d,. In view of the 
fact that f(X) is monic, the equality f(X) = g)(X)g2(X)--- g,(X) shows that the 
leading coefficient of each g;(X) belongs to {+1, —1}. Recall that @ is a root of 
Ff (X), so g;(a) = 0 for some 7. But g;(X) is irreducible over Q and has coefficients 
in Z with leading coefficient +1. Therefore the minimal polynomial of a over Q is 
+¢;(X), which proves the desired assertion. The converse part is trivial. 


The following theorem gives some more characterizations of an algebraic integer. 


Theorem 1.5 For a complex number a, the following statements are equivalent: 


(i) a is an algebraic integer. 
(ii) The subring Z[a] of C generated by Z and a is a finitely generated Z-module. 
(iii) There exists anon-zero finitely generated Z-submodule M of C such thataM © 
M. 


Proof (i) => (ii). Let g(X) € Z[X] be a monic polynomial satisfied by a. Let 
h(a) € Z[a] be any element with h(X) belonging to Z[X]. By division algorithm, 
we can write h(X) = g(X)q(X) + r(X) where g(X), r(X) € Z[X] and degr(X) < 
deg g(X) =n (say). Soh(a) = g(a)q(a) + r(a) = r(a@), which shows that h(a) isa 
linear combination of 1, a, ..., a”~! with coefficients from Z. Thus {1, a, ...,a@”~!} 
is a system of generators of Z[a] as Z-module. 

(11) ==> (iii) is trivial. 

(iii) => (i). Let {w,..., w,} be a system of generators of a non-zero finitely gen- 
erated Z-module M C C such that aM C M. By hypothesis, ww; € M for each 7. 
So there exist integers a;; such that 


OW, = 4 Wi +--+ +4inWn, 1Sis<n. 


On denoting the n x n matrix (a;;);,; by A and the identity matrix by /, the above n 
equations can be rewritten as 


W1 0 

W2 0 
(af—A)| . |= 

Wy 0) 


© The content of a polynomial f(X) € Z[X] is the gcd of its coefficients; f (X) is said to be primitive 
if its content is 1. 
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Multiplying the above equation on the left by the transpose of the cofactor matrix of 
(al — A), we obtain 


W 0 
Ww2 0 

det(aI—A)}] . |=]. |. (1.1) 
Wn 0 


Since {w1, W2,..., Wyn} generates M, (1.1) implies that det(a7 — A)M = {0}. As 
M is anon-zero submodule of C, we conclude that det(aJ — A) = 0 which proves 
that @ satisfies the monic polynomial det(X J — A) with coefficients from Z. 


The following theorem relates the sets of algebraic numbers and algebraic integers. 


Theorem 1.6 (i) The set of all algebraic integers is a subring of the field of all 
algebraic numbers. 
(ii) If & is an algebraic number, then there exists an integer c £ 0 such that c& is 
an algebraic integer. 
(iii) The field of algebraic numbers is the quotient field of the ring of algebraic 
integers. 


Proof (i) Suppose that a and 6 are algebraic integers which satisfy monic polyno- 
mials having degrees m and n over Z. We have to prove that a — §, af are algebraic 
integers. As shown in the proof of the previous theorem, we have 


Zia] =Z+Zat+---+Za"! 


and 
Zp) =Z+Zp+---+Zp"". 
Therefore ot 
Za, B\=)) >. Za’ pi; 
i=0 j=0 


so Z[a, 8] is a finitely generated Z-module. Since (a — B)Z[a, B] C Z[a, B], it 

follows from assertion (iii) of the previous theorem that a — f is an algebraic integer. 

Arguing similarly, we see that wf is an algebraic integer. 

(11) Since & is an algebraic number, it satisfies a polynomial x op a ferret 
0 1 


a : . 5 
— with a;, b; integers, dy non-zero. Clearing the denominators, we see that 
Ss 


coe + ce 1 +--- +e, =0 (1.2) 


for some c;’s in Z. Multiplying (1.2) by oo. we have 
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(co€)’ + c1(co§)°" + +++ + e509 | = 0, 


which shows that co satisfies the monic polynomial X° + cj X°~! +--+. + Cor 


with integral coefficients. Hence (ii) is proved. Assertion (iii) follows from (ii). 


Definition A subfield K of C is called an algebraic number field if K is a finite 
extension of Q. 

Notation For an algebraic number field K, we shall denote by Ox the set consisting 
of all algebraic integers belonging to K. In view of Theorem 1.6, Ox is a subring of 
K having quotient field K. 


The following theorem gives an important property of the ring of algebraic inte- 
gers. 


Theorem 1.7 [fa complex number a is a root of a monic polynomial whose coeffi- 
cients are algebraic integers, then a is an algebraic integer. 


Proof Let a be a root of the polynomial P(X) = X” + aX"! +4--- +a, of 
degree m, where each a; is an algebraic integer. Suppose that a; satisfies a monic 
polynomial over Z of degree n; for 1 <i <m. Then as shown in the proof of 
Theorem 1.5, we have 


Z[a;] = Z+ Zo; +--+ Zor", 1<i<m. 


Therefore 


Zl a}, O2,.-., &m] = > ve 3 Zoot! ov}? - - «and, (13) 


Note that @ satisfies the monic polynomial P(X) with coefficients from the ring 
Za, , 2, ..., @m] = R (say). Therefore arguing as in the first paragraph of the proof 
of Theorem 1.5, we see that 


R[a] = R+Ra+---+ Ro” !, 
It now follows from (1.3) and the above equation that 
m—I|n,-1 Nm—1 
R[a] = > » vee > Zo! --- asa, 
f=0 fr=O jn =0 


Thus R[a] is a finitely generated Z-module with aR[aw] C R[a]. Therefore by 
Theorem 1.5(iii), aw is an algebraic integer. 


The next definition extends the notion of an algebraic integer. 
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Definition Let R be an integral domain with quotient field F and let F’ be an 
extension of F. We say that a belonging to F’ is integral over R if a satisfies a monic 
polynomial with coefficients from R. 


Arguing as for the proof of Theorem 1.5, the following theorem can be easily 
proved. 


Theorem 1.8 Leta, R, F and F' be as in the above definition. Then the following 
statements are equivalent: 


(i) a is integral over R. 
(ii) R{a] is a finitely generated R-module. 
(iii) There exists a non-zero finitely generated R-submodule M of F' such that 
aMCcmM. 


The theorem stated below can be proved similarly as Theorem 1.6. 


Theorem 1.9 Let R be an integral domain with quotient field F and let F’ be an 
extension of F. The following hold: 


(i) The set of all elements of F’ which are integral over R is a subring of F'. 
(ii) If & belonging to F" is algebraic over F, then there exists a non-zero element 
r belonging to R such that ré is integral over R. 
(iii) If F’/F is an algebraic extension, then the quotient field of R' is F', where R’ is 
the set of those elements of F' which are integral over R. The ring R' is called 
the integral closure of R in F'. 


Definition An integral domain R is said to be integrally closed if the integral closure 
of R in its quotient field coincides with R. 
The following corollary is an immediate consequence of Theorems 1.6 and 1.7. 


Corollary 1.10 Foranalgebraic number field K, ifOx denotes the ring of algebraic 
integers of K, then Ox is an integrally closed domain with quotient field K. 


It may be pointed out that the analogue of Theorem 1.4 does not hold for an 
arbitrary integral domain, i.e., if R is an integral domain with quotient field F and a 
is an element of an extension of F such that @ is integral over R, then the minimal 
polynomial of a over F may not have coefficients in R. For example, if R = Z[/5] 


14/5 


R, but the minimal polynomial of a@ over F is X — a, which does not belong to 
R[X]. The following simple lemma shows that the analogue of Theorem 1.4 holds 
for integrally closed domains. 


anda = , then @ being a root of the polynomial X? — X — 1 is integral over 


Lemma 1.11 /f R is an integrally closed domain with quotient field F and a is 
an element of an extension of F such that a is integral over R, then the minimal 
polynomial of a over F has coefficients in R. 
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Proof Let f (X) be a monic polynomial belonging to R[X] of which a is a root and 
g(X) be the minimal polynomial of a over F. Since g(X) divides f(X), each root 
of g(X) is integral over R. So the coefficients of g(X), being elementary symmetric 
functions of the roots of g(X), are also integral over R in view of Theorem 1.9(i). 
The lemma now follows as g(X) € F[X] and R is an integrally closed domain. 


1.3 Norm and Trace 


In this section, the notions of norm and trace’ are introduced and some important 
results related to these are proved which are used in the subsequent chapters. 


Definition Let K/F be a finite extension of fields, then K is a finite-dimensional 

vector space over F. For a belonging to K, consider the F-linear transformation 

Ty of K defined by T,(€) = a@& for every € € K. The characteristic polynomial of 

this linear transformation is called the characteristic polynomial of @ relative to the 

extension K/F. Thus if {v;, v2,..., v,} is a (vector space) basis of the extension 
n 


K/F and av; = >, ajjvj, ai; € F, then the characteristic polynomial of a relative 
j=l 

to K /F is determinant of the matrix (XJ — A), where A = (q;;);,; and J isthen x n 

identity matrix. 


Remark 1.12 With notations as in the above definition, it may be pointed out that 

the characteristic polynomial of @ relative to K / F is independent of the choice of the 

basis {v), U2,..., Un} of K/F. If {uv}, v5, ..., v,} is another basis of K/F, then the 

matrix B = (b;;);,; of the linear transformation T,, with respect to {vj}, v5,..., v;} 
n 


defined by avi = bi; UF is similar to the matrix A. In fact, B = PAP ~', where 
j=l 


P is the transition matrix from {v), v2,..., Un} to {vj}, v5,..., v,}, because 
/ f rd 
QV{ VI av, Vv) Vv) Vv} 
v2 v2 av, v5 V5 U2 
— A F =B - =P 
Fy / / 
AVUp Un avi, v), vi) Un 
and hence 


7 The definitions of norm and trace were first given by Richard Dedekind in his book Uber die 
Theorie der ganzen algebraischen Zahlen, published in 1879. Its English translation is now available 
with the title Theory of Algebraic Integers (cf. [Ded2]). 
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av, QV, V1 vy 
avs Qv2 v2 1 % 
. (=P). |S PA = PAP 
f v f 
QU, AVpn Un U, 


which shows that B = PAP™!. 


Definition Let K/F be a finite extension of fields. For an element a of K, let Ty 
denote the F’-linear transformation of K defined by 7, (€) = wé forall& « K.LetA 
be the matrix of T,, with respect to a fixed basis {v1, v2,..., Un} of K/F. The norm 
and trace of a with respect to K/F are defined to be the determinant of A and the 
trace of A; these will be denoted by Nx;/r(a@), Trx;r(a) respectively. In view of 
Remark 1.12, these are independent of the choice of a basis of K/F. 


Some Simple Properties of Norm and Trace 


Let K be an extension of degree n of a field F. Let a, 8B be in K anda € F. Then 
the following hold: 


(i) Trxjr@) = na and Nx F(a) =a". 
(ii) Trejr(@ t+ B) = Trxjr(@)+Trx/r(B). 
Git) Nx;r(@B) = Nx/r(@)Nx/r(B). 


Proof The first two assertions follow immediately from the definition of norm and 
trace. We prove (iii). For an element a belonging to K, let 7, be as in the above 
definition and M(T,,) denote its matrix with respect to a fixed basis {v), v2,..., Un} 
of K/F. Note that Tyg = T, o Tg. Therefore 

M (Tog) = M(Ty 0 Tg) = M(Tg)M (Ty). 


Consequently 


Nx /r(@B) = det(M (Tyg)) = det(M(Tg)M(T.)) = Nx/r(@)Nx/r(B) 


as desired. 


Remark 1.13 For a finite extension K /F, the mapping a +> Nx f(a) is a homo- 
morphism of the multiplicative group K * consisting of non-zero elements of the field 
K into the multiplicative group F~ and the mapping a +> Trx/-(q@) is an F-linear 
functional on K. 


The following lemma will be used in the proof of the next theorem. 
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Oo 
oO 
- 
So 
oO 


Lemma 1.14 Let B,= 


0 0 OO: O 1 


Co —Cy —C2 +++ ~Cn—-2 —Cn-1 


Then the characteristic polynomial of the matrix *® B, is f (X) = co + c.X +--+ + 
Cn—1X"! + x", 


Proof We prove the lemma by induction on n. For n = 2, clearly 


-1 


det(XI— Bs) =|0 yao, 


= cotcyX + X?. 


Now assume that the result is true whenn = k — 1. We prove it forn = k. Expanding 
determinant of the matrix (XJ — B,) by the first column and applying induction 
hypothesis, we see that 


X-10-::-: 0 0 

O xX -1-:-- O 0 

00 X.:- _ _ 
ae = X(c1 +0oX +e +p X* 7 + X*) +60. 
00 0.-:. X —1 

Co Cy C2 +++ Cyn X + CK-1 


Hence the lemma is proved. 


Theorem 1.15 The characteristic polynomial fy(X) of an element a € K relative 
to the extension K /F is a power of the minimal polynomial of a over F. 


Proof Let dy(X) = X" + Cn X"—! +--+ + cg be the minimal polynomial of a over 
F. Then {1,a,...,a@”~'} is a basis of the extension F(a)/F. Let {0,, 62, ..., 6} be 
a basis of K / F(a). Fix the basis 


{0,,@0,,...,07 10, 5 0, 002,...,a7 1: ©... 3 6, a0,,..., a0" '6,} 
of the extension K /F. The matrix of the linear transformation T, defined by T, (€) = 


aé with respect to this basis will be a block diagonal matrix with r blocks down the 
main diagonal, each block being equal to 


8 In Linear Algebra, the transpose of the matrix B, is called the companion matrix of the polynomial 


f(X). 
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0 1 0 .--- O 0 

0 1 0 0 
,-} 0 0 0 

0 0 0O.:-- O 1 

Co —Cy —C2 +++ —Cn—2 —Cn-1 


So the characteristic polynomial of J, is the rth power of the characteristic polyno- 
mial of A. By Lemma 1.14, the characteristic polynomial of the matrix A is ¢,(X) 
and hence fy(X) = ¢y(X)’. 


It may be pointed out that basic notions and results about separable, normal and 
Galois extensions are given in Appendix A. The following simple result of field 
theory will be used in the sequel. 


Lemma 1.16 Let F(@) be a separable extension of a field F of degree n and f (X) = 
(X — 0@)...(X — 6) be the minimal polynomial of @ over F. If g(X1,..., Xn) 
is a polynomial with coefficients in F such that g(0, ... , 0) remains unchanged 
under all the permutations of 0, ...,0, then e(9, ...,0) € F, 


Proof Let L = F(6,...,9™). Then L is a Galois extension of F. Let o be an 
F-automorphism of L. Applying o to the equality 


f(X) = (X — 9) (X= amy, 


we have 
f(x) = (X - 0 (6")) i (X— o(6)), 


So a (0), ...,¢(9™) is a permutation of 6, ...,6., Therefore in view of 
the hypothesis, we see that 


OBO sO = FC O™),.-.500") Seer. 8). 


Consequently by the fundamental theorem of Galois theory (Theorem A.44), the 
element g(0),...,0) € F. 


The theorem stated below describes all roots of a characteristic polynomial. 


Theorem 1.17 Let K/F be a separable extension of degree n and let T, T2,..., Tn 
be all the F -isomorphisms of K into a normal extension of F containing K. Then 
the characteristic polynomial of an element a € K relative to the extension K /F is 
(X — 11 (@))-+- (X — 1,(@)). 


Proof By primitive element theorem (Theorem A.28), there exists 9 € K such that 
K = F(@). Let a = h(O) be an element of K where h(X) € F[X]. Denote the 
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polynomial (X — 1)(a))---(X — t,(@)) by H(X) and 7;(6) by 6. We first show 
that H(X) € F[X]. Keeping in mind that a = h(@), we see that the coefficients 
of H(X) are polynomial expressions say ¢;(6",...,@) with g;(X1,..., Xn) € 
F[X,,..., Xn]. Since H(X) remains unchanged when 1)(a@),..., T(@) are per- 
muted, so the coefficients g;(9", ...,9™) of H(X) remain unchanged under all 
permutations of 6, ...,@. Consequently in view of Lemma 1.16, the coeffi- 
cients of H(X) belong to F. It can be easily seen that each root of H(X) is a root 
of the minimal polynomial ¢,(X) of a over F and hence H(X) belonging to F[X] 
is a power of ¢,(X). Also the characteristic polynomial f,(X) of a relative to the 
extension K /F is a power of ¢,(X) by Theorem 1.15. Since f,(X) and H(X) have 
the same degree, it now follows that they are equal. 


The following theorem and its corollary provide another definition of norm and 
trace. 


Theorem 1.18 Let K/F be an extension of fields and let a € K have character- 
istic polynomial f,(X) relative to the extension K/F. Suppose that fy(X) factors 
into linear factors as fy(X) = (X — a)--+(X — a,) over an extension of K. Then 


Nx/r(@) = @1Q2--+ a, and Trxjp(@) = ay + 2 +--+ +p. 


Proof Let A denote the matrix of linear transformation T, defined on K by Ty (€) = 
aé& with respect to a fixed basis of K/F. Then 


fa(X) = det (XI — A) =X" + ay .X"-! +--+ (say). 
Substituting X = 0 in the above equation, we obtain 
det(—A) = ao; 


consequently 
Nx F(a) = det A = (—1)"ao = at 02 «++ py. 


When we expand the determinant of the matrix (XJ — A), the coefficient of X"~! 


n 
oy Fa +++ +O, = Yai = TrKe/r(@). 


i=1 


This proves the theorem. 


The theorem stated below follows immediately from the above theorem and 
Theorem 1.17. 
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Theorem 1.19 Jf K/F is a separable extension of degree n and 1%, %,...,T are 
all the F-isomorphisms of K into a normal extension of F containing K, then for 
n n 


every a € K, we have Trx;f(a@) = > ti(a@) and Nx/f(a) = I] T; (a). 
i=l i=l 
The following theorem is an immediate consequence of Theorems 1.15 and 1.18. 


Theorem 1.20 Let K/F be an extension of degree n and a be an element of K with 
[F(a) : F] =d. Letaj,a2,..., ag be the roots of the minimal polynomial of a over 
F counting multiplicities (if any) in some extension of F. Then 


7 d n d n/d n/d 
TrK/F@)= 7 Sm = ql TF a)/# (a) and Nx/r(a@) = (T1«:) = (ree) . 
i=l 


i=1 


The corollary stated below follows immediately from Theorem 1.20 and Lemma 
LTT. 


Corollary 1.21 Let R be an integrally closed domain with quotient field F and K 
be a finite extension of F. If an element a of K is integral over R, then Trx/r(a) 
and Nx f(a) belong to R. 


The following special case of the above corollary will be used quite often. 


Corollary 1.22 [fa is an algebraic integer belonging to an algebraic number field 
K, then Trx f(a) and Nx F(a) belong to Z. 


We now prove the following theorem which asserts that norm and trace are tran- 
sitive. 


Theorem 1.23 Let F C K C L be a tower of finite extensions. Then Trzijr(y) = 
Trxjr(TrrK(y)) and Nrjr(y) = Nx/r (Nix (y)) for each element y € L. 


Proof Let {w,, w2,..., Wr} and {0}, 62,...,n} be bases of the extensions K/F 
and L/K respectively. Let y be an element of L. Write 


m n 


V6; = ) aj ;0;, Qj j € K, QijWr = y GijrsWs, Gijrs € F. 
j=l s=1 


By definition 


TrijK(y) = 1 +22 +-++ + Anm, 
Trxjr (Qi) = aii + ai22 +++ + tin, 


Tr /F (22) = Az211 + 2222 + +++ + Az2nn, 


Trx/F(Qmm) = Gnmit + Amm22 + +++ + Ammon: 
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We compute the matrix of the F-linear transformation 7, : L — L defined by 
T, (§) = yé with respect to the basis 


B:= {0,w1,...,01Wn 3 O2W1,...,02Wns --- 5 OnWi,--+, OmWn} 
of the extension L/F'. Write the equation 
T, (0, W1) = YO,wWy = (410) + 04262 + +++ + mI) WI 


as 
n 


T, (Ow) = So ani 10; +e S > ai21j02w; pres De Gina tt: 


i=l j= 1 r=1 
Similarly write 


T, (0, 2) = yOiw2 = (01101 + 01202 tees A1mOm) W2 as 


T, (8; w2) = Y> ayia w; + D> ay2j02wj +++» + Y > dimarOm Wr. 
r=1 


i=l j=l 


Continuing in this way, it can be seen that the matrix of 7;, with respect to the 
basis B is an mn x mn matrix given by 


Ail A12 eves Aim 

Az, Azz +++ Arm 
Ami Am2 oes Amm 

where each Aj; is ann x n matrix with (r, s)th entry aj;-;. So 


m n m 


TryypF(y) = ae = > Trxjp(Qii) = Trxjr( >a) = Trxjr(Tri/K(y)) 


i=1 j=l i=l i=l 
and hence the first assertion of the theorem is proved. 


We now prove that 
Nur (VY) = Nxjr Nik (y))- (1.4) 


Keeping in mind Theorem 1.20, it can be quickly seen that the left hand 
side of (1.4) equals [Nxiyyr(y)]4*™! and its right hand side equals 
[Nxjr(NewyK(y)) I-41, So it is enough to prove (1.4) when L = K(y). Let 
{w1,..., Wz} be a basis of K/F and m denote the degree of K (v)/F. Consider the 
basis 
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Ps 3 é . m—1 m—1 
B := {Wi,.--,Wns YW1,---,YWns 22-3 V W1,---,V Wn} 


of K(y)/F.Let X" + a,X"~! +--+ + @,, denote the minimal polynomial of y over 
K. Then by Theorem 1.20, Nx (yx (yv) = (—1)"a@m. Let A; denote the matrix of the 
F-linear transformation Ty, : K — K (which is multiplication by a;) with respect to 
the basis {w1, w2,..., Wn}. Then it can be easily verified that the mn x mn matrix 
M of the F-linear transformation T, : K(y) — K(y) defined by 7, (&) = y& with 
respect to the basis 5’ is given by 


Onxn Inxn Onxn ae Onxn 

Onxn Onxn Inxn 7 * Onxn 
M=]| .. P Me ae 

—An —An-1 —Am-2 Ee —A, 


In order to evaluate determinant of M, interchange the first block of n columns of 
the matrix M with the second block of n columns; in the new matrix interchange 
second block of 7 columns with the third block of n columns. Repeating the process 
m — | times, we see that 


Inxn Onxn Onxn = Onxn 


nxn Inxn Onxn i Onxn 


Nxqn/F(y) = det M = (-1)""" det 


Am-1 Am-2 Am-3 are —An 


= (-1)""" det(—Am) = (—1)" det(Am) = (-D"" Nx/r (Gm) 
= Nxjr((-1)"Qm) = Nxjr(Nxiyy/K(y))- 


This proves the second assertion of the theorem. 


Exercises 


1. Prove by induction on n that the determinant of the Vandermonde matrix 


la, a... git 

La at --- a3! 
2 n—-1 

La, a7 +++ on 


equals [| (a; — aj). 


l<j<i<n 


1.3 


6. 


Te 


10. 
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. Let f(X) € Z[X] be a monic polynomial and a be an algebraic number. Show 


that if f(q@) is an algebraic integer, then @ is an algebraic integer. 


. If a complex number «@ is not an algebraic integer, then show that a with € a 


positive rational number can not be an algebraic integer. 


a ; : ad, : 
. Prove that cos D is an algebraic number. Is it an algebraic integer? Justify your 


answer. 


. Which of the following polynomials are irreducible over Q. Give justification 


for your answer. 


(a) X3+X+1; 
(b) x3 —4; 
(c) X3-4X 42. 


Suppose that ¢ = e > wheres = /—T. Write the minimal polynomial of ¢ over 
Q. 
Let K = Q(V/2, V3). Compute the characteristic polynomial of /2 + /3 with 


respect to K /Q. Is this polynomial the minimal polynomial of /2 + /3 over 
Q? Give justification for your answer. 


. Let K = Q(/—I, V2). Compute the characteristic polynomial of /—1I + /2 


with respect to K /Q and its minimal polynomial over Q. 


. Let K = Q(C) where ¢ = es. Compute Nx/g(a@) and Trx/Q(@) for the fol- 


lowing values of a: 
(a)a=¢?; 
(b) w= O40; 
(C)a=14+e4+e7 +6407. 
Let K = Q(¢) where ¢ is a primitive (p")th root of unity, p prime. Compute 
r—1 
Nxjg(l—¢? ). 


. Write down a 3 x 3 matrix whose characteristic polynomial is X? — 2X? + 


3X — 1. 


. Let K = Q(@) be an algebraic number field where @ is a root of X 3_ 4. Cal- 


culate Trxjq(@? +0) and Nx /Q(0? — 6). 


. Let K = Q(@) be an algebraic number field where @ is a root of XOX A, 


Calculate Trxj9 (07 + 2) and Nx 9 (30? +1). 


. Let F C K C L bea tower of finite extensions of degrees 3 and 2 respectively. 


Prove that Trpjr(y) = Trx;r(Trzx(y)) for each y € L. 


. Let F C K C L bea tower of finite extensions of degrees 2 and 3 respectively. 


Given y € L, prove that Nr /r(yv) = Nxjr(Nz/x(y))- 


. Let K/F bea finite extension and o be an F-isomorphism of K into an exten- 


sion of F. Fora € K, prove that Trx/;r(@) = Tro(xyjr(o(@)) and Nx ;r(a@) = 
No(ky)/F (o (@)). 
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17. Let A, B be m x m and n x n matrices with entries from C. Prove that the 
determinant of the following mn x mn matrix (called the Kronecker product of 
A and B) 
ai,B a\2B oe AmB 


an B Am2B hoy Anm B 


is (det A)" (det BY”. 


Chapter 2 M®) 
Integral Basis and Discriminant ee 


Discriminant whose notion is due to Dedekind, is a basic invariant associated with 
an algebraic number field. Its computation is one of the most important problems 
in algebraic number theory. For an algebraic number field K = Q(@) with @ in the 
ring Ox of algebraic integers of K having f(X) as its minimal polynomial over 
the field Q of rational numbers, the discriminant dx of K and the discriminant! of 
the polynomial f(X) are related by the formula discr(f) = [Ox : Z[@]/’dx. So 
computation of dx is closely connected with that of the index of the group Z[@] in 
Ox. It will be shown that Ox is a free abelian group of rank equal to the degree of the 
extension K /Q. A Z-basis of the group Ox is called an integral basis of K. We shall 
describe explicit integral basis for quadratic, pure cubic” and cyclotomic extensions 
of Q. The problem of computation of discriminant as well as an integral basis of an 
infinite family of algebraic number fields which are defined over Q by certain types 
of irreducible polynomials has attracted the attention of several mathematicians. 
We shall cite some recent results in this direction and mention a few related open 
problems. 


2.1 Notions of Integral Basis and Discriminant 


Definition For an algebraic number field K, the degree of the extension K /Q is 
called the degree of K and will be denoted by [K : Q]. 


' The discriminant of a monic polynomial of degree n having roots 6), ..., 9, is defined to be the 
product J] (6 - 6;). 
l<i<j<n , 


7 By a pure cubic extension of Q, we mean an algebraic number field Q(@) where @ is a root of an 
irreducible polynomial X* — a over Z. 
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An algebraic number field of degree 2 is called a quadratic field and one of degree 
3 is called a cubic field. Algebraic number fields of degrees 4, 5 and 6 are respectively 
referred to as quartic, quintic and sextic fields. A quadratic field K is called real or 
imaginary according as K C R or not. A subfield Q(¢) of C, where ¢ is a primitive 
nth root of unity is called the nth cyclotomic field. 

The following notation will be used throughout the chapter. 
Notation. Let K be an algebraic number field of degree n and oj, 02,..., 0, be 
all the distinct Q-isomorphisms (to be called isomorphisms) of K into C. For an 
element a belonging to K, we shall denote o;(a@) by aw. Note that if K = Q(a), 
thena™,...,a™ are distinct. 
Definition Let K be an algebraic number field of degree n and let {w),..., w,} be 
a basis of K/Q as a vector space. The square of the determinant of n x n matrix 
(wy), is called discriminant of the basis {w1,..., w,} and will be denoted by 
DxjQ(wi,..., Wn). 

The following lemma gives another expression for the discriminant of a basis. 


Lemma 2.1 /f{w,,..., w,} is a basis of an algebraic number field K as a vector 
space over Q, then 

Dx/Q(wi,..., Wn) = det (TrxjQ(wiw;)); ;- 
Proof Let P denote the n x n matrix (wi Ne and P‘ denote its transpose. By 
Theorem 1.19, Trx/g(a) = a +---+a™ for a belonging to K. Keeping this 
in mind, one can check that P P’ = (Trxe/o(wi wy)); i On taking determinant, the 
lemma is proved. 


Remark 2.2 If {w ),..., w,} is as in the above lemma and if all w;’s belong to Ox, 
then Dx/g(w1,..., Wn) is in Z, because TrxjQ(a) € Z for a belonging to Ox in 
view of Corollary 1.22. 


The next lemma relates the discriminant of two bases. 


Lemma 2.3 Let K be an algebraic number field of degree n. If {w1, W2,..., Wn} 
and {a), @2,...,Qn,} are two bases of K /Q and C is the transition matrix from 
{W1, W2,..., Wn} to {@1, @2,..., &,}, then 


Dx jo (1, 02, ..-, On) = (det C)°Dxg(wi, wa, .--, Wn): 


n 
Proof Write C = (Cij)nxn, then aj = SS cjjWj; consequently 
j=l 


a = a l<i<n,1<r<n. (2.1) 
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(i) 


Denote the n x n matrices (w; 


Vig and (a ; ej by P and Q respectively. We can 
rewrite the n* equations given by (2.1) in the matrix form as Q = CP. Taking 


determinant on both sides and then squaring, we obtain the desired equality. 


Lemma 2.4 Let f(X) € Q(X] be amonic irreducible polynomial of degree n having 
a root @ inC. If K = Q(@), then Do (I, 9,..., 6"—!) = discr(f). 


Proof Leto), ..., 0, beall the distinct isomorphisms of K into C. Then := o;(6) 
isarootof f(X) for 1 <i <xn.Since these roots are distinct, f(X) = I] (x _ a). 
i=l 


By definition of discriminant of a basis, 


2 


1 | as | 
6) 7 9 
Dxgjo(,9,...,0"') = 
(gy (ey oF gy"! 


Keeping in mind the determinant of the Vandermonde matrix, we see that the right 
hand side of the above equation equals [] (a? — 6) which is the discrimi- 


l<i<j<n 


nant of f(X). 


Lemma 2.5 For an algebraic number field K, Dx ;Q(w , W2, ..., Wn) is non-zero 
for any basis {w,, W2,..., Wn} of K/Q. 


Proof Write K = Q(@). Then 6, ..., 6 are distinct. Let C denote the transition 
matrix from a basis {w,, w2,..., Wr} of K/Q to {1,0,..., er}. By Lemma 2.3, 
we have 


Dxjo(1,0,...,0"') = (det C)’ Dx g(wi, Wr, ..., Wn). 


The desired result follows from above equation and Lemma 2.4, because 


Dx/g(,6,...,0" ')= I] (9 — a), 


l<i<j<n 


which is different from zero. 


It may be pointed out that if 6), B2,..., 8, are elements of an algebraic number 
field K of degree n which are linearly dependent over Q, then the determinant of 
the matrix (a), j is zero, because if 6; is a Q-linear combination of 6;,..., By—1, 


i 


then the kth row of the matrix (a af j is a linear combination of its first k — 1 rows. 


Lemma 2.6 Let K = Q(@) be analgebraic number field of degree n and f (X) be the 
n(n—1) 


minimal polynomial of 6 over Q. Then Dx/g(l,6,...,6"-') =(-l) > Nxjo(f'(6)). 
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Proof Leto,,..., 0, beall the distinct isomorphisms of K into C. Then” := 0; (6) 


isarootof f(X) for 1 <i <n.Since these roots are distinct, f(X) = I] (x — ow). 
i=l 


By Theorem 1.19, 


Nxol(f'@) =] [aro =] ]s'e”). (2.2) 


i=l i=1 


F(X) 


—, substituting X = 9, we see that 
(X — 60) 


In the equation f’(X) = > 
j=l 


f' (0) = I] (@® _ eg), 


k=1,kAi 
Therefore it follows from (2.2) that 
Nxo(f) =]. [] @°- 9”). (2.3) 
i=1 k=1,kHi 


By Lemma 2.4, we have 


Dx/g(,6,...,0" "')= I] (a — a)? 


l<i<j<n 


On comparing the above equation with (2.3), we obtain the desired result. 


Definition Let K be an algebraic number field. A set {w,, w2,..., w,} of algebraic 
integers in K is said to be an integral basis of K if every algebraic integer in K can 
be uniquely written as a;w, + ayw2 + ---+a,W, with a;’s in Z. 


The following theorem proves the existence of an integral basis. 


Theorem 2.7 Let K be an algebraic number field of degree n. Then the following 
hold: 


(i) K has an integral basis. 
(ii) Any integral basis of K has n elements. 


Proof Consider the set 


S = {IDxjQ(B1, Bas --+s Bn)| | {B1, Bos »- ++ Bn} S Ox runs over bases of K/Q}. 


Observe that S is non-empty. By virtue of Lemma 2.5 and Remark 2.2, S is a subset 
of the set of natural numbers. Therefore S has a smallest element, say /. So there 
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exists a basis {w), w2,..., Wn} of K/Q consisting of algebraic integers such that 
|Dxq(wi, w2,..-, Wn)| =, ie., 
DxjQ(wi, W2,..., Wr) = £1. 
Claim is that {w;, w2,..., W,} is an integral basis of K. To prove the claim, it is 


enough to show that each a belonging to Ox can be written as a; w, + agw2 +---+ 
d,W,, With a;’s in Z, because uniqueness is already there. Suppose to the contrary, 


n 
there exists a € Ox such that a = ~ b;w;, where b;’s belong to Q and at least one 


i=l 
b; ¢ Z. Assume without loss of generality that b} ¢ Z. We can write b} = [bi] +4, 
where [b,| is the largest integer not exceeding b; and0 <q < 1, q € Q. Consider 
the element £6; of Ox given by 


B, =a — [bi ]w, = qu, + byw, + +++ + dawn. 
Note that {8;, w2,..., W,} is a basis of K /Q and consists of elements of Ox. If 


C denotes the transition matrix from {w1, w2,..., Wn} to {61, W2,..., Wy}, then by 
virtue of Lemma 2.4, we have 


2 
Dx/Q(Bi, W2,-- +5 Wn) = (det C) Dgg(wy, w2,..., Wn) = £471 


and hence |Dx/q(B1, W2,- +65 Wn)| — gh <1. This contradicts the definition of / 
and hence the claim is proved. 


Assertion (ii) will be proved once we show that whenever B is an integral basis 
of K, then B is also a basis of the vector space K /Q. It is enough to show that B 
generates K as a vector space over Q. Let 6 be any element of K. Then by Theorem 
1.6, there exists a non-zero integer r such that r8 € Ox. So rf can be written as a 
finite linear combination of elements of 6 with coefficients in Z and hence the result 
follows. 


Definition A square matrix with entries from Z is called unimodular if its determi- 
nant is +1. Equivalently a square matrix with entries in Z is called unimodular if its 
inverse has entries in Z. 


Definition Let K be an algebraic number field of degree n. Let {w,,..., w,} and 
{a1,...,@,} be two integral bases of K. Then there exist n x n matrices A and B 
with entries from Z such that 


a WI WI a 
=A|: and a (ee | (ea 


an Wh Wh an 
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which implies that AB = J and hence det A = +1. So by virtue of Lemma 2.3, 
Dxjo(ai, -.., Qn) = (det A)’ Deja (wi, --., Wn) = Do wi, -.., Wn). Therefore 
any two integral bases of K have the same discriminant. This common value of the 
discriminant is called the discriminant of the field K. We shall denote it by dx. 


The following basic lemma gives a criterion for a basis of K /Q to be an integral 
basis of K. 


Lemma 2.8 Let K be an algebraic number field of degree n and B,, Bo, ..-, Bn 
be algebraic integers in K, which are linearly independent over Q. Then the 
quotient Dx/Q(P1, B2,---, Bn)/dx is the square of an integer. In particular, if 
Dx/Q(Pi, B2,---, Bn) = dr, then PB), Bo, ..., By form an integral basis of K. 


Proof Let {w,, w2,..., W,} be an integral basis of K and C be the transition matrix 
from {w,, W2,..., Wr} to {B1, Bo,..., Bn}. Then C has entries in Z. In view of 
2 . 
Lemma 2.3, Dx/o(B1, B2,---, Bn) = (det C) dx. So Dx/Q(B1, B2,---5 Bn)/dx is 
the square of an integer. If Dx/q(B1, Bo, ..-, Bn) = dx, then C is a unimodular 
matrix and hence £1, 62,..., 8, form an integral basis of K. 


First we determine explicitly the discriminant and an integral basis of a quadratic 
field. It can be easily seen that every quadratic field can be uniquely written as Q(/d), 
where d is a squarefree integer. 


Theorem 2.9 For a quadratic field K = Q(V/d) with d a squarefree integer, the 
following hold: 


(i) Ifd =2 or3 (mod 4), then {1, vd} is an integral basis of K and dx = 4d. 
(ii) Ifd = 1 (mod 4), then {1,1 + Vd) /2} is an integral basis of K and dx = d. 


Proof Let w denote (1 + Jd) /2 or Vd according as d = 1 (mod 4) or not. Clearly 
{1, w} is linearly independent over Q. Let a = a+b,/d be an algebraic integer 
where a, b belong to Q. It is to be shown that a can be written as a linear combination 
of 1, w with coefficients from Z. Clearly this holds when b = 0. So assume that 
b £0. In view of Theorem 1.4, the minimal polynomial f,(X) = X* — 2aX + 
(a? — b?d) of a over Q has coefficients in Z, ice., 


2a€Z and a? —b'd eZ. (2.4) 
Set 2a = m. So (2.4) implies that 
2 2 
m — 4b’d € 4Z. 5) 


Since d is a squarefree integer, (2.5) shows that the rational number b in its reduced 


n 
form has denominator either +1 or +2. So we can write b as 5 with n € Z. Now 


(2.5) can be rewritten as 
m? —n?d = 0 (mod 4). (2.6) 
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The proof is split into two cases. 
Case I. d = 2 or 3 (mod 4). In this case, (2.6) is possible only when m and n are 


both even, which implies that a = > + sva belongs to Z[Vd]. So {1, Vd} is an 
integral basis of K in this case. By definition 


2 
= 4d. 


Pel ee ee 
K | Jd —Jd 


Case II. d = 1 (mod 4). In this case, (2.6) becomes m” = n (mod 4). Therefore 
m =n (mod 2). So we can write 


m+tnJ/d m—n 1+Jd 
ya +n( 2 ), 


Hence {1, (1 + Vd)/2} is an integral basis of K. It can be easily seen that dx = d 
in this case. 


2.2 Properties of Discriminant 


Recall that if A = (a;;);,; is ann x n matrix, then 


det A= ee 1 jy 42j2 °° * An jy — >> 1k, 2k, *** Anky » 
Chis j25-+s Jn) (ki ,ka,--kn) 
where (jj, j2,.--, jn) Yruns over all even permutations of {1,2,...,m} and 
(ki, ko, ...,k,) runs over all odd permutations of {1, 2, ..., 7}. 


The following theorem by Ludwig Stickelberger was first announced in the Inter- 
national Congress of Mathematicians held in Zurich in 1897. The present proof of 
this theorem was given by Schur in 1929. 


Theorem 2.10 (Stickelberger’s Theorem) For any algebraic number field K, its 
discriminant dx is congruent to 0 or 1 modulo 4. 


Proof Let{w , w2,..., Wy} be an integral basis of K. By definition, dx = ( det P)’, 


where P = (wy), i Write det P = a — f with 


_ (i), (i2) (in) _ (ki), (k2) (kn) 
a= SS wy Wy + w,!”, B= > Wy Wy WE, 
Chis jas Jn) (ky .ka-1.skn) 
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where (j1, j2---; Jn), (ki, k2...,kn) run respectively over even permutations and 
odd permutations of {1, 2,...,n}.Sodx = (a+ B)” — 4a. Therefore the theorem 
is proved once we show that a + 8 and af belong to Z. 

Let 6 be an element of Ox such that K = Q(@). Then 6, ..., 0 are all the 
distinct roots of the minimal polynomial of @ over Q. Since each w; can be written as 
a linear combination of 1, 0,..., 9”~! with rational coefficients, it follows that aw + 
B, wp are symmetric polynomials in 0, 6®,..., 6 with rational coefficients. 
Hence a + 6, af belong to Q in view of Lemma 1.16. Asa + 8, of are algebraic 
integers, these must be in Z. 


Definition An isomorphism o of an algebraic number field K into C will be 
called real if o(K) CR, otherwise it will be called non-real. Note that non-real 
isomorphisms of K occur in conjugate pairs. 


The following theorem which determines the sign of the discriminant of an alge- 
braic number field was first proved by Alexander von Brill in the year 1877. 


Theorem 2.11 (Brill’s Theorem) Let K be an algebraic number field of degree 
n =r, +2r2, where r; is the number of real isomorphisms of K and 2r2 is the 
number of non-real isomorphisms of K, then (—1)"*dx > 0. 


Proof Let {w,, w2,..., w,} be an integral basis of K. Let o),...,0, be the iso- 
morphisms of K into C arranged so that o1,...,0,, are real, 0,,41,..., O/,+2,, are 
non-real and 6,,47 = 0;,4,,4; for 1 < j <r. Let d; + td, denote the determinant 
of the matrix P = (wi). ? with d,, d> real numbers and 1 = ./—1. Since change 
of « to —v in the matrix P is equivalent to interchanging the (7; + j)th column with 
(r; +72 + j)th column for each j = 1, ..., 72, it follows that 


d, — td, = (—1)" (di + tdy). (2.7) 


We discuss two cases. 
Case I. rz is even. In this case, (2.7) becomes d; — tdz = d; + tdz, which implies 
d> = 0 and hence dx = dt > 0 as asserted. 

Case II. rz is odd. In this case, (2.7) implies that d; = 0 and hence dx = —d; < 0, 
which completes the proof of the theorem. 


The next two lemmas besides being of independent interest will be used for finding 
the discriminant of algebraic number fields. 


Lemma 2.12 Let M be a free abelian group with basis {w,,..., Wm} having rank 
m > 1. Let N be a non-zero subgroup of M. Then after a suitable reordering of 
W1,---, Wm, there exists a basis {n\,..., ne} of N of the form 

NM HCW, + CyQW2. + os + CimWn 

n= C22W2 + +e + C2mWm 


n= CheWa Chm Wn 
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with ci; € Z, ci > Oforl<i<k<m. 


Proof The lemma will be proved by induction on the rank m of M. We first prove the 
lemma when m = 1, i.e., M = Zw. Let s be the smallest positive integer such that 
sw, belongs to the non-zero subgroup NV. Then N = Zsw), because for any element 
cw, of N, on writing c by division algorithm as c = sg + r,0 <r <5, we see that 
rw, € N and hence r = 0 by minimality of s. 

We now prove the lemma when m > 2 assuming that it holds for free abelian 
groups of rank m — 1. Let 6 be a non-zero element of N. We can write 6B = bjw; + 
+--+ Dy, Wm, Where the coefficients b; belong to Z with at least one of them non- 
zero. By renaming w 1, ..., Wm (if necessary), we can assume that b; 4 0. If b; < 0, 
then the coefficient of w; in —6 will be positive. Among all the elements of the 
subgroup JN, choose that element nj = c1jw1 + C12W2 + +++ + CimWm in which the 
coefficient c;; of w; is the smallest positive. Claim is that for any a € N, if we 

m 


write a = be c;w;, then cj; must divide c;. To prove the claim, write by division 


i=l 
algorithm c, = cj,g +c’ withO < c’ < cy, andq,c’ in Z. Hence 


a-—gqn=Cwrt+cjw2t---+c,Wn 


for some c},..., cj, belonging to Z. Since a — gn, € N and0 <c’ < cy, itis clear 
from the choice of c,, that c’ = 0. Therefore the claim is proved. 

Consider the subgroup Mo of M with basis {w2,..., Wm}. Since NM Mo is a 
subgroup of the free abelian group Mo, on applying induction hypothesis, we see 
that after suitably renaming w2,..., Wm, the group N M Mo has a basis {n2,..., ne} 
of the type 

N2 = C22W2 + €23W3 + °° + — ComnWm 
3 = C33W3 + ote + C3nWin 
nk = CkkWk ++ CkmWn 


with cj; € Z, cij > 0 for 2 <i < k <m. The lemma is proved once we show that 
{71,2,---, Ne} is a basis of N. We first verify that {71, 72, ..., 7} is linearly inde- 
pendent over Z. Suppose that rjn; + ran2 +--- + 7reng = 0 for some r; € Z. Then 
on substituting for 7;’s, we see that 


(ric )wi + (riei2 + 7222) 2 + + ricik He Freee) WE +++ = 0. 
Since {w 1, wW2,..., Wm} is a basis of M and each c;; is positive, it is immediate from 
the above equation thatr; = Ofor1 <i < k.Nowwe verify that {1, 2,..., ne} gen- 

m 


erates N. Leta = ye cj w; be any element of N. By virtue of the claim proved in the 
i=l 

above paragraph, c) = c11q) for some q; € Z. Sow — qin, = ChW2 +--- +C,Wm, 

for some c; € Z. Note that w — qin, € N (| Mo. Therefore by induction hypothesis, 
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k k 
a — qin; canbe written as > qin; with g;’sin Z. Consequently a = > gini. Hence 
i=2 i=l 


the lemma is proved. 


Remark 2.13 If M and WN are as in the above lemma and have the same rank, then 
the proof shows that without reordering w1, w2,..., Wm, One can construct a basis 
of N of the type 71, 72,.--, "m- 


Lemma 2.14 /f M is a free abelian group of finite rank and N is a subgroup of 
M such that rank(N) = rank(M), then the index [M : N] is finite and equals the 
absolute value of the determinant of the transition matrix from any basis of M to any 
basis of N. 


Proof Let {w1, w2,..., Wm} be a basis of M. By Lemma 2.12 and the above remark, 
there exists a basis {71, 72, ..., %m} of N such that 

NM = CyWi + Ci2W2 + +++ + CimWm 

12 = C22W2 + +++ + ComWm 

Nn = Cmm Wm 
with cj; € Z, cj; > 0. If C denotes the transition matrix from {w1, w2,..., Wn} to 


{71,2,---,%m}, then det C = I] Cii = r (say). We have to prove that 


i=] 
[M:N] =r. (2.8) 
We prove (2.8) by showing that the r elements of the set 
S= {xy wy + .x2w2 + +++ + XmWm |O<xj <cij, 1<i <m} 


form a complete system of coset representatives of the quotient group M/N. 
m 


Leta = > a; w; be any element of M. By division algorithm, write aj = c11g, + 


i=1 
x,, With ne Zand 0 < x; < cy. So 


or ! 
aA— qin — XW, = d,W2 + +++, Wn 


for some a; € Z. Similarly we may write a, = cx2qg2 + x2, 0 < x2 < cx. Then 


Wt Ww 
& — Gini — 2N2 — X1W, — XQW2 = 4303 +++: +4,,Wn 


with coefficients a’’ in Z. Continuing this process, we see that 
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m 


m 
a — Saini = So xiw; =0. 
i=l i=1 


m m 
Soa =x -+ ywherex = > x;w; belongs to S and y = bs qini belongs to N. Thus 
i=l i=l 
every coset of M/N is represented by an element of S. 
It only remains to verify that different elements of S represent different cosets 


m 
modulo N. Suppose to the contrary that N + x = N +x’ where x = a x;w; and 


i=l 
m 


v= > x;w; are different elements of S. Let t denote the smallest index such that 


i=1 
m 


x, # x}. Since x — x! = ba — x/)w; belongs to N, there exist integers b;,..., Dn 
i=t 


such that 


m 


m 
Yi @i — x/)wi = Do bin. 
i=t i=l 


Comparing the coefficients of w,,..., w;—; in the above equation, we see that b; = 0 
for 1 <i < t—1. Therefore 


m 


m 
SoG — x;)w; = So bini. 
i=t i=t 


Equating the coefficients of w; in the above equation, we have x, — x) = b,c, which 
is impossible since 0 < |x; — x/| < c;,;. This proves the lemma. 


For an algebraic number field K, the following theorem gives the index of a 
subgroup of Ox generated by a basis B of K /Q consisting of algebraic integers in 
terms of discriminant of B and dx. Its result is a refined version of Lemma 2.8. 


Theorem 2.15 Let {B), Bo, ..., Bn} be a basis of an algebraic number field K as a 
vector space over Q consisting of algebraic integers. Let N denote the free abelian 
group generated by Bi, Bo,..., Bn. Then 


[Ox : NI’ = Dr/g(Br, Bo, ---, Bn)/dr.- 


Proof Let {w), w2,..., w,} be an integral basis of K. Let A denote the transition 
matrix from {w,, W2,..., Wr} to {B1, Bo,..., Br}. In view of Lemma 2.14, we see 
that 

[Ox : N] = |det Al. (2.9) 


By Lemma 2.3, we have 
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Dxo(B1, Bos «+++ Bn) = (det A)'de. (2.10) 


The desired equality follows immediately from (2.9) and (2.10). 


The following corollary is an immediate consequence of Theorem 2.15. 


Corollary 2.16 Let K = Q(@) be an algebraic number field of degree n with 0 an 
algebraic integer. Then the index of the subgroup Z|0] in Ox is given by 


[Ox : Z[O1? = Dxjgil,6,...,0""!)/dr. 


In the set up of the above corollary, by Lemma 2.4, Dxjg(I,6,..., gr!) = 
discr(f), where f (X) is the minimal polynomial of 6 over Q. So the above equation 
may be rewritten as 

discr(f) =[Ox : Z[@]}"d. 


Notation. Let K = Q(@) be as in the above corollary. The index of the subgroup 
ZO] in Ox is called the index of 6 and will be denoted by ind 6. 


Definition An algebraic number field K of degree n is said to be monogenic if there 
exists an element 0 € Ox such that {1,6,..., 6"—1) is an integral basis of K; an 
integral basis of the type {1, 0,..., 6”~'} is called a power basis of K. 

In view of Theorem 2.9, every quadratic field is monogenic. It will be shown in 
Theorem 2.22 that a cubic field of the type Q(,/m) is also monogenic when m is a 
squarefree integer which is not congruent to +1 modulo 9. Also in view of Theorem 
2.31, every cyclotomic field is monogenic. In 1878, Dedekind showed that not every 
algebraic number field is monogenic by giving the following example of an algebraic 
number field K in which the index of each element of Ox generating the extension 
K /Qis even. 


Example 2.17 Let K = Q(@) where 6 is a root of the polynomial f(X) = X* — 

— 2X — 8. It will be first shown that f(X) is irreducible over Q. If f(X) is 
reducible over Q, then f(X) has a rational root, say a. Since each root of f(X) is 
an algebraic integer, a ¢ Z. As a? — a? — 2a = 8, we see that w divides 8 in Z. 
Hencea € {+1, +2, +4, +8}. By direct verification, none of these integers is a root 
of f(X). So f(X) is irreducible over Q. By Lemma 2.6 and Corollary 2.16, we have 


Dx/Q(1, 9, 07) = —Nx/Q(f’(0)) = (—4)503 = dx (ind 6)’. 
Since 503 is a prime number, ind 6@ is | or 2. It can be easily seen that the characteristic 


polynomial of (6 + 67)/2 with respect to K/Q is X* — 3X? — 10X — 8. So (@+ 
67)/2 € Ox. In view of Lemma 2.3, 


0 +6? 1 
Dry (1.0% = a) = ZPesal. 8,02) = —503. 
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So {1,0,(@+ 67) /2} is an integral basis of K by virtue of Lemma 2.8. We denote 
(6 + 07) /2 by n. Leta be any element of Ox \ Z. We show that the index [Ox : Z[a]] 
is even. By Lemma 2.14, [Ox : Z[a]] is the absolute value of the determinant of the 
transition matrix P from the basis {1, 6,7} of Ox to {l,a, a}. It is enough to 
compute the entries of P modulo 2. Write a=a+b0+ cn, where a,b,c € Z. 
Keeping in mind that 67 = 2n — 6, 0n = 2n+4+ 4 and rn? = 6+ 26 4+ 3n, a sim- 
ple calculation shows that a? = (a? + 6c? + 8bc) + (2c? — b? + 2ab)6 + (2b7 + 
3c? + 2ac + 4bc)n. So 


1 0 O 
P=|a b_ cc | (mod2). 
a? —b* 3c? 


Hence det P = bc(b+ c) = 0 (mod 2) as asserted. 


The next result is sometimes useful for computing the discriminant and integral 
basis. 


Theorem 2.18 Let K = Q(@) be an algebraic number field with @ an algebraic 
integer. If the minimal polynomial of @ over Q is an Eisenstein polynomial’ with 
respect to a prime p, then p does not divide ind 0. 


Proof Let f(X) = X" + a,_\X nl 4...4 ag be the minimal polynomial of 0 over 
Q. Observe that 0”/p belongs to Ox because 


and p divides a; forO <i<n-—1. 

Suppose to the contrary p divides ind@, then by Cauchy’s theorem for finite 
groups, Ox /Z[@] has an element of order p. So there exists a € Ox such that a ¢ 
Z[@] but pa € Z[O]. Hence we may write 


pa = by +b +--+ + dp10"", 


where at least one of the integers b; is not divisible by p. Let 7 be the smallest index 
such that p does not divide b;. Define an element 6 of Ox by 


bo t+ bi +--+ +bj105! — bjOF +++ + bn" 
P P , 


So 


3A polynomial a,x” + dy—1x"—! +--++-+ a9 with coefficients from Z is said to be an Eisenstein 
polynomial with respect to a prime p if p { an, pla; for 0 <i <n — 1 and p? { ag. Such a poly- 
nomial is irreducible over Q. 
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b;6/ =p bj410/t! +--+» +b,_)6"7! 
P P , 


On multiplying the above equation by 6”~!~/, we obtain 


bo"! bj410" Saaeees b,_102"-2-4 


Pp 


= por lj 


(2.11) 


Recall that 6”/p € Ox by what has been shown in the first paragraph. Since 6 also 
belongs to Ox, it now follows that the right hand side of (2.11) belongs to Ox. So 
va 
= is 


bor) 


its left hand side namely b;6”~'/p € Ox. Consequently Nx 7o( 7 


p” 
in Z, which is impossible, because p does not divide b; and p~ does not divide apo. 
This contradiction proves that p does not divide ind 0. 


The following examples illustrate the results proved in this section. 


Example 2.19 We compute the discriminant and an integral basis of the field 
K = Q(@) where @ is a root of the polynomial f(X) = X* — X + 1. Arguing as 
in Example 2.17, it can be easily seen that f(X) is irreducible over Q. Applying 
Lemma 2.6, we have 


3(3— 
2 


Dxjo(1, 0, 07) = (-1) 7 Nxjo(f'(@)) = —Nx/9(30? — 1) = —23. 


Therefore by Lemma 2.8, dx = —23 and {1, 0, 67} is an integral basis of K. 


As pointed out at the end of Sect. 8.4, the field K in the above example is the cubic 
field whose discriminant has smallest absolute value among all cubic fields. 


Example 2.20 Let K = Q(@) where 6 is a root of the polynomial f(X) = X* — 
2X? + 2 which is an Eisenstein polynomial with respect to the prime 2 and hence is 
irreducible over Q. We compute the discriminant and construct an integral basis of 
K = Q(). By Corollary 2.16 and Lemma 2.6, we have 


dx (ind 6)? = Dx 9 (1, 0, 0”) = —Nx/9(36* — 40) = —44, 


which shows that ind@ divides 2. In view of Theorem 2.18, ind@ is coprime to 
2. We conclude that ind 6 equals 1, dx = —44 and {1, 0, 67} is an integral basis of K. 


Example 2.21 Let K = Q(@) where 6 is a root of the polynomial f(X) = X* — 
9X — 6. Note that f(X) is an Eisenstein polynomial with respect to the prime 3 and 
hence is irreducible over Q. Using Corollary 2.16 and Lemma 2.6, we see that 


dx (ind 6)? = Dx /g(1, 0, 07) = —Nx/Q(36* — 9) = 23 - 3°, 
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It follows from the above equation and from Theorem 2.18 that ind @ is | or 2. If 
ind @ is 2, then dx = 2-3° which is impossible because dx = 0 or 1 (mod 4) by 
Stickelberger’s theorem. So ind @ is 1 and dg = 23 - 3°. 


2.3 Integral Basis and Discriminant of Q(,/m) 


The problem of computation of discriminant and construction of integral basis of pure 
number fields has been considered by several mathematicians. By a pure number field 
of degree n, we mean an algebraic number field K = Q(9), where @ is a root of an 
irreducible polynomial X” — a belonging to Z[X]. In 1900, Dedekind was the first 
to describe an integral basis of pure cubic fields. An explicit construction of integral 
basis of pure prime degree number fields was given by Westlund in 1910 (cf. [Wes, 
Ja-Sa]). This problem has been solved for pure quartic fields by Funakura [Fun] in 
1984 and for pure sextic fields by Jakhar in 2021 (cf. [Jak2]). 


In this section, we now prove the following theorem which gives the discriminant 
and an integral basis of pure cubic fields. 


Theorem 2.22 Let K = Q(6) be a cubic field with 6° = m = ab’, where a, b are 
relatively prime squarefree integers. The following hold: 


(i) Ifm #1 or8 (mod 9), then {1, 6, 67 /b} is an integral basis of K and dx = 


—27a?b?. 

(ii) Ifm = 1 (mod 9), then {0, 67 /b, d+6+ 67) /3} is an integral basis of K and 
dx = —3a7b?. 

(iii) Ifm = 8 (mod 9), then {6, 07/b, (1 — 6 + 67)/3} is an integral basis of K and 
dx = —3a’b?. 


The following lemma will be used in the proof of the above theorem. 


Lemma 2.23 Let K = Q(6) be a cubic field with 6? = m = ab’, where a,b are 
relatively prime squarefree integers. Then dx = —27a7b? if 3 divides ab and dx = 
—3'a*b? with r = 1 or 3 when 3 does not divide ab. 


Proof In view of Lemma 2.6, we have 
Dxjg(1, 6, 0’) = —Nx/Q(30*) = —27m? = —27a7b*. (2.12) 


The minimal polynomial X* — m of @ is an Eisenstein polynomial with respect to 
each prime p dividing a. Therefore by Theorem 2.18, such a p does not divide ind 0. 
But by Corollary 2.16 and Eq. (2.12), 


DxjQ(l, 0,07) 27m? 


ind 6)? = : 
(ind 0) de de 
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Therefore if p divides a, then r divides dx and if 3 divides a, then 3° divides dx. 
Thus we conclude that 


a’ |dx if 34a and 27a? | dx if 3ja. (2.13) 
Note that 97/b is a root of the polynomial X* — a7b and K = Q(6?/b). On inter- 
changing the roles of a and b and arguing as for the proof of (2.13), it can be easily 
seen that 


b? | dx if 3{b and 27b* | dx if 3\b. (2.14) 
By virtue of Lemmas 2.6 and 2.8, we have 
2 1 2 272 2 
Dxja(1,9.0 /b) = p Pxiall, 6,0 ) = —27a°b* = c*dx (2.15) 
for some integer c. In particular, the above equation shows that 


dx | 27a*b’. (2.16) 


The lemma follows immediately from (2.13), (2.14) and (2.16) keeping in mind that 
Dx/od, 9, 67) /dx is a perfect square. 


Proof of Theorem 2.22: When m = 0 (mod 3), then by virtue of Eq. (2.15) and 
Lemma 2.23, we see that 


Dx o(1, 0, 07/b) = —27a*b* = dx 


and hence {1, 0, 67/b} is an integral basis of K in this case by Lemma 2.8. So it 
remains to prove the theorem when m # 0 (mod 3). We distinguish three cases. 
Case I.m 4 +1 (mod 9), and 3 { m. 


It can be easily checked that in this case m* #4 m (mod 9). So the polynomial 
(X +m)? —m = X? + 3mX? + 3m?X + m? — misan Eisenstein polynomial with 
respect to the prime 3. Therefore by Theorem 2.18, the prime 3 does not divide index 
of (9 — m) which is same as index of 0. So we conclude from (2.12) and the pre- 
vious lemma that dx = —27a7b? in this case. Thus we have Dx/o(, 4, 6? /b) = 
—27a7b* = dx and hence {1, 6, 97/b} is an integral basis of K by Lemma 2.8. 
Case II. m = 1 (mod 9). 


A simple computation shows that the characteristic polynomial of (1 + 6 + 67)/3 


1- 1 —m)? 
relative to K /Q is X?— X74 ( x ( a and hence (+0+67)/3 is 
an algebraic integer in this case. If A denotes the transition matrix from {1, 6, 07} 


to {0, 07/b, (1 +6 + 67)/3}, then det A = 1/3b. Consequently by Lemmas 2.3 and 
2.8, we have 
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62 eee) 


D 6 es, 1,0, 07) = —3a7b? = c?d 
K/Q\9, =» 3 = a Prod, 6, 6°) = —3a°b" = c'dx 


9b 

for some integer c. It follows immediately from the above equation and Lemma 2.23 
that dy = —3a7b* and hence {6, 67/b, (1 + 6 + 67)/3} is an integral basis of K. 
Case II. m = —1 (mod 9). 

Since (—0)? = —m = —ab? = 1 (mod 9), by virtue of Case II, we see that dx = 
—3a’b? and {—6, 67 /b, d-é+ 67) /3} is an integral basis of K. As the transition 
matrix from this integral basis to {0, 6? /b, 1 -O+ 67) /3} is unimodular, it follows 
that the latter set is also an integral basis of K. 


Remark 2.24 A formula for the discriminant together with a method to compute 
integral basis of each cubic field has been given by Alaca in [Ala]; the same problem 
has been solved for all those quartic and quintic fields which are generated over Q by 
a root of an irreducible trinomial of the type X” + aX + b belonging to Z[X] when 
n = 4,5 (cf. [Al-Wil, Al-Al]). In 2020, it has been solved for those sextic fields 
which are generated over Q by a root of an irreducible trinomial of the above type 
when n = 6 (cf. [Ka-Kh]). For general n, the problem is solved with some conditions 
on a, b and n (cf. [Kom]). 


2.4 Integral Basis and Discriminant of Cyclotomic Fields 


We first find the discriminant and an integral basis of cyclotomic fields generated by 
pth root of unity for a prime p. Recall that if ¢ is a primitive nth root of unity, then 
the degree of the nth cyclotomic field Q(¢) over Q is ¢(n) (cf. Theorem A.40). 


Theorem 2.25 Let ¢ be aprimitive pth root of unity, p anodd prime. Then {1,€,..., 
cP} is an integral basis of K = Q(€) and dx = (-1)F pP-?. 


Proof Let ®(X) denote the minimal polynomial of ¢ over Q of degree p — 1. Using 
Lemma 2.6 and Corollary 2.16, we have 


Dxjo(,f,-...6?) = (-l)® Nxjq(®' (0) = (ind ¢)°d. 


So the theorem is proved in view of above equation once it is shown thatVx ;q(®'(¢)) 
equals p?~? and p does not divide ind ¢. The polynomial ®(X) satisfies the relation 


OQ)(X =e =i, 


On differentiating both sides of above equation with respect to X and then substituting 
X = C, we see that 
P 


o’ — ee 
O= Gane 
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Taking norm on both sides, we obtain 


pel 


Nxjo( — )Nx/o() 


Nxjo(®'(g)) = (2.17) 


Since the minimal polynomial of ¢ over Q is ®(X) = Kem a ere ee 
p-l 


Nxjo() = (—1)?! in view of Theorem 1.18. On writing ®(X) as [[« _ c) 


i=1 
and keeping in mind Theorem 1.19, we see that 


p-l 
p= (1) =| [d-¢%) = Nx - 9) = Naot - 1). (2.18) 


i=1 


It now follows from (2.17) that Nx ;g(®'(¢)) = pe as desired. 
It only remains to verify that p { ind ¢. Since Z[¢] = Z[¢ — 1], we verify that p 
does not divide ind(¢ — 1). The minimal polynomial of ¢ — 1 over Q is 


ag AIT ns oti (PY gO P 
tt aia +(7)x + +(,?,) 


which is an Eisenstein polynomial with respect to the prime p. Therefore by Theorem 
2.18, p does not divide ind(g — 1). 


The argument used in the proof of the above theorem has been extended to prove 
the following more general theorem. 


Theorem 2.26 Let ¢ be a primitive (p')th root of unity, p any prime (odd or 
even), p’ > 3. Then {1,6,..., c?P-1) is an integral basis of K = Q(t) and 
a (—1 88 pree-P 


r-1 


Proof Let ®(X) = (X”" — 1)/(X”" — 1) denote the minimal polynomial of ¢ over 
Q of degree @(p’). Since p’ > 3, @(p’) is even. Then by Lemma 2.6 and Corollary 
2.16, we have 


Deg, b, 01350?) = (1) Nxj(®')) = (ind £)7dx. 


As proved in the following lemma, ®(X + 1) is an Eisenstein polynomial with 
respect to p. So p { ind(¢ — 1), ie., p { ind ¢. Thus the theorem is proved once it is 
shown that 


Nxjq(®(g)) = prerrrr (2.19) 
Differentiating both sides of the equation 


r—1 


@(X)(X”" —1) =X" -1 
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with respect to X and then substituting X = ¢, we obtain 


: p 
C= ——. 2.20 
Oo Tamar (2.20) 


Keeping in mind that cr = 7 (say) is a primitive pth root of unity and using the 
fact that Ngvny/o(y — 1) = p derived in Eq. (2.18), it follows that 


Nxt? — 1) = Neon — 1) = Woon — DIK OM! = p?™, 


Note that Nx/g(¢) = (—1)?”? = 1 in view of Theorem 1.18. On taking norm on 
both sides of (2.20), the equality (2.19) is now proved. 


Lemma 2.27 Let ¢ be as in Theorem 2.26 and ®(X) be the minimal polynomial of 
¢ over Q. Then ®(X + 1) is an Eisenstein polynomial with respect to the prime p. 


Proof Since ®(X) = X~)P™' 4 XP-2)P~ 


1 


4+-+-+ X?"' +1, we have 
p-1 
OX+)= > x+y", (2.315 
j=0 
Using the Binomial theorem, we can write 


(Xe SA 44 pWw\(X), 


where W;(X) € Z[X] is a polynomial of degree less than p’~! having constant term 
zero. Raising the above equation to any power j > 1, we see that 


(X + 1/P' = (XP +:1)/ + pW; (X), (2.99) 


where W;(X) € Z[X] is a polynomial of degree less than jp’~' having constant term 
zero. In view of (2.21) and (2.22), we have 


p-l p-l 
OX +1) = DK + DP = DUP + D+ PVD, 
j=0 j=0 


with V(X) € Z[X], deg(V(X)) < (p — 1)p’~! and V(X) has constant term zero. 
It is clear from the last equation that 


(XP 41)? -1 
(xP + 1)—1 


= xP-Dp +4 ae tere (, P i} + pV(X). 


®(X+1)= + pV(X) 
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Keeping in mind that deg(V(X)) < (p — 1)p’~! and V(X) has constant term zero, 
it is immediate from the above equality that P(X + 1) is an Eisenstein polynomial 
with respect to p. 


The following two propositions, which are of independent interest, will be used 
to compute the discriminant of a general cyclotomic field. 


Notation. If S and T are subrings of aring R, then ST will stands for the composite 
ring, i.e., the smallest subring of R containing S U T. Similar notation will be used 
for the composite of two subfields of a field. 


Proposition 2.28 Let K and L be algebraic number fields of degree m and n respec- 
1 

tively. Let d = gcd(dx, dz). If (KL : Q] = mn, then Ox, © q OKO): In partic- 

ular when d = 1, thenOxOz, = Ox_. 


Proof Let {a,a2,...,@m} be an integral basis of K and {B), Bo,..., 8,} be an 
integral basis of L. Since [KL : Q] = mn, the family {a;/, |1< j<m,1<k< 
n} is a Q-vector space basis of K L. Let € be any element of Ox . We can write 


= 
6 =o Saibe. rir €Z. (2.23) 


jk 


Since [K L : Q] = mn, every embedding o of K into C can be extended to K L acting 
trivially on ZL and hence 


o(6) = Yo Sola) b- (2.24) 


ik 


Set x; = pe - B,. On applying to (2.23) the L-isomorphisms 01, 02, ..., Om of KL 


into C and ee in mind (2.24), we obtain m equations 


Yo oi(aj)xj = 0;(€), 1 <i <m. 


j=l 


On solving for x; by Cramer’s rule, we see that x; = uh with 5 = det(A), where A 

is the m xX m matrix having (i, j)th entry o;(@;) and y; is the determinant of the 

matrix obtained on replacing the entries of the jth column of A by o1(&), ..., Om(&) 

respectively. So 6, y; and dy; are algebraic integers for 1 < j < m. Keeping in mind 

that 6? = dx, it now follows that éyj = 8°x; => Trt Be belongs to Or. Since 
k=l 

{P,,..., By} is an integral basis of L, we conclude that 5° € Z for each pair j, k. 


Therefore 
Sr jx 
dxé=)))) 
jk 
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As & is an arbitrary element of Oxz, we conclude that dx, Ox, C OxO_. Inter- 
changing the roles of K and L, we see that d, Ox, C OxOz; consequently (Ox, C 
OxO_. This proves the proposition. 


Proposition 2.29 Let K and L be algebraic number fields of degree m and n respec- 
tively such that [KL : Q] = mn. If {a, @2,..., @m} and {B,, Bo, ..., By} are bases 
of K/Q and L/Q respectively, then the discriminant of the basis {a;B; | 1<i< 
m,1 <j <n} of KL/Q is given by 


Dxxjq(oiB1, 0182, -.-,¢mBn—1, %mBn) = (De jo(a1,---.4m)) (Drjol(61 gtaps fn)) 


Proof Let 01, ..., Om be all the isomorphisms of K into C and T,..., tT, be all the 
isomorphisms of L into C. Let oj;, 1 <i<m, 1 < j <n be the isomorphisms of 
K L into C such that o;;|« = 0; and o;;|_ = t;. We denote oj; (a; ;) by a pe Let 
A = (4ij)mxm With aj; = a" and B = (bjj)nxn with bij = B\”. By definition 


Dxjg(@i,---+%m) = (det A)’, 


Drjo(Bi, -- +» Bn) = (det B)’. 


We arrange the elements af; of the Q-basis of K L as well as the isomorphisms 0;;, 
1<i<m,1 <j <nof KL in lexicographic order. Then it can be easily seen that 


DxrjQ@iBi,---, 01 Bps .--3 mBi,-- ++ mBn) = D (say) 


is the square of the determinant of the mn x mn matrix 


1 1 1 1 1 1 1 1 
a pO... aM BO ooo. a? BO... gigi 
{) g@) (1) g@) © ih) 2) 


1 “++ Am Pn 


ha BO os BD cove aul BO ... gi 2 


Using the well known result regarding the determinant of Kronecker product of 
two square matrices, we see that 


D = (det A)*” (det B)*” = (Dxjo(a1,---,m))"(Dr/o(Bi, «++ Bn))” 


as desired. 
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We quickly deduce the following corollary from the above two propositions. 


Corollary 2.30 Let Q(./u), Q(/v) be two distinct quadratic fields having discrim- 
inants u, v respectively which are coprime. Then the discriminant of the composite 


field QU/U, JV) is u?v?. 


Proof Let K,L denote the fields Q(./u), Q(/v) respectively. Let {u,u2} and 
{v1, U2} be integral basis of K and L respectively. Since the discriminants of K and L 
are coprime, Ox; = Ox QO, in view of Proposition 2.28. So {u, v1, uj V2, U2V}, U2V2} 
is an integral basis of K L. It now follows from Proposition 2.29 that dx; = ded: — 


Tite 


We now determine the discriminant and an integral basis of the mth cyclotomic 
field Q(¢,,) for general m, where ¢,, stands for a primitive mth root of unity. Note 
that if m = 2 (mod 4), then —¢,, is a primitive (m/2)th root of unity and Q(é,) = 
Q(—¢,,). So to compute the discriminant, we consider cyclotomic fields Q(¢,,) when 
m # 2 (mod 4). It is easy to see that for coprime numbers m and n, the composite 
ring Z[GmIZ[én] is given by 


Zl EmIZ1En | = ZlEmn], (2.25) 


because there exist integers a,b such that am+bn=1 and hence €,,) = 
(c" )"(¢",)” is a product of powers of fn and ¢,. Using this observation, together 
with some of the results proved in this section, we derive the following important 
theorem. 


Theorem 2.31 Let m be any integer > 3 such thatm # 2 (mod 4). Let € a primitive 

mth root of unity. Then {1,¢,..., cemm—ly is an integral basis of K = Q(¢) and 
(-1) mem 

~ TT pemnie-d’ 


p\m 


dx 


where p runs over all primes dividing m. 


Proof Let s denote the number of distinct primes dividing m. We shall prove the 
theorem by induction on s. When s = 1, i.e., m is a prime power, then the result 
follows from Theorem 2.26. We now prove the theorem when s > 2 assuming that 
it holds for those nth cyclotomic fields where n has at most s — 1 distinct prime 
divisors. Let g be a prime dividing m and write m = q'm' where q does not divide 
m'. Let € bea primitive (q")th root of unity and let ¢’ be a primitive m’th root of unity. 
Denote the fields Q(¢’) and Q(&) by K’ and L respectively. In view of induction 
hypothesis, Ox = Z[¢’] and O; = Z[é&]; moreover, 

(DP myer (gee 
a T] peor en a= goa) 


p\|m’ 


(2.26) 
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Note that [K : Q] = ¢(m) = ¢(m')¢(q’) = [K’ : QUEL: Q) and by virtue of 
Eq. (2.25), K = K’L. It is clear from (2.26) that dx: and d; are coprime. Hence 
it follows from Proposition 2.28 and Eq. (2.25) that 


Ox = On O; = Z[E"IZ[E] = Z[C]. 


The above equality shows that {1,¢,..., ¢?~'} is an integral basis of K. Keep- 
ing in mind that Ox = Ox’O, and applying Proposition2.29, we see that dx = 
(dx)? (d,)?™”., On substituting for dx’ and d, in the last equality, we obtain 


(—1)?™) me 


~ qT] prm/(p-V) * 
p\m 


dx 


This proves the desired formula for dx because ¢(m) is a multiple of 4 when s > 2 
in view of the hypothesis that m # 2 (mod 4). 


Corollary 2.32 Let ¢ be a primitive mth root of unity, m > 3. Then the ring of 
algebraic integers of Q(¢ + ¢7') is Z[¢ + ¢7'}. 


Proof Since Q(¢)/Q(¢ + ¢7') is extension of degree 2, it follows that the extension 
Q(¢ + ¢~!)/Q has degree ¢(m)/2. Suppose to the contrary there exists an algebraic 
integer aw in Q(¢ + ¢~') which does not belong to Z[¢ + ¢7']. Write 


a=ata(eteo')+--ta(e+o') 


where s < (¢(m)/2) — 1 anda;,’s belong to Q. By subtracting those terms for which 
a;’s belong to Z, we may assume that a, ¢ Z. Multiplying the above equation by ¢* 
on both sides and then on expanding the right hand side as a polynomial in ¢, we 
see that C°@ = ds +4516 +--+ + a,o75 is an algebraic integer in Q(¢). In view of 
Theorem 2.31, €°a € Z[¢], which is impossible because 2s < @(m) — 2anda, ¢ Z. 
This contradiction proves the corollary. 


Remark 2.33 It may be pointed out that when K = Q(a!/") is a pure field of degree 
n such that the integer a is either squarefree or coprime with n, then a formula for 
the discriminant of K and an explicit construction of an integral basis of K is known 
(see [J-K-S4, J-K-S5, Gas]). However the problem is still unsolved for extensions 
K = Q(a'/") of degree n without any restriction on a or n. It is also an open problem 
to construct an integral basis of pure fields of squarefree degree n although the formula 
for the discriminant of such fields involving the prime powers dividing a and n was 
found in 2017 (see [J-K-S3]). 
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2.5 An Algorithm for Computing Integral Basis 


We now prove a theorem which gives an algorithm for computing integral bases of 
algebraic number fields. 


Theorem 2.34 Let K = Q(@) be an algebraic number field of degree n with 6 an 
algebraic integer. Then K has an integral basis of the form {&, €, ..., &n-1}, where 


cio +. c10 + +++ + c@-O" | + 8 


§) = land § = FI 


with c;;, dj belonging to Z and d; > 0 dividing dj, for 1 < i < n — 1. The numbers 


d; are uniquely determined by 0. In particular, [Ox : Z[@]] = I] dj. 


Proof Let r denote the index of Z[@] in Ox. Then by Lagrange’s theorem for finite 
groups rOx C Z[@]. So Ox is a subgroup of the free abelian group +Z(0] which 


i a Sj — . By Lemma 2.12 and Remark 2.13, there exists a Z- basis 


of Ox of the type lo, &,...,&-1}, where for0 <i<n-1 


has basis | 


fees aig + aj16 + +--+ 4,6! 


r 


with a;; belonging to Z and a;; > 0 for each i. Observe that the positive rational 
number & = “ being an element of a Z-basis of Ox must be 1. 
We claim that a;; divides r as well as a;; when 0<j <i,1<i<n-—1and that 


d; divides d;,; for 1 < i <n — 1 where d; = —. The claim together with the fact 
that &) = 1 immediately shows that {&,.. +b a is an integral basis of K of the 
desired form once we set cjj = a anddj = —,0<j <i,l<i<n-l. 

The claim will be proved by induction oni. oe in mind that {1, &,..., &,—1} 


is an integral basis of K and each a;; is positive, it can be easily seen that an ele- 
k 
ment )* a;6' of Q{6] with k < n — 1 belongs to Ox if and only if it is a Z-linear 


i=0 
combination of 1, &,..., &. So there exist integers bo, b; such that 
ajo + 4410 
6 = bo +bhé = bo +h (eee). 


Comparing the coefficients of @ and constant term on both sides of the above equation, 
we see that 


bt =1, by + b1—" =0. (2.27) 


The first equality of (2.27) shows that r = b;a,,; . On substituting for r in the second 
equality of (2.27), we see that a, divides ajo and hence the claim is proved fori = 1. 
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Suppose as induction hypothesis that the claim is true for all i < k; we prove it for 
k+1<n-— 1. For simplicity of notation, we write k + 1 as /. Note that the element 
6& of Ox can be written as a linear combination of &, ..., & with coefficients from 
Z. So there exist xo, ..., x, in Z such that 


OF = xo tx +... + 17&. (2.28) 


On substituting | | 
Cio HCO +--+ + cig"! +6! 


f= 7, 


for i < k in view of induction hypothesis and 


aj +a +++» +a,0* + a6! 
r 


& = 


in Eq. (2.28) and then comparing the coefficients of 6! on both sides of this equation, 
we see that or = x;“, ie. 
r= Ax ay. (2.29) 


Recall that / = k + 1 and d; = i In view of the Eq. (2.29), d; divides d;. Next we 
show that aj; divides a;; for 0 < j < k. Fix one such index j. Again equating first 
the coefficients of 6/ on both sides of (2.28) and then substituting for r from (2.29), 
we see that 


k k 
Ck(j-1) = xj an y- XtCtj ii Xj aj = Xj it \; XtCrj + aly 
dy dj 


Since by induction hypothesis d; divides d; for j < k, itis immediate from the above 
equation that aj divides a; and hence the claim is proved. 

It can be easily seen that for j < n — 1, + is the smallest positive element of the 
set S; defined by ‘ 


j 
y aj0' € Ox for some ao, aj, ...,aj—1 in al. 
i=0 


5={a€@ 


J 
because an element )° a;0' of Q[6] belongs to Ox if and only if it is a Z-linear 


i=0 
combination of 1, &},..., €;. This completes the proof of the theorem. 


Remark 2.35 If K = Q(@) and {&o, ..., 1} are as in above theorem, then using 
this basis together with the division algorithm, one can easily construct an integral 
basis {Bo, ..., Bu—1} of K, where 
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bio +b +++» + biG—19'| + 
dj 


with b;;, d; belonging to Z, d; > O dividing dj+,, do = 1 and 0 < bj; < rh for0 < 
j <i<n-—1.In fact, 6; can be obtained from &; by subtracting a suitable Z-linear 


combination of &,..., &—1. 
The following examples are given to illustrate the above theorem. 


Example 2.36 We compute an integral basis and discriminant of the field K = 
Q(@), where 6 is a root of the polynomial f(X) = X? — X —4. It will be first 
shown that f (X) is irreducible over Q. If f(X) is reducible over Q, then f(X) has a 
root in Z, say a. Since a? — aw = 4, we see that a divides 4 in Z and hence w belongs 
to {£1, +2, +4}. We can check by direct verification that none of these integers is 
aroot of f(X). Thus f(X) is irreducible over Q. Using Corollary 2.16 and Lemma 
2.6, we see that 


dx (ind 6)? = Dx g(1, 0, 07) = —Nx/9(30* — 1) = —428 = —2? - 107. 


The above equation shows that ind 0 is either | or 2. If ind is equal to 2, then in 
view of Theorem 2.34, {1, 6, 7} will be an integral basis of K where 7 = atb0-+6" 
for some a,b € Z with 0 <a,b <1. Keeping in mind that Trx;g(@) = 0 and 
Trx/Q(07) = 2, we see that Trx/9(n) = 34 + 1 which is an integer only when a is 


bé ae 


even. So we may assume that a = 0 and n = . Note that b = 0 is mie 


because the characteristic polynomial of ssi to K/Qis x? — x? +4 = —2. 
Thus we see that if ind @ is 2, then b must be 1. We are going to show that re is an 
algebraic integer. A simple calculation shows that the characteristic polynomial of 
oo" relative to K /Q is X* — X* — 3X — 2 which implies that ae belongs to Ox. 
This proves that index of @ is 2, dx = —107 and {1, 6,(0+ 67) /2} is an integral 
basis of K. 


Example 2.37 We compute an integral basis and the discriminant of the field K = 
Q(@), where 6 is a root of the polynomial f(X) = X*?+ 11X 4+ 4. Arguing as in 
above example, one can check that f(X) is irreducible over Q and 


Dg/o(1, 6, 67) = —Nx/Q(30* + 11) = —5756 = —2? - 1439. 


Since 1439 is a prime, ind @ is | or 2. If ind @ is 2, then {1, 0, 7} will be an integral 
basis of K where 7 = ane for some a,b € Z with 0 < a,b <1. Begins in 


mind that Trx;Q(@) = O and Trx/Q(07) = = —22, we see that Trxjg(n) = = — 11 
which is an integer only when a is even. So we may assume a = 0 and n = "bog ; 
Note that e does not belong to Ox because e =-—2- u is not in Ox since g is 


oo" 


notin Ox. a regards , itcan be shown that its characteristic polynomial relative 


2.5 An Algorithm for Computing Integral Basis 45 


to K/Q is X? + 11X* + 36X +4 and hence it is an algebraic integer. Therefore 
ind @ is 2. Hence {1,0, (@+ 67) /2} is an integral basis of K and dx = —1439. 


Example 2.38 We compute an integral basis and the discriminant of the field 
K = QQ), where 6 is a root of the polynomial f(X) = X*+9X +9. We first 
show that f(X) is irreducible over Q. Arguing as in Example 2.36, it can be 
easily seen that f(X) does not have a linear factor over Q, because none of 
the elements +1, +3, +9 is a root of f(X). Suppose to the contrary that f(X) 
factors as a product of two quadratic monic irreducible polynomials g(X), h(X) 
over Q. Then g(X), h(X) € Z[X] because their roots are algebraic integers. Write 
g(X) = X*+aX +b and h(X) = X* +.a'X +d’. On comparing coefficients of 
the like terms in f(X) and g(X)h(X), we see that a+ a’ = 0, ab’ +a'b = 9 and 
bb’ = 9. The first two equalities imply that a(b' — b) =9 which is impossible 
because b, b’ are odd in view of third equality. This contradiction proves that f(X) 
is irreducible over Q. 

Applying Lemma 2.6, we see that Dxjg(1, 4, 67, 0°) = 3° - 13. So ind 6 divides 
33. Therefore by Theorem 2.34, K has an integral basis of the form {1, &, &, &3}, 
where 


ayo +0 bo + b\0 + 62 co+c)0 +067 + 6 
3 3h ad 35 


é = 


withO < kj < ko < k3 < 3andki +ho +k < 3.1fk, = 1, then aox# would belong 
ey 


to Ox for some ag € Z with 0 < ao < 2. Since Trx/Q(“3~) = 4 , we see that a0 
must be 0. Note toe = does not belong to Ox as the nial peiinonniél of § x 
over Q is X*+ % S43 ie . So k,; = 0. Recall that 0 < ky) < 1. One can check that a 
belongs to Ox as ie chararienistie polynomial with respect to K /Q is X* + 2X = 
3X + 1. This proves that k2 = 1. Now we explore the possibility whether k3 can 
be 2 or not. Suppose that k3 is 2, then sortc10-+ 26°46" € Ox for some c; € Z, with 
0 <c; <9 fori =0,1 and 0 < cp < 3 in view of Remark 2.35. Keeping in mind 
that Trx/g(@) = Trx/Q(0") = 0 and Trx/Q(0°) = 27, we see that cp = 0. Taking 
c2 = 0, 1, 2 respectively, we compute the characteristic polynomials relative to K /Q 
of eres ; eat = These polynomials respectively are 


3 
OX43K + G4 OX + G+ S +X + ah + Ft +245, 
oe CG Lege) p+ dee ete 
e x4 43x + Bla)? 4 ee aa He to Sey +2 


Clearly the coefficient of X* in the first polynomial does not belong to Z. In the 
second polynomial if the coefficient of X 2 isin Z, then c; = 1, because 0 < c; < 9; 
in this situation the constant term of the second polynomial will not belong to Z. By 
a similar argument, we see that the third polynomial also does not belong to Z[X]. 
So k3 = 1. Therefore {1,0, ©, ©} is an integral basis of K anddg = 37-13 = 117. 
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Exercises 


1, 


Ow 


Nn 


If the minimal polynomial of a complex number a over Q is X” + aX +b, 
n(n—1) 


show that for K = Q(a), Dxjg(,a@,..., a!) =(-1)°2 wo +a" — 
ny"). 


. Let K = Q(@) be an algebraic number field of degree n and let m € Z. Show 


that Dx/g(1,0,...,0""!) = Dxjg(1,@+m),...,@+m)""). 


. If63 +46 +7 =0, then prove that {1, 6, 67} form an integral basis of Q(@). 
. Find the discriminant and an integral basis of the field K = Q(@), where 63 + 


6+1=0. 


. Let K = Q(@), where @ satisfies 0? — 40 + 2 = 0. Prove that dx = 148. 
. Find an integral basis of each of the three cubic fields. 


(a) Ki = Q(@6), 0? — 180 —6 =0. 

(b) K2 = Q(@), 0° — 366 — 78 = 0. 

(c) K3 = Q(6), 67 — 540 — 150 = 0. 

Verify all the three fields have the same discriminant. 


. Find an integral basis and the discriminant of K = Q(@), where 64+ —26-2= 


0 


. Find the discriminant and an integral basis of the field K = Q(9), where 0 is a 


root of the polynomial X* — 2. 


. Let K = Q() where 6 satisfies 6? — 9 — 2 = 0. Prove that 1,0, 0% form an 


integral basis of Q(@) and dx = —104. 


. Consider K = Q(0) where 6 satisfies 6? — 66 + 36 = 0. Prove that {1, 0, 67/6} 


is an integral basis of K and dx = —2?-3-79. 


. Let K = Q(@), where 63 = 175. Prove that K is not monogenic. 
. Let K be the field* Q(@), where @ is a root of the polynomial f(X) = X 34 


X? — 2X — 1. Prove that dx = 49. Also find an integral basis of K. 


. Prove that conjugate algebraic number fields have the same discriminant. 
. For an algebraic number field K, prove that /dx belongs to the smallest normal 


extension of K containing Q. 


. Let ¢ = e?*"/P, p an odd prime. Show that the field K = Q(¢) contains a/p if 


p = 1 (mod 4) and it contains ./— p if p = —1 (mod 4). 


. Prove that Q(./2) is contained in Q(¢) where ¢ = e27"/8, 
. Let D be the discriminant of a quadratic field Q(./D). Then show that D can 


be written as the product® d,---d; where |dj|,..., |d,| are powers of distinct 
primes and d; is the discriminant of Q(./d;) for each i. 


. Show that a quadratic field with discriminant D is a subfield of Q(¢) where ¢ is 


a primitive mth root of unity, m being the absolute value of D. 


. Find the discriminant and an integral basis of K = Q v2, /—3). 
. Let D be the discriminant of a quadratic field Q(/ D) and d,,...,d; be as in 
t 


Exercise 17. A divisor u of D of the type [| (d;)“, where a; € {0, 1} is called 
i=l 


4 Tt is known that K is the field having smallest discriminant among all totally real cubic fields. An 
algebraic number field is said to be totally real if all its isomorphisms in C are real. 


5 For example, —40 = 5(—8) and 28 = (—4)(—7). 
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21. 


a discriminantal divisor of D. Let u be a discriminantal divisor of D different 
from 1 and D. Then prove that the discriminant of the field Q(./u, JD) is D?. 
Let uw), ..., 4, be pairwise coprime integers such that u; is the discriminant of 
the quadratic field Q(,/u;) for 1 < i < s. Prove that the degree of the composite 
field K = QC /uy, ..., ./us) is 2°. Find the discriminant of K. 


Chapter 3 M®) 
Properties of the Ring of Algebraic a 
Integers 


3.1 Factorisation into Irreducible Elements 


We begin with a review of some basic notions of ring theory. 


Definition Let R be an integral domain. An element a of R is said to be a unit of R 
if there exists 6 € R such that a6 = 1. Two elements a, 6 are said to be associates 
if there exists a unit € of R such that 6 = we. A non-zero non-unit element a of R 
is said to be an irreducible element of R if whenever a = By with B, y € R, then 
either 6 or y is a unit. A non-zero non-unit element a of R is said to be a prime 
element of R if whenever a | By with 6, y € R, then eithera | B ora | y. 

Every prime element is irreducible in an integral domain but the converse is not 
true in general (see Example 3.36). 


Definition An integral domain R is said to be a factorization domain if every non-zero 
non-unit element of R can be expressed as a product of finitely many irreducible ele- 
ments of R. A factorization domain R is called a unique factorization domain(UFD) 
if whenever p) p2--- Py = Gig2--- ds with every p;, q; irreducible in R, thenr = s 
and there is a permutation o of {1, 2,..., 7} such that p; and q,(j) are associates for 
alli = 1,2,...,7. An integral domain R is said to be a principal ideal domain if 
every ideal of R is a principal ideal. 

Every principal ideal domain is a unique factorization domain but the converse is 
not true in general. However we shall prove in this chapter that the converse is true 
for the ring of algebraic integers Ox of an algebraic number field K. We shall also 
prove that each Ox is a factorization domain. 


The following proposition characterizes the units of Ox in terms of their norms. 
Proposition 3.1 Let K be an algebraic number field. An element a of Ox is a unit 
if and only if Nx;Q(a) = £1. 


Proof Suppose first that a is a unit of Ox. Then there exists 8 € Ox such that aB = 
1. So Nx/Q(@)Nx/o(B) = 1. As norm of an algebraic integer with respect to the 
extension K /Q belongs to Z in view of Corollary 1.22, we see that Nx g(a) = +1. 
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Conversely suppose that Nx/g(a)=+1 for some ae Ox. Let a= 
,Q2,...,Q@, be all the roots (counting multiplicities, if any) of the characteristic 
polynomial of a relative to K /Q. By Theorem 1.18, Nx/g(@) = aja2---a@, = £1. 


+1 
Write 6 = | Ja. Then £ is an algebraic integer; also B = — € Q(a) C K. So 
a 


i=2 
B € Ox andaf = +1. Thus a is a unit of Ox. 


Recall that for an element a € Ox by virtue of Theorem 1.20, Nxjg(a) = 
(Nova)/o(a)) “2, So Proposition 3.1 implies that a is a unit of Ox if and only if 
Nova)/Q(@) =i. 


Corollary 3.2. Let K be an algebraic number field and a be an element of Ox such 
that |Nx;q(@)| is a prime number, then a is an irreducible element of Ox. 


Proof Suppose that a=fy with B,y in Ox. Then Nx/g(a)= 
Nx/o(B)Nx/o(yv) =p, where p is a prime. As Nx /Q(B) and Nx/g(y) are 
integers, at least one of these must be +1 or —1. So by the above proposition, either 
6 or y is aunit. 


If @ is as in the above corollary, then it will be proved in Corollary 3.35 that @ is 
indeed a prime element of Ox. 


Lemma 3.3 [fa is a non-zero algebraic integer belonging to an algebraic number 
field K, then the element Nx ;Q(a)/a is an algebraic integer in K. 


Proof Let a, = a@,a2,...,a, be all the roots (counting multiplicities, if any) of 
the characteristic polynomial of a with respect to K/Q. Then by Theorem 1.18, 


Nx /o(@) = [[ a, which shows that Nx /g(a)/a = [] @; is an algebraic integer 
ix2 


i=1 
belonging to Q(q@). 


We next prove that Ox is a factorization domain. 


Theorem 3.4 Let K be an algebraic number field. Then any non-zero non-unit 
element a of Ox can be written as a product of finitely many irreducible elements of 


Ox. 


Proof We prove the theorem by induction on |Nx ;Q(a)|. When |Nx/g(@)| = 1, 
then @ is a unit by Proposition 3.1. When |Nx/g(q@)| = 2, then @ is irreducible by 
Corollary 3.2. Suppose the theorem holds for all a € Ox with |Nx;Q(@)| < m. Let 
a be an element of Ox with |Nx/q(a)| = m. If @ is irreducible, then we are done, 
otherwise we can write a = By where f, y are non-units of Ox. So |Nx/Q(B)| > 
1, |Nx/Q(y)| > 1 by Proposition 3.1. Therefore |Nx/q(B)| < m, |Nx/o(yv)| < m. 
By induction hypothesis 8, y can be written as a product of finitely many irreducible 
elements of Ox and hence a = By can be so written. 


3.1 Factorisation into Irreducible Elements 51 


It may be pointed out that the ring A consisting of all algebraic integers in C does 
not have an irreducible element, because for any a € A, /a € A. In particular A is 
not a factorization domain. 


Corollary 3.5 For an algebraic number field K,Ox has infinitely many non- 
associate irreducible elements. 


Proof For any rational prime p, there exists an irreducible element zr, (say) of Ox 
dividing p in view of the above theorem. If p ¢ g are prime numbers, then z,, 74 
cannot be associates, for otherwise |Nx/Q(7p)| = |Nx/q(tq)|, which is impossible 
because Nx /Q(,) divides Nx/g(p) = p" and Nx Q(x) divides g”, where n is the 
degree of K/Q. 


Remark 3.6 For an imaginary quadratic field K = Q(/d) with d a negative square 
free integer, Gauss! proved that Ox is a UFD for d = —1, —2, —3, —7, —11, —19, 
—43, —67, — 163. He also conjectured that these are the only nine imaginary quadratic 
fields K for which Ox is a UFD. This conjecture remained open until 1966 when 
it was proved independently by Baker [Bak] and Stark [Sta]. We will come back 
to this conjecture in Chap. 8 (see Remark 8.26). Gauss also conjectured that there 
are infinitely many real quadratic fields whose ring of algebraic integers are unique 
factorization domains. The second conjecture is still open. 


3.2. Ox as a Dedekind Domain 


In this section, we study properties of ideals of Ox. We first recall some definitions. 


Definition Let R be an integral domain with quotient field F. A subset J of F is 
called a fractional ideal of R if the following three conditions are satisfied: 


(i) I is an additive subgroup of F. 
(ii) For everya € Jandreé R,areT. 
(ii) There exists a 4 Oin R such thatal C R. 


Note that every ideal of R is a fractional ideal of R, but the converse is not true. 
To be more specific, an ideal of R will sometimes be called an integral ideal of R. 


Notation. If 7, J are fractional ideals of R, then J J is defined to be the set consisting 
of all finite sums of the type )> a;b; where a;’s belong to J and b;’s belong to J. 


Note that JJ is a fractional ideal of R and is called the product of J with J. 


' At the age of 21, the German mathematician Carl Friedrich Gauss wrote a book (cf. [Gau]) in 
Latin entitled “Disquisitiones Arithmeticae” meaning “Arithmetical Investigations” . This book 
had a revolutionary impact on number theory and is considered to be the most important and 
wide-ranging since Euclid’s series ‘Elements’ consisting of thirteen volumes. 
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Definition A non-zero fractional ideal J of R is called invertible if there exists a 
fractional ideal J of R such that 7 J = R. Such an ideal J is called (the) inverse of 
I. One can check that if inverse of J exists, then it is unique. We shall denote the 
inverse of an ideal J by J~!. 
Note that if a fractional ideal 7 of an integral domain R with quotient field F is 
invertible, then 
I! ={ae Flal C R}: (3.1) 


this holds because if J’ denotes the ideal on the right hand side of (3.1) and J denotes 
the inverse of J, then clearly J C J’ andl’ =l’UJ)=(1I)J CRI = J. 


Definition A fractional ideal J of R is said to be finitely generated if there exist 


a,,...,@, in I such that J = Ra; +---+ Ray, i.e., every a € I can be written as 
a@ =ryja,; +---+7ryd, for somer,,..., 7, in R; in this situation aj, ..., dy, is called 
a system of generators of J and we sometimes express it by writing J = (a),..., dy). 


If a fractional ideal is generated by a single element, it is called a principal fractional 
ideal. 


We are soon going to prove that every ideal of the ring of algebraic integers in an 
algebraic number field is finitely generated. Indeed we prove the following slightly 
more general result. 


Theorem 3.7 Let K be an algebraic number field of degree n. Any non-zero ideal 
I of Ox is a free abelian group of rank n. 


Proof Let I be a non-zero ideal of Ox. Then by Theorem 2.7, Ox is a free abelian 
group of rank n and by Lemma 2.12, J is a free abelian group of rank m <n. We 
have to prove that m = n. So it only remains to be shown that J contains a set of n 


linearly independent elements over Q. To verify the last statement, let {w1,..., wn} 
be an integral basis of K and let a be a non-zero element of 7, then aw; € J for 
1 <i <nand {aw,, aw, ..., aw} is linearly independent over Q. 


The following corollary is an immediate consequence of the above theorem. 


Corollary 3.8 Let K be an algebraic number field. Then every ideal of Ox is finitely 
generated. 


The class of commutative rings with identity in which every ideal is finitely gen- 
erated is of fundamental importance in ring theory. Such rings are called Noetherian 
rings and are named after a great algebraist Emmy Noether” who introduced this 


? Emmy Noether (1882-1935) obtained the fundamental results for Noetherian rings generalizing 
many of the earlier results for polynomial rings by Hilbert, Lasker and Macaulay. In the words of 
Professor Peter Roquette [Roq2, Sect. 5.5], “It is quite remarkable that the importance of Emmy 
Noether had been clearly recognised in the USA at that time already - at least among the leading 
mathematicians”. He quotes Professor N. Wiener of MIT whose testimonial written for Emmy 
Noether says “Miss Noether is a great personality; the greatest woman mathematician who has ever 
lived and a greatest woman scientist of any sort now living. Leaving all questions of sex aside, she 
is one of the ten or twelve leading mathematicians of the entire world...”. 
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concept. We now prove a basic proposition which gives two more equivalent condi- 
tions for a ring to be Noetherian. 


Proposition 3.9 For a commutative ring R with identity, the following conditions 
are equivalent. 


(i) Every ideal of R is finitely generated. 
(ii) Every ascending chain of ideals of R is stationary i.e., if I; Ch ©... are 
ideals of R, then there exists m such that I, = I for every n > m. 
(iii) Every non-empty family S of ideals of R has a maximal element with respect 
to the inclusion relation, i.e., there exists J € S such that J is not properly 
contained in any member of S. 


(oe) 
Proof (i) => (Gi). Let ) C Ib C ... be a chain of ideals of R and let J = (J Ih. 


Then / is an ideal of R. So J is finitely generated, say J = (a), a2, ...,a,). Clearly 
there exists a positive integer m such that a), az,..., a, belong to J,,. Then J = J, 
and hence J, = I, for every n > m. 

(11) => (iii). Let S be a non-empty set of ideals of R. Suppose to the contrary S does 
not have a maximal element. Choose J; belonging to S. Since J; is not maximal, 
there exists J, € S such that J, g I,. Inductively, having found /,, we can choose 
In41 € S such that J, S [,41. So we have an infinite chain J; S 1, GS... of ideals 
of R which is not stationary. This contradiction proves that (ii) implies (iii). 

(iii) => (i). Let J be an ideal of R and let S be the set of all finitely generated ideals 
of R contained in J. Then S is non-empty as {0} € S. So S has a maximal element, 
say J. Ifael\ J, then J+aR CTI is a finitely generated ideal of R properly 
containing J, which is impossible. Hence J = J and J is finitely generated. 


Recall that an ideal p # R of aring R is called a prime ideal if whenever af € p 
fora, B € R, theneithera € por € p. Anideal mof R is called maximalifm # R 
and m is not properly contained in any ideal of R except R. 


It can easily be seen that every maximal ideal of a commutative ring with identity 
is a prime ideal but the converse is not true. For example, consider R = Z[X], then 
(2) is a prime ideal of R but it is not maximal as (2) g (2, X) G Z[X]. However the 
following theorem shows that the converse holds for the ring of algebraic integers of 
an algebraic number field. 


Theorem 3.10 Let K be analgebraic number field. Then every non-zero prime ideal 
of Ox is maximal. 


Proof Let p be a non-zero prime ideal of Ox. Let m be an ideal of Ox such that 
p is properly contained in m. We shall prove that m = Ox. Fix a positive integer a 
belonging to p; such a positive integer exists, because if 6 is a non-zero element of 
p, then Nx /g() belongs to pM Z in view of Lemma 3.3 and Corollary 1.22. 

Let {w), ..., W,} be an integral basis of K and a be an element of Ox. Then there 


exist dj,...,d, € Z such that a = a a;w;. By division algorithm, write 


i=1 
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a4=agitri, G€Z, OK<7 <a. 


So a can be written as 


(=) i es (3.2) 


i=l i=1 
Define , 
S={djwi |b €Z,0 <b <a,1 sin}. (3.3) 


i=1 


Then S is a finite set having a” elements. Fix an element 6 € m such that 6 ¢ p. 
Keeping in mind (3.2), for any positive integer j, we write 


5/ = aBj + yj; Bj € Ox, Yj eS. 


Since S is a finite set, there exist natural numbers j, k with j > k such that y; = %, 
1.€., 


5) =aBjt+yj, 5° = aBe+ 1% = aBe+ yj. 


It follows from the above equations that 
56 — 1) = a(f — By). 


Keeping in mind that a € p, we see that the right hand side of the above equation 
belongs to p. Since 5* ¢ p, it follows that 5’-” — 1 € p C m. But 5 € mand hence 
1 € m. Therefore m = Ox. 


Combining Corollaries 1.10, 3.8 and Theorem 3.10, we see that Ox is an integrally 
closed domain which is Noetherian and in which every non-zero prime ideal is 
maximal. This leads to the following definition. 


Definition An integral domain R is called a Dedekind * domain if R is integrally 
closed Noetherian domain in which every non-zero prime ideal is maximal. 

As pointed out above, Ox is a Dedekind domain for each algebraic number field 
K. It can be easily seen that every principal ideal domain is a Dedekind domain. 


3 Dedekind domains are named after a German mathematician Richard Dedekind (1831-1916) who 
made a number of highly significant contributions to ring theory, algebraic number theory and the 
foundations of real numbers. Several notions in mathematics are named after Richard Dedekind. 
For example Dedekind cut, Dedekind domain, Dedekind zeta-functions. Ideals were first proposed 
by him in the 3rd edition of the book-“ Vorlesungen tiber Zahlentheorie” edited by Dedekind which 
is based on Dirichlet’s lectures. In the words of H M Edwards [Edw], ““Dedekind’s legacy consisted 
not only of important theorems, examples and concepts, but a whole style of mathematics that has 
been an inspiration to each succeeding generation”. 
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The theory of Dedekind domains was created as a generalization of results con- 
cerning rings of algebraic integers in algebraic number fields, obtained mainly by 
Dedekind in 1871. It was observed already by Dedekind and Weber that many of these 
results apply also to several other categories of integrally closed domains. However 
the general theory had to wait for the introduction of abstract methods and concepts 
in Algebra. In fact the definition of an abstract ring in the form used today appears 
for the first time in Fraenkel’s paper of 1916. There are several equivalent definitions 
of a Dedekind domain (see [Lu-Pal, Chap. 4], [Za-Sa, Chap. V]). 


We now prove a few results regarding the factorization of ideals in a Dedekind 
domain which will be needed in the sequel. 


Theorem 3.11 Every non-zero fractional ideal of a Dedekind domain is invertible. 


Theorem 3.12 Let R be a Dedekind domain. Then every non-zero proper ideal of 
R can be written as a product of prime ideals of R in one and only one way except 
for the order of factors.* 


It may be pointed out that the converse of the above two theorems is true. If every 
non-zero fractional ideal of an integral domain R is invertible, then R is a Dedekind 
domain (cf. [Lu-Pal, Chap. 14]). It is also known that in an integral domain R, if 
every non-zero proper ideal R can be written as a product of prime ideals of R, then 
R is a Dedekind domain; the uniqueness of factorization follows from existence. An 
easy proof of this was given by Cohen (see [Za-Sa, Chap. V]). We shall not prove 
the above mentioned results as these are not needed in the sequel. 


We first prove a couple of lemmas which are used in the proof of Theorems 3.11, 
aU. 


Lemma 3.13 Jf R is a Noetherian domain and I is a non-zero ideal of R different 
from R, then there exist prime ideals p,,...,p~, of R such that py---p, CIC 
be MacatiBe 


Proof Suppose that the lemma is false. Let S denote the set of all proper ideals of R 
which do not satisfy the property of the lemma. Let J be a maximal element of S. 
Such a maximal element exists because R is Noetherian. Then J cannot be a prime 
ideal of R. Hence there exist a, b in R such that ab € J buta ¢ J,b ¢ J. Consider 
A=J+aR,B=J+D)R. Note that 


ABCJCANB. (3.4) 
We verify that A 4 R. Suppose if possible that A = R, then (3.4) implies that 


RBCJOCRAB=B8B.So0BC JC Band therefore J = B. Butb ¢ J. This con- 
tradiction proves that A ¢ R. Similarly it can be verified that B 4 R. By maximality 


4 For the ring of algebraic integers of an algebraic number field, this result is sometimes called the 
fundamental theorem of ideal theory. 
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of J, the lemma holds for both A and B, i.e., there exist prime ideals p;,..., ps and 


qi.---,q,suchthatp;---pps CAC piN...Npsandq,---q, CBC qn... qy. 
Therefore keeping in mind (3.4), we have 


Ss t a : 
T]e J] co 48S SAN BC pf ay. 
i=l j=l i=l j=l 


This shows that J satisfies the property of the lemma which is not so. 


Lemma 3.14 Jf R is a Dedekind domain, then every non-zero prime ideal p of R is 
invertible. 


Proof Let F denote the quotient field of R and p’ denote the fractional ideal of R 
defined by p’ = {a € F |ap C R}. 

We first show that p’ contains R properly. Clearly R is contained in p’. Fix a non- 
zero element a € p, then the principal ideal aR C p. Also aR contains a product of 
non-zero prime ideals of R by the previous lemma. Let k be the least number such that 
a product of k prime ideals of R is contained in aR, say p,--- px, C aR C p where 
each p; is a prime ideal of R. Therefore there exists at least one p;, say p; which is 
contained in p. Since R is a Dedekind domain, p; is a maximal ideal and hence p; = p. 
By minimality of k, po --- px Z aR. So there exists an element b € po--- px, b E aR. 
Since bp C p,--- py C aR, we see that ba~'p C R. So ba! € p’ and ba! ¢ R. 
This proves that p’ 2 R. 

We now show that p’p = R. Since p = Rp C p’p C R and p is a maximal ideal of 
R, so either p’p = R or p'p = p. If p'p = R, then we are done. Suppose if possible 
that p'p = p. Then pp” = pp’p’ = p’p = p. Continuing like this, we see that 


pp” =p Val. (3.5) 


In view of the fact that p’ 2 R proved in the above paragraph, there exists y € p’ \ R; 
fix such an element y and a non-zero element x of p. Then (3.5) shows that xy” € 
p C R for every n > 1. This implies that x R[y] C p C R. Since R is Noetherian, 
every ideal of R is finitely generated. In particular the ideal x R[y] of R is finitely 


generated, say by a1, ..., dn. So R[y] will be generated by aa pcs at as R-module. 
x 


% 
It now follows from Theorem 1.8(iii) that y is integral over R, which is impossible 
as R is integrally closed and y ¢ R. This contradiction proves that p’p = R. 


Lemma 3.15 /f R is a Dedekind domain, then every non-zero ideal of R except R 
is a product of prime ideals of R. 


Proof Let I be a non-zero proper ideal of R. By Lemma 3.13, J contains a finite 
k 
product, say I] p; of non-zero prime ideals p; of R . We prove the lemma by induction 


i=1 
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on the number k of prime ideals. If k = 1, then J > pj . Since p; is a maximal ideal, 
T= pi. 
Assume as induction hypothesis that a proper ideal of R which contains a product 
of k — | non-zero prime ideals of R can be written as a product of prime ideals 
k 


of R. Let J be an ideal of R which contains a product I] p; of k non-zero prime 
i=1 
k 
ideals, k > 2. Let p be a maximal ideal such that I] p; C I Cp. So p; is contained 
i=l 
in p for some i, say p; C p and hence p; = p. Also by Lemma 3.14, p~! exists. 
k 


Multiplying by p—', we see that I] p; Cp 'I C R. Therefore p7'J is an ideal of 
i=2 

R which contains a product of k — 1 prime ideals. By induction on k, p~'J can be 

written as qi; --- qs, where q;’s are prime ideals of R. Thus J = pq; --- qs isa product 

of prime ideals. 


Proof of Theorem 3.11. Let I be anon-zero fractional ideal of R. Let a be a non-zero 
element of R such that af C R. Applying Lemma 3.15, we write af = p,--- ps as 
a product of prime ideals p;, 1 < i < s. Therefore J = (a! R)p, --- ps. By Lemma 
3.14, each p; is invertible, also every principal ideal is invertible and product of 
invertible ideals is invertible. So J is invertible. 


Proof of Theorem 3.12. By virtue of Lemma 3.15, it only remains to prove uniqueness. 
Let J be a proper ideal of a Dedekind domain R. Suppose J can be written as 


P=Pi--- Pr =a1---qs, (3.6) 
where ;,...,);,q1,---, Gs are prime ideals of R. It is to be proved that r = s and 
that p;,..., p, is apermutation of qj, ..., qs. Since q;---qs C pi, one of qi,..., qs 


is contained in pj, say q; C p;. As every non-zero prime ideal is maximal, q; = 1. 
Multiplying both sides of (3.6) by p,~!, we have 


Poo Pr = i++ + Gi-14iti ++ As. 


Ifr < s, then repeating the process r times we shall see that R is a product of s — r 
prime ideals which is impossible. So r > s. By symmetry s > r. Hence r = s and 
pi,..., p, is a permutation of qi,..., qs. 

Now we give some corollaries of Theorems 3.11 and 3.12. 


Corollary 3.16 The set of all non-zero fractional ideals of a Dedekind domain R is 
a group under multiplication of ideals. This group is free abelian generated by all 
non-zero prime ideals of R. 


Proof First assertion is immediate from Theorem 3.11. Let / be anon-zero fractional 
ideal of R, then there exists a non-zero element a belonging to R such thataJ C R. 
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Denote aw/ by J, then J is an ideal of R and J] = Ja~'R. By Lemma 3.15, we can 
write J = pi'---p*, andaR = p?! .--p? with a;, b; > 0 and p;’s are distinct prime 
ideals .So I = pf'?!.. ph, 

For proving uniqueness, let J be a non-zero fractional ideal of R and a be a non- 
zero element of R such that w/ is contained in R. Suppose that J = p{'--- po = 


: 
pi'---p% and aR = pt! --- p& with cj, dj, e; in Z and e; > 0. Then 
ol = I] oo - I] po 
i i 


which implies that c; + e; = d; +e; for every i in view of Theorem 3.12. Thus 
c; = d; for every i and so the uniqueness is proved. 


Corollary 3.17 A Dedekind domain which is a unique factorization domain is a 
principal ideal domain. 


Proof Suppose that a Dedekind domain R is a unique factorization domain; in order 
to prove that R is a principal ideal domain, it is enough to prove that every prime 
ideal of R is a principal ideal because by Theorem 3.12 every non-zero ideal of R 
can be written as a product of prime ideals. Let p be a non-zero prime ideal of R 
and let a be a non-zero element of p. Since R is a unique factorization domain, we 


; 

can write a = I] mt;, where z;’s are irreducible elements of R . Now at least one of 
i=l 

1,..., 1, belongs to p, say mz, € p. This implies that 7, R C p. Note that 7, R isa 

prime ideal of R. Hence 2, R is a maximal ideal as R is a Dedekind domain. Thus 

p = 7 R is a principal ideal. 


Theorem 3.12 leads to the notion of the greatest common divisor (gcd) of ideals 
in Dedekind domains. We first recall the notion of divisibility of ideals. 


Definition Let A and B be two ideals of an integral domain R. We say that A divides 
B and write A|B if there is an (integral) ideal C of R such that B = AC. Note that if 
A divides B, then B C A. We shall show in Theorem 3.19 that the converse is true 
in a Dedekind domain R. But the converse is false for a general integral domain R 
as the following example shows. 


Example 3.18 Consider R = Z[X], the ring of polynomials in indeterminate X 
with coefficients from Z. Let A = (2, X) and B = (2) be ideals of R. We show that 
A { B.If B = AC for some ideal C of R, then Xg(X) has even coefficients for each 
g(X) € C which implies that g(X) has all even coefficients. Hence C C 2Z[X]. 
Also C D> B. So B = C = 2Z[X]. Multiplying the equation B = AC on both sides 
by (2)~!,we see that R = A = (2, X) which is not so. 
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Definition Let A and B be two non-zero ideals in an integral domain R. We say that an 
ideal D is the greatest common divisor (gcd) of A and B if D|A , D| B and whenever 
an ideal C|A and C|B, then C|D. Similarly one can define the least common multiple 
(Icm) of ideals. Two ideals are said to be relatively prime or coprime if their gcd is 
R. 


It may be pointed out that gcd and Icm of two non-zero ideals always exist in a 
Dedekind domain in view of Theorem 3.12. However gcd or lcm of two non-zero 
elements may not exist in a Dedekind domain. Consider R = Z[/—5]. It can be 
easily seen that 6, 3(1 + /—5) do not have a gcd and 2, | + ./—5 have no Icm. 


Theorem 3.19 Let R be a Dedekind domain. The following hold: 


(i) For fractional ideals A, B of R, A © B ifand only if A = BC for some integral 
ideal C of R. 
(ii) If A and B are relatively prime ideals in R, then AB = ANB. 
(iii) If A and B are ideals in R, then gcd(A, B) = A+B. 
(iv) If A and B are ideals in R, thenlcm(A, B) = AN B. 


Proof (i) If A = BC for some integral ideal C, then A C Bas BC C B. Conversely 
if A C B and if A = 0, then take C = 0. Suppose A # 0, then B 4 0 and so B™! 
exists. Hence AB~! C BB™! = R. Take C to be the ideal AB~', so that BC = A. 


Gi) AN BCA and AN BCB. By (i) A|AN B and BJAN B. As A and B are 
coprime so AB|AM B. The inclusion AB C AN B is always true. Hence AB = 
ANB 

G@ii) A+ BD AandA+ BD B.By(i)A+ BA, A+ BIB. If C|A and C|B, then 
C 2A and C D B. This implies that C > A+ B and hence C|A + B. Thus the 
ged(A, B) = A+B. 

(iv) Arguing as above, this assertion can be easily proved. 


Definition Let / be a non-zero ideal of R and a, b be elements of R. We say that a is 
congruent to b modulo J and write a = b (mod /) if I|(a — b)R,i.e., ifa-—be I. 


Proposition 3.20 Let R be a Dedekind domain and I be a non-zero ideal of R. Let 
a,b € Rwitha # 0. Then the congruence aX = b (mod 1!) is solvable in R if and 
only if gcd(aR, I)|bR, which is so if and only ifb € aR + I. 


Proof In view of Theorem 3.19, gcd(aR, /)|bR if and only if aR + I D bR, which 
is so if and only if b € aR + T. So it is enough to prove the equivalence of the first 
and the last assertions of the proposition, which can be easily verified. 


Corollary 3.21 Let p be a non-zero prime ideal in a Dedekind domain R. Let a € 
R \ p, then for every natural number n, the congruence aX = b (mod p") is solvable 
for each b belonging to R. 
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Proof In view of the above proposition, it is enough to verify that gcd(aR, p”) = R. 
Clearly gcd(aR, p") = p/ forsome j,0 < j <n. If j > 0, thenp/|aR.Sop/ D aR. 
This implies that a € p/ C p, acontradiction. So j = 0 and gcd(aR, p”) = R. 


We shall use the following theorem which is named after a classical theorem of 
elementary number theory. 


Chinese Remainder Theorem. Let /,,..., /;, be ideals of a commutative ring R 
with identity such that J; + J; = R fori A j,1 <i, j < m. Then given x),..., Xm 
in R, there exists x € R such that x = x; (mod /;) for] < j <m. 


Proof Observe that given two ideals A and B of R with A + B = R, there exists y 
belonging to R such that y = | (mod A) and y = 0 (mod B), because on writing 
lasa+b witha € A and be B, it is clear that y = b works. We shall use this 


observation in the proof of the theorem below. 
m 


Fix any j, | < j <™m and set G — I] I,;. By hypothesis, J; + J; = R if 


i=lixj 
m 


i # j. This shows that I] (i + Ij) = R. So the ideal is + I; which contains 
i=l ixj 


I] (i; + 1;) equals R. In view of what has been said in the above paragraph, 
i=l ixj 
there exists y; € R such that y; = 1 (mod /;), yj; = 0 (mod J;), 1 < j < m. Take 
X= xXyp+...+XmYm. Then x = x; (mod J;) forl < j < m. 


We wish to point out that in Dedekind domains, generalized Chinese remainder 
theorem holds which is as follows: Let |, ..., Ij, be ideals of a Dedekind domain R, 
then for given x;, ..., X» belonging to R, there exists x € Rsuchthat x = x; (mod J;) 
for 1 <i < m if and only if x; — x; € J; + J; for each pair i, j, 1 <i, j < m (cf. 
[Za-Sa, Chap. V]). 

The following corollary describes an important property of ideals of a Dedekind 
domain. It is stronger than saying that every non-zero ideal is invertible. 


Corollary 3.22 If I and J are non-zero ideals of a Dedekind domain R, then there 
exists an ideal A of R such that gcd(A, IJ) = R and AI is principal. 
r r 
Proof Write I = I] py and J = I] i where a; > 0, b; => 0 and p;’s are distinct 
i=1 i=l 
prime ideals. For every i, choose x; such that x; € p;" but x; ¢ pe, Then by Chinese 
remainder theorem, there exists x € R such that x = x; (mod py bales forl <i<r. 
This is possible since p}' + p’; = R for any non-negative integers m andn withi # j. 


aj+l1 
i 


P 
C pi", but x; € py’ for every i. So x belongs to () pr, 


i=l 


Now clearly x — x; € p 
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which equals J in view of Theorem 3.19(ii). As xR C I, so I divides x R. Thus there 
exists an ideal A such that xR = AJ. So AI is a principal ideal. We have to make 
sure that ged(A, JJ) = R, ie., p; { A for any i, 1 <i <r. Suppose to the contrary 
that p; divides A for some i. Recall that p*'|J. So xR = AI is divisible by p*'*" ie., 
x €p%*!, But by choice x — x; € p%’*' which implies that x; € p%'*" leading to a 
contradiction. Thus gcd(A, JJ) = R. 


The following corollary sharpens the fact that every Dedekind domain is Noethe- 
rian. 


Corollary 3.23 Let I be an ideal of a Dedekind domain R. Given any non-zero 
x € I, there exists y € I such that I is the ideal generated by x and y. 


Proof As xR C I, so in view of Theorem 3.19(i) J divides xR, say xR = IJ for 
some ideal J of R. By the previous corollary, there exists an ideal A such that 
gcd(A, IJ) = R and AIT is a principal ideal generated by y (say). This implies that 
gcd(AT, TJ) = I gcd(A, J) = TR = I; consequently in view of Theorem 3.19(iii), 
we see that? = JA+J/J =yR+XxR. 


Corollary 3.24 A Dedekind domain having only finitely many prime ideals is a 
principal ideal domain. 


Proof Let R be a Dedekind domain having r non-zero prime ideals p;, ..., p-. Since 
every proper ideal of R is a product of non-zero prime ideals, it is enough to show 
that each p; is principal. Fix an index i, | <i <r and choose a belonging to p; \ p. 
By Chinese remainder theorem, there exists x € R such that x = a (mod p?) and 
x =1 (mod p;) for j #i,1 < j <r. Since xR is divisible by p; and neither by p? 
nor by pj, it follows that xR = p; and hence p; is principal. 


The class of Dedekind domains having only one non-zero prime ideal is of great 
importance in algebraic number theory. These are known as discrete valuation rings. 
There are several equivalent definitions of a discrete valuation ring(cf. [Lu-Pal, Chap. 
14], [Nar, Chap. 1]). A principal ideal domain is called a discrete valuation ring if it 
has only one non-zero prime ideal. If R is a Dedekind domain with quotient field F 
and p is a non-zero prime ideal of R, then the subset R, of F defined by 


Rwlt 
Ps 


is a subring of F called the localization of R at p. It can be easily seen that Ry is a 
Dedekind domain with unique maximal ideal pR,. Therefore in view of Corollary 
3.24, it is a principal ideal domain and hence it is a discrete valuation ring. We shall 
come back to discrete valuation rings in Sect. A.6 of Appendix A. 


re seR\p} 
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3.3. Norm of an Ideal 


We now introduce the notion of norm of non-zero ideals in a Dedekind domain. 


Definition Let R be a Dedekind domain and J be a non-zero ideal in R. The number 
of elements of R/J is called the norm of J and is denoted by N(J). A Dedekind 
domain R is said to have finite norm property if R/J is a finite ring for every non-zero 
ideal J of R. 


Example 3.25 If K is an algebraic number field, then Ox has finite norm property 
in view of Theorem 3.7 and Lemma 2.14. 


Example 3.26 For any infinite field F’, the ring F[X] of polynomials in an indeter- 
minate X (which is a PID and hence a Dedekind domain) does not have finite norm 


property. 
Lemma 3.27 Let R be a Dedekind domain and I be a non-zero ideal in R. Write 
I= I] py" as a product of powers of distinct prime ideals, then the factor ring R/I 
is Semonehie to R/pi' ®--- ® R/pe. 
Proof Define a mapping 

fi: R> Rip! ®---@ R/pe 
by a+ > (pi! +a,..., p” +a). Then f is a homomorphism of rings and by Chi- 
nese remainder theorem, it is onto. Since Ce = Tle’ in view of Theorem 


i=l i=l 
3.19(4i), the lemma now follows from the first isomorphism theorem of rings. 


We are going to prove that norm is multiplicative. 


Lemma 3.28 If p is a non-zero prime ideal in a Dedekind domain R, then R/p is 
isomorphic to p"/p"*! as an additive group form > |. 


Proof Fix an element a € p” \ p”*!. Consider the mapping f : R > p/p"! 


defined by f(x) = p”*+! + ax. The mapping f is a homomorphism of additive 
groups and ker(f) = {x € Ri ax ep™*!}=p. 

In order to show that the map f is onto, we are required to show that given y € p”, 
there exists x € R such that ax = y (mod p”"*!), In view of Proposition 3.20, such 
an element exists if and only if gcd(aR, p”"*!)|yR, which is so if and only if p'|yR, 
i.e., y € p”. Thus the map f is onto. This proves the lemma in view of the first 
isomorphism theorem of groups. 


Theorem 3.29 For a Dedekind domain R with finite norm property, the following 
hold: 
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(i) If I, J are non-zero ideals of R, then NIJ) = NUI)N(J). 
(ii) For a given positive integer t, the number of ideals I of R satisfying NU) <t 
is finite. 


Proof Write I = I] py',a; > Oand J = I] ee b; = 0, p;’s are distinct prime ide- 
i=! jel 
als of R. Then by Lemma 3.27, 


R/IJ = R/| [pi ~ Rip @:--® R/pat?, 


i=1 


So ; 
Nas) =[] Not). (3.7) 
i=1 
Similarly 
ND) =[[ No"). NW) = []NG?). (3.8) 
i=1 i=1 


By virtue of (3.7) , (3.8), the equality NIJ) = N(I)N(J) is proved once it is shown 
that for a non-zero prime ideal p of R, 


N(p™) = (N(p))” (3.9) 


foreach m > 1. We verify (3.9) by induction on m. If m = 1, then there is nothing to 
prove. Assume it to be true for m. We prove it form + 1. By the second isomorphism 
theorem of groups 


(Rip?) Gp" fp S R/p™ 


which implies that 
|R/p"*'| = pee | |R/p™ |. (3.10) 


By Lemma 3.28, 
R/p=p"/p"™. (3.11) 


Therefore (3.10) and (3.11) imply that N(p”*') = N(p)N(p”). By induction 
hypothesis N (p”) — (N (p))”. Therefore (3.9) is proved for m+ 1. Hence asser- 
tion (i) is proved. 


For proving (ii), fix a set {a), d2,..., Gm} of distinct elements of R having more 
thant + 1 elements. For every ideal J satisfying N(J) < f, i.e., R/1| < t, there exist 
i, j,i A j suchthat/ + a; = I +a,, therefore a; — a; € I andhence I|(a; — a;)R. 
Since the set of differences a; — aj, 1 <i < j < mis finite and in view of Theorem 
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3.12, the number of ideals dividing a non-zero ideal of R is finite, it follows that 7 
has only finitely many choices. This proves assertion (ii). 


Definition Let R be Dedekind domain with finite norm property and / be a non-zero 
fractional ideal of R. Suppose that J = AB™', where A, B are (integral) ideals, we 
define N(I) = N(A)/N(B). This is well defined, because if J = AB~! = A,B; ', 
then AB, = A,B and hence N(A)N(B,) = N(A1)N(B). 


3.4 Generalized Fermat’s Theorem and Euler’s Theorem 


Using the notion of norm of ideals, we now prove the analogues of Fermat’s little 
theorem and Euler’s theorem for Dedekind domains with finite norm property. 


Theorem 3.30 Generalized Fermat’s Theorem. Let R be a Dedekind domain with 
finite norm property. If p is a non-zero prime ideal in R, then x“) = x (mod p) 
for every x belonging to R. Moreover N(p) is the smallest positive integer amongst 
integers n > 2 such that x” = x (mod p) for every x € R. 


Proof If x € , then x”) = x = 0 (mod p). Suppose that x € R\ p. As R/p isa 
finite field having N(p) elements, its multiplicative group is a cyclic group of order 
N(p) — 1.S0ox%®-! = 1 (mod p) andhence x") = x (mod p). This proves the first 
assertion. In order to prove the second, choose y € R such that p + y is a generator 
of the multiplicative group (R/p)”. Therefore p+1,p+y,...,p+y%®~? are 
distinct, i.e., y” is not congruent to 1 (mod p) when | < m < N(p) — 2 and hence 
y” is not congruent to y (mod p) when 2 < n < N(p) — 1. 


Theorem 3.31 Generalized Euler’s Theorem. Let R be a Dedekind domain with 
finite norm property. For any non-zero ideal I of R, let @(1) denote the number of 


1 
invertible elements of the ring R/I. Then 6) = NU) I] (1 = rin where the 
pil 


product extends over all prime ideals dividing I. 


Proof Write I = I] p;', where p;’s are distinct primes and a; > 0. By Lemma 3.27, 
i=l 
we have 


RTS B R/p”. 


i=l 


Note that (u;,..., us) belonging to the right hand side of the above expression is a 
unit if and only if each u; is a unit of R/p/’ and therefore 
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o(1) = [Joe 


So it is enough to prove this theorem when / is a power of a prime ideal, say J = p”. 
Since every non-zero element of R/p is invertible, it follows that (p) = N(p) — | 
and hence the result is proved when J is a prime ideal. For n > 2, observe that an 
element p” + a of R/p” is not invertible if and only if there does not exist any x’ in R 
such that (p” + a)(p"” + x’) = p” + 1, ie., there does not exist any x’ in R such that 
ax' = | (mod p”); in view of Proposition 3.20, this holds if and only if a € p. Hence 
o(p"”) = |R/p”| — |p/p” |. By virtue of the following lemma and Theorem 3.29(i), we 
see that |p/p”| = |R/p”—!| = N(p)""!. This proves that ¢(p”) = 


1 
Np): 


Lemma 3.32. Let p be anon-zero prime ideal of a Dedekind domain R, then R/p"~! 
and p/p" are isomorphic as additive groups for n > 2. 


Proof Fix an element a € p \ p?. Consider the mapping f : R > p/p” defined by 
x > p” + ax. The mapping f is clearly homomorphism of additive groups. It is 
onto in view of Proposition 3.20. Since ker(f) ={ x € R | ax € p"} =p""!, the 
result follows from the first isomorphism theorem of groups. 


Corollary 3.33 [If I and J are coprime ideals of a Dedekind domain R, then 
UJ) = oo). 


Proof Write I = I] py and J = I] q,/ as product of powers of distinct prime ide- 
i=l j=l 
als. Then by Theorem 3.31, we have 


oe wool] ( a) iH ( 7 a) 


oD = wo ](- wan) 


(= nn] (t- er na): 


The corollary now follows as norm is multiplicative. 


The following proposition describes the norm of principal ideals of Ox. 


Proposition 3.34 Let K be an algebraic number field. For any non-zero element a 
of K, N(@Ox) = |Nx/Q@)I. 
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Proof Itis clearly enough to prove the proposition when a € Ox. Then by definition 
of norm of an integral ideal, 


N(aOx) = [Ox : a@Ox]. (3.12) 
Let {w1, w2,..., Wy} be an integral basis of K. In view of Theorem 2.15, we have 
[Ox :0Ox] = [Peco ay (3.13) 
Keeping in mind that 
Dx Qlawy,...,awn) = dete w),, i)? = (WK /Q(@))? det@w');, j= WK /Q@)"dx, 


the desired equality follows from Eqs. (3.12) and (3.13). 


By virtue of the fact that if norm of an ideal J is a prime number, then J is a prime 
ideal, the following corollary is an immediate consequence of the above proposition. 


Corollary 3.35 Let « be an algebraic integer belonging to an algebraic number 
field K such that |Nx/Q(a)| is a prime number, then a is a prime element of Ox. 


In view of the above corollary, it can be easily seen that 1 — w and 1 + 2m are 
prime elements in the ring Z[w], where w = (—1 + /—3)/2. 


Example 3.36 Let K = Q(./—5). Then the element a := 1 + /—5 can not be a 
prime element of Ox, for otherwise ~Ox would be a prime ideal and hence its 
norm will be a prime power which is not so, because in view of Proposition 3.34, 
N(aOx) = 6. However a is an irreducible element of Ox. If a = By with 6, y 
non-units of Ox, then either 6 or y has norm 2. So there exist a, b € Z such that 
a? + 5b* = 2 which is impossible. 


Example 3.37 We show that the ideal J = (1 + /—5, 1 — /—5) isa maximal ideal 
of the Dedekind domain Z[./—5] and is not principal. As (1 + /—5) € I, sol 
divides (1 + /—5 ) and hence by virtue of Proposition 3.34, N (I) divides Nx/;g(1 + 
/—5) = 6, where K = Q(./—5). Similarly keeping in view that 2 € J, we see that 
N(J) divides 4. Hence N(J) divides 2. We will show that J 4 Z[/—5]. This will 
prove that N(/) = 2 and consequently J will be a prime and hence maximal ideal 
of Ox = Z[/—5]. If J = Ox, then there exist a, b, c, d in Z such that 


l= (14/5) +b/—9)4+ C— J -5)e +d/—5). 


Separating the real and imaginary parts, the above equation gives | = a —5b+c+ 
5d,0=a+b-—c-+d. On adding these equalities, we obtain | = 2a — 4b + 6d, 
which leads to a contradiction. Hence J 4 Ox. If J is a principal ideal generated 
by an element a = a+ b/—5 of Z[./—5], then by Proposition 3.34, 2 = NW) = 
Nxjg(@) = a* + 5b”, which is not possible. 
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Example 3.38 Let / = (3, 1 + 2\/—5) be the ideal of Ox, where K = Q(./—5). As 
in the above example, it can be shown that J is a maximal ideal of Ox and N(J) = 3. 
We compute the inverse of the ideal J. In view of (3.1), 


I'={ae K|al C Ox} ={ae K | 3a € Ox, (1 +2V—5)a € Ox}. 


Let a + b\/—5 be an element of K with a,b € Q. It can be easily seen that 3(a + 
b./—5) € Ox if and only if 3a, 3b € Z. Further (1 + 2,/—5)(a + b\/—5) € Ox 
if and only if a — 10b, 2a + b are in Z. On writing a = a’/3 and b = b'/3 with 
a’, b' € Z, we see that a — 10b and 2a + b are in Z if and only if a’ = b’ (mod 3). 
So 17! = {(a’ + b'V—5)/3 | a’, b' € Z, a’ =b' (mod 3)}. 


3.5 Characterisation of Imaginary Quadratic Euclidean 
Fields 


We end up this chapter by classifying those imaginary quadratic fields K for which 
Ox is a Euclidean domain with respect to some Euclidean function. Recall that an 
integral domain R is called a Euclidean domain if there exists a mapping g from the 
set of non-zero elements of R into non-negative integers satisfying the following two 
properties for all elements a, 6 of R: 


(i) If a divides 6 with a, 6 non-zero, then g(@) < g(f). 
(ii) For every pair of elements a, B € R, B # 0, there exist elements y, 5 € R such 
thata = By + 6 with 6 = 0 or g(4) < g(f). 


Such a map g is called a Euclidean function on R. 


Theorem 3.39 For an imaginary quadratic field K, Ox is a Euclidean domain if 
and only if dx = —3, —4, —7, —8, 11 


Proof Write K = Q(/d), where d is a squarefree negative integer. Suppose first 
that Ox is a Euclidean domain. We show that there exists 8 € Ox, 6 not belonging 
to {0, 1, —1} such that 

INx/Q(B)| < 3. (3.14) 


Let g be a Euclidean function on Ox. Consider the set 


S={g(a)|a¢Ox,a4#0,+1}. 


>It will be proved in Chap. 8 that besides the ring of algebraic integers of these five imaginary 
quadratic fields, there are four more imaginary quadratic fields K for which Ox is a unique factor- 
ization domain. These are when dx = —19, —43, —67, —163. These rings provide us examples of 
unique factorization domains which are not Euclidean domains. 
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Then S being a subset of non-negative integers has a smallest element, say ¢(f), B € 
Ox, B ¢ {0, £1}. We show that [Ox : BOx] < 3. In view of Proposition 3.34, this 
will prove (3.14). Leta be any element of Ox. By the definition of Euclidean function, 
there exist y, 5 in Ox such that a = By + 6, where either 5 = 0 or g(5) < g(8). 
Since g(B) is the minimum element of S, it follows that 6 = 0 or +1. This proves 
that [Ox : BOx] < 3 and hence (3.14) holds. 

Using (3.14), we next show that d € {—1, —2, —3, —7, —11}. Two cases are dis- 
tinguished. 
Case 1.d # 1 (mod 4). Inthis case Ox = Z[V/d]. Write B = a+ b/d, a,b € Z.In 
view of (3.14), 0 < a* — bd < 3. This inequality implies that b 4 0, for otherwise 
B =a = +1, which is not so. Therefore the inequality can be satisfied only when 
d= —lor-2. 
Case 2. d = 1 (mod 4). In this case Ox = 71284), Write B =a+ eae a,be 
Z. In view of (3.14), we have 


Qa+b) —b*d = 12. (3.15) 


Keeping in mind that 6 ¢ {0, 1, —1}, it can be easily seen that (3.15) implies that 
b # Oand hence it can hold only when d > —12. As d = 1 (mod 4), it follows that 
d € {—3, —7, —11} in this case. 

Conversely suppose that d € {—1, —2, —3, —7, —11}. We prove that Ox is a 
Euclidean domain with respect to the norm function. For this it is enough to verify 
that given a, B € Ox, B #0, there exists y,d € Ox such that a = By +6 and 
Nxjo(6) < Nx /g(8). Write 2 =x-+y/d,x, y € Q. Indeed we have to choose y 
in Ox satisfying 


Nxjo(x t+ yVd—y) <1. (3.16) 


The proof is split into two cases. 
Case 1. d = —1 or —2. 


Choose integers m, n nearest to x, y respectively so that |x — m| < 5, ly—n|< 5. 
Take y = m + nVJd, then 
4 > 1 2 
Nxjoe + yVd —y) = (x— mY —diy-n) <7+7 <1 
which shows that (3.16) holds. 
Case 2.d € {—3, —7, —1]}. 
We have to choose integers m,n so that (3.16) holds for y = m + aN 1e., the 


inequality 


y) 2 
Z d a <1 
(s-"-3) -400-3) 
holds. Choose integer n nearest to 2y, so that |2y —n| < 5. Then take m as the 


nearest integer to x — >; consequently 
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as desired. 


In the proof of the above theorem, we have shown that for an imaginary quadratic 
field K, if Ox is a Euclidean domain, then it is a Euclidean domain with respect 
to the absolute value of the norm function. In general an algebraic number field K 
is called norm-Euclidean if the mapping @ +— |Nx/Q(a@)| is a Euclidean function 
on Ox. It may be pointed out that unlike imaginary quadratic fields, the ring of 
algebraic integers of an algebraic number field K may be Euclidean but it may not 
be norm-Euclidean. In 1994, Clark [Cla] proved that Z[V69] is Euclidean but not 
norm-Euclidean and in 1996, he constructed two such examples of cubic fields. In 
fact determining all real quadratic norm-Euclidean fields has turned out to be much 
more difficult. In 1938 Hans Heilbronn [Hei] proved that their number is finite. Later 
after the efforts of several mathematicians, it was finally proved by Chatland and 
Davenport [Ch-Da] in 1950 that there are exactly 16 real quadratic norm-Euclidean 
fields and they are with discriminants 5, 8, 12, 13, 17, 21, 24, 28, 29, 33, 37, 41, 44, 
57, 73 and 76. 


Exercises 


1. Give an example of an element a belonging to K = Q(z) such that Nxjg(a@) = 1 
but a is not an algebraic integer. 


2. Find the inverse of the ideal J = (2, v6) in Ox, where K = Q(/6). 


3. Determine the inverse of ideal J = (1 + J/—5, 1- /-5) of Ox, where K = 
Qv-5). 

4. Prove that an invertible ideal in an integral domain is finitely generated.® 

5. If J, J are non-zero fractional ideals of a Dedekind domain R with quotient field 
F, then show that J-'J = {a € F|al C J}. 

6. If J is anon-zero ideal of Ox with N(/) a prime number, then / is a prime ideal. 
Give an example to show that the converse is not true. 

7. Let I be anon-zero ideal of Ox. Prove that J contains N (/) and if m is the least 
positive integer in J, then m divides N(J). 

8. Prove that 3+ w and 5 + 2m are prime elements in the ring Z[w], where w = 
(-1+ /—3)/2. 

9. Let p be a prime such that p = 2 (mod 3). Prove that p is not expressible as 
a> —ab+b* with a,b € Z and deduce that it is irreducible in Z[w], where 
w = (—1+ /—3)/2. Factorize the rational primes 7, 13 and 19 into irreducible 
elements in Z[w]. 


© This result was first proved by Wolfgang Krull in 1935. 


15. 
16. 


23. 


24. 


25. 


26. 
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. Prove that 1 + 2./—5 and 4+ ./—5 are irreducible in Z[,/—5], but neither of 


them is a prime. 


. Prove that the ideal (1 +/—5S, 3) is a prime ideal of Z[./—5]. Also prove that it 


is not a principal ideal. 


. Let K = Q(/—23) and w = (1 + —23)/2. Determine the norms of the ideals 


(2, w) , (13,4 + w) of Ox and deduce that these are prime ideals. Further prove 
that neither of them is a principal ideal. 


. Let K = Q(@), where 6? — 6 — 1 = 0. Prove that the ideal (23, 3 — 0) is a prime 


ideal in Ox. 


. (Generalized Wilson Theorem) Let K be an algebraic number field. Let p be a 


non-zero prime ideal of Ox and {&,..., &} be a system of representatives of 
S 


all non-zero distinct elements of Ox /p. Prove that I] &; = —1 (mod p). 


i=l 
If J g J are ideals of Ox, then prove that N(J) > N(J). 
Let J be an ideal of the ring Ox of algebraic integers of an algebraic number field 
K. Show that if there exist a € J such that N(J) = |Nx/9(@)|, then J = Oxa. 


. Let K = Q(¢) be an algebraic number field, where ¢ is a primitive pth root of 


unity, p prime. Prove that pOx = (1 — ¢)?~'Ox and that (1 — ¢)Ox isa prime 
ideal of Ox. 


. Prove that in the ring Z[./—5], the elements 6, 3(1 + /—5) do not have gcd. 


Also prove that 2, 1 + /—5 do not have lcm but have gcd 1. 


. Prove that every unique factorization domain is integrally closed. 
. Prove that Z[./6], Z[2 cos 2] are Dedekind domains. 


9 


. Prove that the equation x? — 10y? = +2 has no solution in integers x, y. Deduce 


that Z[/ 10] is not a unique factorization domain. 


. Let R be a Dedekind domain and let J be a non-zero ideal of R. Show that the ring 


R/T satisfies the descending chain condition for ideals, i.e., every descending 
chain of ideals of R/T is stationary. 


Let R be a Dedekind Domain and A = I] pi .b= I] p be non-zero ideals 


=1 
of R where p), po,..., p, are cegue prime ideals anid: a;, b; are non- Beeauve 
integers. Prove that A + B = i p;' where c; = min{a;, bj} and AN B = Il a 


where d; = max{aq;, b;}. Also | prev that if A, B, C are ideals of R, then ‘A ‘a 
(B+ C) =(ANB)+(ANC) and A+ (BNC) = (A+ B)N(A+C). Give 
an example to show that the last two formulas may not hold if R is not a Dedekind 
Domain. 

Let R be a Dedekind Domain and let J be a non-zero integral ideal of R. Show 
that every ideal of the ring R/J is principal. 

Prove that the real quadratic fields with discriminantsd = 5, 8, 12, 13, 17, 21, 24, 
28, 29 are norm-Euclidean. (See [Nar, Theorem 3.31].) 

Let 7 be a non-zero ideal of the ring Ox of algebraic integers of an algebraic 
number field K. Show that there exist a, 8 € I such that NI) = gcd(Nx/g(@), 


Nx/Q(B)). 


Chapter 4 ®) 
Splitting of Rational Primes rie 
and Dedekind’s Theorem 


4.1 Ramification Index and Residual Degree 


Let K be an algebraic number field. In this chapter, for a given rational prime p, our 
main aim is to factorize pOx as a product of prime ideals of Ox. We first introduce 
the notions of ramification index and residual degree. For a non-zero prime ideal 
p of Ox, Ox/p is a finite field in view of Example 3.25. So p contains a unique 
rational prime p which is the characteristic of the finite field Ox /p; in this situation 
p contains pOx and hence p divides pOx. 


Definition Let p be a prime ideal of Ox containing a prime p. If p°|pOx and 
p°*! + pOx, then e is called the index of ramification of p over p or the absolute 
index of ramification of p. 


Definition Let p be a non-zero prime ideal of Ox, then Ox /p being a finite field has 
order a power p/ of a prime p. The number f is called the residual degree of p/p 
or the absolute residual degree of p. 


Definition Let S be a ring having a subring R. Let A, B be ideals of R and S respec- 
tively such that A C B. We say that B lies above A or A lies below Bif BN R= A. 


When a prime ideal p of Ox lies above pZ, then by abuse of language we say 
that p lies over p or that p lies above p. 
The following theorem gives us information about the prime ideals of Ox lying 


over a rational prime p when K /Q is a Galois extension’. 


Theorem 4.1 Let K/Q be a finite Galois extension and p be a rational prime. 
Let pi! --- p% be the factorization of pOx with p\,...,, distinct prime ideals of 


' Galois extensions are defined and discussed in Sect. A.5 of Appendix A. 
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Ox and e,...,é, positive integers. Then for any given pair ;, pj, there exists 
o € Gal(K /Q) such that o(p;) = pj. 


We shall prove the following more general theorem. 


Theorem 4.2 Let R be an integrally closed domain with quotient field L and L' 
be a finite Galois extension of L. Let R’ be the integral closure of R in L'. Let 
p’, q’ be maximal ideals of R' lying over a maximal ideal p of R. Then there exists 
o € Gal(L'/L) such that o(p') = q’. 


Proof Suppose to the contrary that q’ 4 o(p’) for any o € Gal(L’/L) = G(say). 
Then o(p’) 4 t(q’) for any o, t € G. Since p’, q’ are maximal ideals of R’, so are 
a(p’), t(q’). Therefore they are pairwise comaximal, i.e., o(p’) + t(q’) = R’. By 
Chinese remainder theorem, there exists x € R’ such that for all o, t in G, we have 


x = 0 (mod o(p’)) and x = 1 (mod t(q’)). 


In view of Theorem 1.19, Np, (x) = I] o (x) and it belongs to R’ N L. Since R is 


ocG 
an integrally closed domain, R’ L = R. So Nz1/,(x) € R. By choice x € p’ and 
hence N7//,(x) belongs to p’1 R= p= q' R. Thus o(x) € q’ for some o € G, 
ie., x € o |(q’), which is impossible because x — 1 € o~!(q’) by virtue of choice 
of x. This contradiction proves the theorem. 


Using the above theorem, we prove 


Theorem 4.3 Let K /Q and pOx = p\' --- p& be as in Theorem 4.1. Let f; denote 
the residual degree of p;/p. Then e; = e, and f; = f\ for2 <i <r. 


Proof Fixanyi > 2. By Theorem 4.1, there exists 0 € Gal(K /Q) such that o (p,) = 
p;. Consider the map W : Ox/p; > Ox/p; defined by w(py + x) = p; +o(x). 
Clearly w is an isomorphism of fields which implies that f; = f;. On applying o to 
the equality pOx = pi' --- pe, we see that pOx = o(pOx) = o(p1)"' ++: o(p,)*. 
Keeping in mind o (p;) = p; and the fact that factorization into prime ideals is unique, 
we conclude that e; = e). 


We establish an equality which relates the indices of ramification and the residual 
degrees of various prime ideals of Ox lying over p with the degree of K /Q. 


Proposition 4.4 (Fundamental Equality). Let K /Q be an extension of degree n and 
p be a rational prime. Let p\' ---p° be the factorisation of pOx as a product of 
powers of distinct prime ideals of Ox and f; denote the residual degree of p;/p. 
Then 


r 


Yveifi=n=(K:Q. 


i=1 
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Proof Taking norm on both sides of the equality pOx = pj' --- p& and using Propo- 
sition 3.34, we see that 


p= NON = NOD" NG) = pert 


r 


and hence n = > é: fi. 


i=1 


4.2 Dedekind’s Theorem on Splitting of Primes 


The following simple result is sometimes useful for computing index of ramification 
and residual degree. 


Theorem 4.5 Let K = Q(@) be an algebraic number field of degree n, where 0 is an 
algebraic integer. If the minimal polynomial of 6 over Q is an Eisenstein polynomial 
with respect to a rational prime p, then there exists exactly one prime ideal p of Ox 
which lies over p and pOx =p". 


Proof Let F(X) = X" + a,_;X""! +--+ ag belonging to Z[X] be the minimal 
polynomial of 6 over Q. Let p be a prime ideal of Ox which divides pOx. Let e be 
the positive integer such that p°|pOx but p**! | pOx. In view of the fundamental 
equality, it is enough to prove that e > n. Suppose to the contrary that e <n — 1. 
Since 6” = —(a,_10"~! +---+a,0 +g) and a; € pZ for0 <i <n —1, it fol- 
lows that 6” € p which implies that 6 € p; consequently in view of the assumption 
n—1 
e+ 1 <n, we see that a9 = — >> a;0' — 6” belongs to p*t!. Hence 
i=l 


pt |aoOr. (4.1) 


By hypothesis p? { ao, so we can write ay = pbo with p, bo coprime and hence 
aOx = (pOx)(boOx) with bo)Ox coprime to pOx; this equality together with 
(4.1) implies that p°t'|pOx leading to a contradiction. Hence the theorem is 
proved. 


The next two lemmas will be used in the proof of Theorem 4.8 which is due to 
Dedekind. In 1878, Dedekind proved that if K = Q(@) with @ an algebraic integer 
having minimal polynomial F(X) over Q and if p { [Ox : Z[@]], then the factoriza- 
tion of pOx into prime ideals is related to the factorization of the polynomial F(X) 
modulo p. 


Lemma 4.6 Let K = Q(@) be an algebraic number field of degree n with 6 an 
algebraic integer. If a rational prime p does not divide [Ox : Z[@]], then the classes 
of 1,0,...,0"—! form a basis of Ox /pOx as a vector space over Z/pZ. 
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Proof Since Ox/pOx has exactly N(pOx) = p” elements, the dimension of 
Ox /pOx over Z/pZ is n. So the lemma is proved once we show that the classes of 


1,0,...,0"-' are linearly independent over Z/pZ. Let xo, x1, ..., Xn—1 be integers 
such that 

xo +410 +--+ x,_10" | = 0 (mod pOx). (4.2) 
We have to show that each x; = 0 (mod p). Let {w1,..., w,} be an integral basis of 


K. Then there exists ann x n matrix A = (q;;);,; with entries from Z such that 


1 W1 
Ww2 
=A . 
gn-l Wn 
Premultiplying the above equation by the row vector [x9, x1, ..., X,—1] and using 
(4.2), we see that 
Ww) 
w2 
[ agave Hea | A . = 0 (mod pOx). 
Wh 
Since {w),..., W,} is an integral basis of K, the above congruence implies that the 


following system of congruences holds: 


Ai1X0 + aaxX1+ +++ + AqiXn—-1 = 0 (mod p) 


ainX0 + ynX 1+ ee a annXn-1 = 0 (mod Pp). 


In view of Lemma 2.14, [Ox : Z[O]] = | det A|, which is not divisible by p by 
hypothesis. It now follows from the theory of linear equations that each x; = 
0 (mod p). 


It may be pointed out that the converse of the above lemma is also true which can 
be proved by retracing the steps of the proof. 


Notation 

Let p be a prime. For f(X) € Z[X], f(X) will denote the polynomial obtained by 
replacing each coefficient of f (X) by its image under the canonical homomorphism 
from Z onto Z/pZ. f (X) will be called the reduction of f(X) modulo p. 


Lemma 4.7 Let K = Q(@) be an algebraic number field of degree n with 0 an 
algebraic integer. Let p be a rational prime not dividing [Ox : Z[@]]. Let G(X) € 
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Z[X] be a polynomial whose reduction modulo p is irreducible over Z/pZ. Then 
the ideal generated by G(@) and p in Ox is a prime ideal of Ox or it equals Ox. 


Proof Let p denote the ideal generated by G(@) and p in Ox. Leta, B € Ox be such 
that a6 € p and suppose that a ¢ p. We have to prove that 6 € p. By the previous 
lemma, the classes of 1, 0,..., 0”! generate Ox / pOx asa vector space over Z/ pZ.. 
So there exists a polynomial H(X) € Z[X] such that a = H(@) (mod pOx). Since 
a ¢ p, it follows that 

H(0) €p. (4.3) 


Claim is that the polynomials G(X ), H(X ) are coprime, for otherwise G(X) being 
irreducible over Z/pZ, will divide H(X) and hence we could write 


H(X) = G(X)U(X) + pV(X) 
for some U(X), V(X) belonging to Z[X]; consequently H(@) = G(@)U(O) + 
pV(@) would belong to p contradicting (4.3). Thus the claim is proved. So there 
exist polynomials W(X), g(X), T(X) € Z[X] such that 
G(X)W(X) + H(X)q(X) = 1 + pT(X). 
Substituting X = 6 in the above equation and on multiplying both sides by 6, we 


see that 6 — H(@)q(0)f belongs to p. Keeping in mind the choice of H(@) and the 
fact that wf € p, it follows that B € p. 


Theorem 4.8 (Dedekind’s Theorem on splitting of primes) Let K = Q(@) be an 
algebraic number field of degree n with @ an algebraic integer. Let F(X) be the 
minimal polynomial of 6 over Q and p be a rational prime not dividing the index 
of Z[0] in Ox. Let F(X) = F\(X)*'--- F,(X)* be the factorization of F (X) into 
powers of distinct irreducible polynomials over Z/pZ, where each F;(X) € Z[X] 
is monic. Then p; = (F;(0), p) for | <i <r are distinct prime ideals of Ox and 
pOx =p\' --- p&; moreover the residual degree of p;/p is deg F;(X) for 1 <i <r. 


Proof In view of Lemma 4.7, p; = (F;(@), p) is a prime ideal of Ox once it is 
shown that p; 4 Ox. For simplicity of notation, we show that p; 4 Ox. Suppose to 
the contrary py = Ox, i.e., pOx and F\(9)Ox are coprime. By hypothesis 

0 = F(0) = F\(0)"'--- F.(@)* (mod pOx). 
In view of our supposition, the above congruence implies that 


0 = F,(0)° --- F.(@)* (mod pOx), (4.4) 


which is impossible by virtue of Lemma 4.6, because F7(X)® --- F(X)® is a monic 
polynomial of degree less than n. This contradiction proves that p) #4 Ox. We next 
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verify that (F;(0), p) # (F;(0), p) when i ¢ j. Since F;(X), F;(X) are distinct 
monic irreducible polynomials over Z/pZ, they are coprime. So there exist polyno- 
mials U(X), V(X) and W(X) in Z[X] such that 


F(X)U(X) + Fi (X)V(X) = 1+ pw(Xx); 


consequently 
F,(@)U(@) + F)@)V@) = 1+ pw). 


If p; = p;, then the above equation implies that 1 € p;, which is not so. 

Now we prove that pOx = p}'---p%. Since p; contains (F;(@)), p; divides 
(F;(8)). We can write (F;(6)) = p;A; with A; an ideal of Ox. Similarly there exists 
an ideal B; such that (p) = p; B;. Since the greatest common divisor of (F;(@)) and 
(p) is p;, it follows that the gcd of A;, B; is Ox. Rewrite the congruence 


0 = F(6) = (Fi(@))" --- (F-(@))* (mod pOx) 


as 
O= pil --- per Af! --- Af (mod p) B)). 


Keeping in mind that A;, B, are coprime, the above congruence implies that pOx = 
p1 By divides pi! ---p® AS --- A’. Similarly using the fact that A2, Bz are coprime 
and pOx = 2 Bo, we see that the congruence 


pi ++ py Ay’ ++ Ay” = 0 (mod p2B2) 


implies that pOx divides pi! -- - p® A; --- A®. Repeating the above process r times, 
we see that pOx divides p{'--- pe. So pOx =pj'---p®,0 <a; < &. 


We next prove that a; = e; for every i. Since F;(@) € ;, it follows that I] F,(6)“ 
i=l 


belongs to [] pi’ = pOx, ie., 
i=l 


| | #@* =0 (mod pOx). (4.5) 


i=1 


n— 


Recall that by virtue of Lemma 4.6, the classes of 1,0,...,6 ‘in Ox/pOx are 


linearly independent over Z/pZ. So (4.5) is possible only when 


r 


Ya; deg Fi(x) =n. (4.6) 


i=1 
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But > e; deg F;(X) = deg F(X) = n. Sincea; < e; for every i, itnow follows from 


As han abi 2) Se 

It only remains to show that the residual degree of p;/p to be denoted by f; 
is deg F;(X) for 1 <i <r. Since p; + @ satisfies the polynomial F(X) which is 
irreducible over Z/pZ, it follows that 


fi = deg F(X) = nz; (say). (4.7) 


r r 


By the fundamental equality, n = > e; fj. Sincen = deg F(X) = > ejn; and f; > 


i=l i=l 
n; by (4.7), it follows that f; =n; for every i. The proof of the theorem is now 
complete. 


We wish to point out that the converse of Theorem 4.8 is also true. This was 
proved in 2008 (cf. [Kh-Ku2]). It can be stated as follows: 

Let K = Q(@) be an algebraic number field of degree n with 0 an algebraic 
integer having minimal polynomial F(X) over Q. For a given prime p, let F(X) = 
F,(X)*!--- F,(X)® be the factorization of the reduction of F(X) modulo p into a 
product of powers of distinct irreducible polynomials over Z/ pZ with each F;(X) € 
Z[X] monic. If pOx has the analogous factorization into a product of powers of 
distinct prime ideals as p\' --- p*, where p; = (F; (0), p) is prime ideal of Ox having 
N(p;) = p*8" for 1 <i <r, then p does not divide the index of 0. 

The examples given below illustrate Theorem 4.8. 


Example 4.9 Let K = Q(@) with 6 aroot of f(X) = X* — X — 4. We compute the 
factorisation of the ideals 30x, 50x, 70x. As shown in Example 2.36, f (X) is irre- 
ducible over Q. Also by Lemma 2.6 and Corollary 2.16, we have Dx/g(1, 6, 67) = 
—Nx/Q(36" 1) = —428 = —2? - 107 = (ind 6)°dk. So none of the primes 3, 5, 7 
divide ind @. Therefore Dedekind’s Theorem on splitting of primes is applicable. 
Since f(X) = X 3 __ X — 4 has no root modulo 3, it is irreducible mod 3. We see 
that 30x is a prime ideal of Ox with N(3Ox) = 33. Since f(3) = 20 = 0 (mod 5), 
f(X) has a factor X — 3 modulo 5. Now dividing f(X) by X — 3, we see that 
f()=(X*- 3)(X? — 2X + 3) (mod 5). Since X* — 2X + 3 has no root modulo 
5, it is irreducible modulo 5. By Theorem 4.8, 50x = psp where ps = (5, 6 — 3), 
p= (5, 6? — 26+ 3) are prime ideals of Ox with N(ps) = 5 and N(p5) = 5°. It 
can be easily seen that 7Ox = p7p4 where p7 = (7,0 — 4), p5 = (7, 6? — 30 + 1) 
are prime ideals of Ox with N(p7) = 7 and N(p5) = Pr. 


Example 4.10 Let K = Q(@) with @ a root of the polynomial f(X) = X*+ 8X + 
8. Note that the polynomial f (X) is irreducible over Q in view of Eisenstein-Dumas 
Irreducibility Criterion which is proved in Sect. A.7 of Appendix. Using the formula 
given in Exercise | of Chap. 2, one can easily see that Dx /g(1, 9, 67,03) = 2!7.5,s0 
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5 does not divide the index of 0. Here f (X) factors as a product (X — 2)2(X2 44K + 
2) of powers of irreducible polynomials modulo 5. So by Theorem 4.8, 50x = ae 
where ps = (5,0 —2),p, = (5, 67 +404 2) are prime ideals of Ox with N(ps5) = 5 
and N (ps) = 5”. 


With the notations as in Theorem 4.8, Dedekind [Ded1] gave the following simple 
criterion in 1878 to verify whether a given prime p divides [Ox : Z[@]] or not. 
Dedekind Criterion. Let K = Q(@) be an algebraic number field of degree n with 
@ in the ring Ox of algebraic integers of K. Let F(X) be the minimal polyno- 
mial of 6 over Q. For a prime p, let F(X) = F\(X)*'--- F,(X)* be the factor- 
ization of F(X) into powers of distinct irreducible polynomials over Z/pZ, with 
each F;(X) € Z[X] monic. Then p does not divide [Ox : Z[@]] if and only if 


the polynomial |] F;(X)%~! is coprime with M(X), where M(X) = SL F(X) _ 


i=l 
Fy(X)9 +++ F,(X)*]. 

It may be pointed out that several equivalent versions and generalizations of 
Dedekind criterion are known (cf. [Coh, Theorem 6.1.4], [Kh-Kul, Ja-Kh2]). Using 
the above criterion, in 2017 a set of necessary and sufficient conditions was given 
for a prime p to divide [Ox : Z[O]] when K = Q(@) with @ satisfying an irreducible 
trinomial F(X) = X”" + aX” + b belonging to Z[X]; these conditions involve only 
the prime powers dividing a, b, m,n (see [J-K-S1, J-K-S2]). However it is still an 
open problem to find the exact power of a given prime p dividing [Ox : Z[@]] though 
some results are known in this direction (cf. [L-N-V1, L-N-V2]). For an arbitrary 
algebraic number field K = Q(@) with @ satisfying a monic irreducible polynomial 
g(X) belonging to Z[X], an effective lower bound for the highest power of a given 
prime p dividing the index of @ was given in 2020 (cf. [Ja-Kh1]). This lower bound 
involves the degrees of the monic irreducible factors of g(X) modulo p. 


4.3 Splitting of Primes in Quadratic and Cyclotomic Fields 


Coming back to Theorem 4.8, we shall apply it to describe splitting of primes in 
quadratic and cyclotomic fields. For this the following notation is needed. 


Notation Let p be an odd prime. For any integer a, the Legendre symbol (=) is 
P 


defined by 


r 0 if pla, 
(=) — 1 1 ifx? =a (mod p) is solvable and pt a, 
P —1 if x? =a (mod p) is not solvable. 


For a = 0 or | (mod 4), the Kronecker symbol is given by 
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0 if 4la, 
(=) —-}/ 1 ifa=1(mod 8), 
4 if a = 5 (mod 8). 


With the above notations, using Dedekind’s theorem, we prove 


Theorem 4.11 Let K be a quadratic field having discriminant D. Let p be any 
prime odd or even. Then the following hold: 


(i) If p|D, then pOx =p’, p is a prime ideal of Ox and N(p) = p. 
D 
(ii) If (-) = 1, then pOx = ppi, p # pi are prime ideals of Ox and N(p) = 
Pp 
N(p1) = p. 
si D : ae 
(iii) if(=) = —1, then pOx = p,p is a prime ideal of Ox and N(p) = p’. 
P 


Proof Write K = Q(/d) with da squarefree integer. In view of Theorem 2.9, 
D = 4d or 4d. The proof is split into two cases. 


: : D d . 
Case I. p an odd prime. In this case, (-) = (=). Consider 6 = Jd, F(X) = 
P P 


X? —d. Then [Ox : Z[@]] = 1 or 2. So Theorem 4.8 is applicable. If p|d, then 
F(X) = X? (mod p) and by this theorem, pOx = p* with N(p) = p. If p{ d, then 
F(X) factors into two linear factors modulo p or is irreducible modulo p according 
as (5) = +1 or —1. Hence pOx = pp, if (5) = land pOx = pif (5) ==). 
P P p 

Case II. p = 2. We divide this case into two subcases. 

Consider first the subcase when D is even. So D = 4d and {1, Vd} is an inte- 
gral basis of K. Take 0 = Vd. Then Ox = Z[6] and F(X) = X2?-—d =(X— 
d)? (mod 2). So by Theorem 4.8, 20% = bp, N(p) = 2. 


Consider now the subcase when D is odd, i.e., D = d = 1 (mod 4). In this sub- 
case, {1,(1 + Vd) /2} is an integral basis of K. Take 6 = (1+ Vd) /2, F(X) = 


X?-X+ When d = | (mod 8), then F(X) = X? — X (mod 2). So20x = 


pp,, N(p) = N(p,) = 2. Whend = 5 (mod 8), then F(X) = X? — X — 1 (mod 2). 
In this situation, F (X) is irreducible modulo 2. Therefore 20x = p and N(p) = 2 


Definition Let K be an algebraic number field. For a rational prime p, if there is a 
prime ideal p of Ox such that p? divides pOx, then p is said to be ramified in K 
otherwise, it is called unramified in K. So p is unramified in K if pOx = p1---Pm, 
where p;’s are distinct prime ideals of Ox. 


Definition Let K be an algebraic number field of degree n. A prime p is said to be 
totally ramified in K if pOx = p” for some prime ideal p of Ox. A prime p is said 
to split completely in K if pOx = pi---Pn, where p;’s are distinct prime ideals of 
Ox. 
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It may be pointed out that a rational prime p is totally ramified in a quadratic 
field K with discriminant D if and only if p divides D by virtue of Theorem 4.11. 


D 
Similarly p splits completely in K if and only if (-) = | and p is unramified in K 
P 


if and only if p does not divide D. 
We shall now discuss the splitting of a rational prime in a cyclotomic field for 
which the following lemma is needed. 


Lemma 4.12 Letm > 2 be aninteger, € aprimitive mth root of unity and K = Q(¢). 


Let p be a rational prime not dividing m. Then p does not divide Dx /Q(\,¢,..., 
com), 


Proof Let ®,,(X) denote the minimal polynomial of ¢ over Q and ®,,(X) denote 
its reduction modulo p. Since ®,,(X) divides X” — 1, ®,,(X) divides X” — 1. By 
hypothesis p { m, so X™ — I has no repeated root in the algebraic closure of Z/pZ; 
consequently the same is true of ©, (X). Let p be a prime ideal of Ox dividing pOx 
and ¢1,..., €¢m) be roots of ®,,(X) in Ox. For 1 <i < ¢(m), let G denote the 
image of ¢; in Ox /p under the canonical homomorphism. Then ¢; 4 ¢ ; in Ox/p 
if i A j by what has been shown above. Hence I] (- cj)" # O0in Ox/p. 
Isi<j<o(m) 
Since 
Dkot.... CP Y)= YT] G-35) 


1<i<j<o(m) 


belongs to Z, it follows that p does not divide Dxjg(1, f,..., cPm-ly. 


Definition Let p be a prime and m > 1 be a number not divisible by p. If h is the 
smallest positive integer such that p’ = 1 (mod m), then h is called the order of p 
modulo m. In fact h is the order of mZ + p in the multiplicative group (Z/mZ)* of 
reduced residue classes modulo m. 


We first discuss the splitting of a prime p in the mth cyclotomic field when p { m. 


Theorem 4.13 Let m > 2 be an integer, € a primitive mth root of unity and K = 
Q(¢). Let p be a rational prime not dividing m and having order h modulo m. Then 
p(m) 

h 


and 


DOK =P1-++ Pe, where p\,..., Pp are distinct prime ideals of Ox, g = 


each pj; has residual degree h. 


Proof Let ®,,(X) denote the minimal polynomial of ¢ over Q and ©, (X) denote its 
reduction modulo p. As shown in the proof of Lemma 4.12, ®,,(X) has no repeated 
roots and hence it factors as a product of distinct monic irreducible polynomials over 


Z/pZ. Recall that by Corollary 2.16, 


Dxo(l, f,..., 69") = (ind £)"dk. 
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So in view of Lemma 4.12 that p does not divide ind ¢. It now follows from Theorem 
4.8, p is unramified in K. So pOx = 1 --- Pg, where p;’s are distinct prime ideals 
of Ox. By Theorem 4.3, the residual degree of each p; is the same, say f. In view 
of the fundamental equality, 6(m) = fg. We have to prove that f = h. As 


Te e*) —_ An =I _ xml tie xm-2 ais my 
~ X-1 


i=l 


m—1 
we have [[a —¢') =m. Since p,m are coprime, it follows that pOx and (1 — 
i=l 
¢')Ox are also coprime; consequently pj + (1 — ¢')Ox = Ox forl<i<m-1. 
In particular, 1 — ¢! is not congruent to 0 modulo p; when 1 <i < m—1,iee., fal 1S 
not congruent to 1 modulo p;. So the order of p; + ¢ in the group (Ox //p1)* is m. 
But the order of (Ox /p,)* is pf — 1. Therefore in view of Lagrange’s theorem for 
finite groups, m|(pf — 1). Consequently f > h. 
To prove that f <h, in view of Theorem 3.30, it is enough to show that 


h 


=a (mod p;) (4.8) 


aP 


for eacha € Ox. To verify (4.8), let a be an element of Ox. Since p does not divide 
ind ¢, the classes of 1,¢,...,¢%—! form a basis of Ox /pOx as a vector space 
over Z/pZ by Lemma 4.6. Thus 
a=ao+taet+:-:-+ deere (mod pOx) 
for some integers a;. Therefore in view of Fermat’s little theorem 
oP = ay tal” + +--+ agen—1(S%™-!)” (mod pOx). (4.9) 
Keeping in mind that p” = 1 (mod m) and hence rr’ = ¢, congruence (4.9) can be 


rewritten as 
h 
a? =a (mod pOx) 


which implies that a? =a (mod p,) proving (4.8). Hence f = h. 


For obtaining the splitting of rational primes p dividing m in the mth cyclotomic 
field, we shall use the following lemma. 


Lemma 4.14 Let Q C Ki C K be algebraic number fields. Let p be a prime num- 
ber. Suppose that pOx, = p,--- Pp. where p\,..., P, are distinct prime ideals of 
Ox, with N(p\) = p/. If p}Ox = pi for 1 <i < g with p; an ideal of Ox and if 
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g 
3 ei; f; =([K : Ql], then each p; is a prime ideal of Ox and the residual degree of 
i=l 
pi/pis f/ forl<i<g. 


Proof Write p; = | [p37 , pij are prime ideals of Ox, ej; > 0. We have to prove 


j=l 
that n; = 1 for each i and e;; = 1 for every i, j. In view of the hypothesis, we have 


nj 


pOx = (p,Ox)--- (p,Ox) = Ie TTT”. 


i=l j=1 


Let f;; denote the residual degree of p;;/p. Observe that fj; > f/,1<i<g,1< 
J <xn;. Also by the fundamental equality 


Nj 


) eaete K : QJ. 


i=1 j=1 


By hypothesis 
8 
Ye ff =(K :Q. 
i=1 


Comparing the above two equations, we see that n; = | and e;; = 1, fi; = f; for 
lsisg. 


Recall that two elements a, 8 of Ox are said to be associates if there exists a unit 
€ of Ox such that 6 = ae. If f is a primitive (p” )th root of unity, p prime, then for 
any positive integer k not divisible by p, 1 — . and | — é are associates because 
each divides the other in the ring Z[Zo] as 1 — fq can also be written as 1 — ¢{’, where 
kl = 1 (mod p’). 


Theorem 4.15 Let m = p'm' be an integer, where p a prime number, r > \ and 
p{m’. Let ¢ bea primitive mth root of unity. Then in the field K = Q(¢), pOx = 
(pis: pz)??”, where f1,..., Pg are distinct prime ideals of Ox, h is the order of 


o(m') 
h 


p modulo m' and g = . The residual degree of each p; is h. 


Proof Let ¢’ be a primitive (m’)th root of unity and let K; = Q(¢’) C K. In view 
of Theorem 4.13, we have 
pOK, = Pi Pe (4.10) 


o(m') 


where g = ———,, his the order of p modulo m’ and p}, ..., p, are distinct prime 


ideals of Ox, with residual degree h. Observe that for any positive integer n 
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gced(pOx, pOx) = piOx. (4.11) 


Let & be a primitive (p”)th root of unity. Then the minimal polynomial y(X) of 
fo over Q is given by 
pr 


+1l= I] =F). 
k=1 
(k,p")=1 


1 


y(X) = XP COD 4 xP PD) 4 4 XP 


Thus 


r 
wi)=p= [[ a—¢. (4.12) 
a 


In view of the fact that the element (1 — a) where k is a positive integer coprime 
with p”, is an associate of (1 — fo), it follows from (4.12) that 


pO = (1 — $)°” Ox. (4.13) 
For eachi, 1 <i < g, we infer from (4.13) and (4.11) that 


(Ox, 1 — %)0x)92” = PM Ox, A= MPO OK) = PP OK, pOK) =POr. 


It follows from the above equation that 
piOx =p?” (4.14) 
for some ideal p; of Ox. Since d(p")hg = ¢(p’)d(m') = ¢(m), keeping in mind 


Egs. (4.10) and (4.14) we infer from Lemma 4.14 that p; is a prime ideal of Ox and 
h is the residual degree of p;/p for 1 <i < g. 


4.4 Finiteness of Ramified Primes 


In this section, we shall prove the following theorem whose converse is also true. 
The result of the theorem as well as its converse will be proved in a more general set 
up in Chap. 7. 


Theorem 4.16 /f a rational prime p is ramified in an algebraic number field K, 
then p divides dx. 
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Proof Let p be a rational prime ramified in K and let p be a prime ideal of Ox 
such that p* divides pOx. Write pOx = p°A with p not dividing the ideal A of 
Ox. Let {w,,..., w,} be an integral basis of K. Choose a € p°-!A \ p®A. We can 
write @ = a,;w, +:::+d,Wn, a; € Z; note that at least one coefficient a; is not 
divisible by p because a ¢ pOx. Since e > 1,a? € p®-)P A? C p*A = pOx. So 
using Fermat’s little theorem, we have 


O=a? = (aqywy +--+ a,Wn)? =ayw) +---+a,w? (mod pOx). (4.15) 
Let K’ C C denote the smallest normal extension of Q containing K and oj,..., oO 
be the Q-isomorphisms of K into K ', Let p’ denote a prime ideal of Ox, dividing 
pOx:. For B € Ox’, 6 will stand for the image of 6 under the canonical homomor- 


phism from Ox onto Ox:/p’. Applying 01, ..., 0 to (4.15), we see that 


a\o\(w}) +eee + Ano (wh) =0 (mod pOx:) 


a\0,(w;) ie AnOn(Wh) =0 (mod pOx:). 


Since p’ divides pOx:, the above congruences hold modulo p’ as well. So the system 
of n linear equations 


n 
So oi(wh)x; =0, l<i<n 
j=l 


has a solution (ay, ..., @) over the field Ox /p’. This solution is non-zero, because 


p { a; for at least one i. Therefore by the theory of linear equations, det (o;(w?)) 
0, ie., det(oi(w}))i,j = 0 (mod p’). So 


ij 


2 


o\(wt) «++ o1(wh) 
det : %, 3 = 0 (mod p’). (4.16) 
On (Wt) +++ On(wn) 


Let M denote the m x n matrix (oi(w} )), i Keeping in mind that for w € K, 
Trxjo(w) =0o\(w)+---+o,(w), it can be easily seen that M’M= 
(TrxjQ(w) w5))ij, where M’ is a transpose of M. Thus (4.16) implies that 


det (Trx/q(w? w7 ) = 0 (mod p’). 


ij 
Since Trx/q(w} w}) € Z in view of Corollary 1.22, the above congruence shows 
that 


det (Trxjq(w? w? hes = 0 (mod p). (4.17) 
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Keeping in mind that for any w belonging to Ox, 


it follows from (4.17) that dx = det (Trkjo(wi w;)) 


Trx/q(w?) = (TrgjQ(w))” = Trx/Q(w) (mod p), 


= 0 (mod p) as desired. 


ij 


Exercises 


— 


11. 
12. 


14. 
15. 


. Find how the primes 3, 5 split in Q(@) where 6 is a root of XP 4+4X +7. 
. Find which primes are ramified in K = Q(@) where 6 satisfies 6—@-2=0. 


Also find their prime ideal factorizations in Ox. 


. Find all rational primes p that ramify in K together with their prime ideal fac- 


torizations in Ox, when K is one of the following fields: 
(a) Q(18); 


(b) Qw/20); 
(c) Qe). 


. Let K = Q(/—23) and w = (1 + /—23)/2. Show that 2, 2 — w are irreducible 


elements of Ox but not prime elements of Ox. 


. Prove that 2 is not a prime element of Z[¢], where ¢ is a primitive 23rd root of 


unity. 


. Let K,, Kz, K3 be three cubic fields as in Exercise 6 of Chap. 2. Describe how 


the primes 5 and 11 split in each of these fields. Deduce that these fields are 
different though they have the same discriminant. 


. Find how the primes 2, 3 and 5 split in K = Q(¢) where ¢ is a primitive 28th 


root of unity. 


. Let K = Q(o) be an algebraic number field, where f is a primitive p’th root 


of unity, p prime. Prove that pOx = (1 — fo)?” Ox and that (1 — f)Ox isa 
prime ideal of Ox. 


. Let K; and K» be algebraic number fields. Suppose that a prime p is totally 


ramified in K, and unramified in K>. Prove that Kj 1 Ko =Q. 


. Let ¢ be a primitive mth root of unity, m > 3. Show that an odd prime p splits 


completely in Q(¢) if and only if p = 1 (mod m). Also show that a prime p is 
totally ramified in Q(¢) if and only if m is a power of p. 

Determine all primes p < 50 which split completely in K /Q when K = Q(v5). 
Determine all prime p < 20 which generate a prime ideal in Ox when K = 


Qi/—2). 


. Find the number of ideals in Z[,/—2] with absolute norm 18. Also write their 


factorisation into prime ideals of Z[./—2]. 

Find the number of ideals in Z[,/—5] which contain the element 15. 

Let ¢ be a primitive 9th root of unity. Find the number of ideals of Z[¢] which 
contain 6. 


. Determine the prime ideal factorization of 7, 29 in the field Q(/2). 
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17. Let K = Q(@) where @ satisfies the polynomial X*+9X +9, which is irre- 
ducible over Q in view of Example 2.38. Write the factorization of ideal 20x 
as a product of prime ideals of Ox. 

18. Determine how the primes 3,5 split in the field K = Q(@) where 6 satisfies 
the polynomial f(X) = X 44.8xX — 8. (Note that F(X) is irreducible over Q in 
view of Eisenstein-Dumas Irreducibility Criterion proved in Sect. A.7.) 

19. * Let p be an odd prime and K = Q(@) where @ is a root of an irreducible 
polynomial X? — a over Z with the integer a squarefree which is not divisible 
by p. Show that Ox = Z[6] if and only if a? 4 a (mod p’). 


? It may be pointed out that a more general result related to this exercise is proved in [Jh-Kh]. It asserts 
that if K = Q(@) with @ satisfying an irreducible polynomial X” — b over Z, then Ox = Z[0] if 
and only if b is a squarefree integer and whenever k > | is highest power of a prime p dividing n, 
p not dividing b, then p? does not divide b? k_ p, 


Chapter 5 ®) 
Dirichlet’s Unit Theorem cits 


In this chapter, we shall prove a theorem which describes the structure of the group 
of units of Ox for an algebraic number field K . It was proved by Dirichlet! in 1846. 


Dirichlet’s Unit Theorem. Let K be an algebraic number field of degree n = r,; + 
2ry where r, is the number of real isomorphisms of K and 2r, is the number of 
non-real isomorphisms of K. Let Ox denote the ring of algebraic integers of K. 
Then there exist units €\, €2,..., € of Ox withr = r, +r — 1 such that every unit 
€ of Ox can be uniquely written as € = Ce}! ---e% where a\,..., a, are in Z and 
¢ belongs to the finite cyclic group consisting of all roots of unity in K. 

With the above notations, Dirichlet’s unit theorem says that the group O; of units 
of Ox is the direct product of a finite cyclic group with a free abelian group of rank 
r| +r2 — 1. In particular, O; is a finitely generated abelian group. Note that in view 
of the above theorem, O; is finite if and only if r; + rz — 1 = 0, i.e., when either 
K = Qor K is an imaginary quadratic field. 

To prove this theorem we need some definitions and preliminary results. 


5.1 Preliminary Results 


Definition Let R be a commutative ring with identity. Let c be a non-zero element 
of R; fora, B € R we say a is congruent to 8 modulo c and write a = B (mod c) if 
there exists y € R such that a — 6 = cy. This is an equivalence relation on R and 
partitions R into a union of equivalence classes called congruence classes modulo c. 


' Peter Gustav Lejeune Dirichlet (1805-1859) was a German mathematician who made deep contri- 
butions to Algebraic Number Theory, Analytic Number Theory and to other topics in mathematical 
analysis; he is credited with being one of the first mathematicians to give the modern formal defi- 
nition of a function. 
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The following lemma gives information about the congruence classes in Ox 
modulo a positive integer c. 


Lemma 5.1 Let K be an algebraic number field of degree n over Q. Let c be a 
positive integer. Then there are at most c" congruence classes modulo c in Ox. 


Proof Let {w,,..., wy} be an integral basis of K. Let a be an element of Ox. There 
exist dj,..., a, in Z such that 


a =aywyt-:-+anWn. 


By division algorithm, write a4; = cq; +1r;, O<1rj <c, qi € Z. So 


n n 
a=c ) qi Wi + ) rj,Wj 
i=l i=1 


and hence 
n 


a= Yo riwi (mod c). 


i=l 


Therefore every a € Ox is congruent modulo c to a member of the set 


S=}) bw; |0<b <c, bE Zp. 


i=1 


Since |S| = c”, the lemma is proved. 


Theorem 5.2 Let K be an algebraic number field. Then for every positive integer c, 
there are only finitely many non-associate elements a € Ox such that|Nx/Q(a@)| = c. 


Proof Inview of Lemma 5.1, the theorem is proved once we show that whenever a, 6 
belonging to Ox are in the same congruence class modulo c and |Nx/g(@)| = c¢ = 
|Nx/Q(B)|, then a and 6 must be associates. Let a and f be in the same congruence 


class modulo c, then there exists y € Ox such that a — 6 = cy. By Lemma 3.3, 


N N. 
Nxio(B) € Ox. Therefore = 1+ idee 1+ Nxia(P)¥ belongs to Ox. Simi- 


B B B B 


a. : : : 
larly B € Ox. So — is a unit of Ox. This proves that a and are associates as 
a 


desired. As the total number of congruence classes modulo c is finite by Lemma 5.1, 
so there are only finitely many non-associate elements of Ox having norm +c. 


Proposition 5.3. Let K be an algebraic number field of degree n and oj,..., On 
be all the isomorphisms of K into C. Then for any constant C > 0, there are only 
finitely many a € Ox such that |o;(a@)| < C for| <i <n. 
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Proof Let {w,,..., wy} be an integral basis of K and a be an element of Ox. Write 
a= x;w, +---+x,w, with x; € Z. Taking the image under o;, we have 


Oj (4) = X10;(W1) +--+ XnO;(Wn), 1 <i <n. 
The above n equations in the matrix form can be rewritten as PM = N, where 


o\(a) o\(W1) +++ O1(Wn) x] 

On (al) On(w1) ey On (Wn) Xn 
Since det(P)? = dx 4 0 in view of Lemma 2.5, P is invertible. Therefore 
M=P"'N. (5.1) 
Let qi; denote the (i, j)th entry of P~! and C; denote the maximum of the set {|qi/| : 
1 <i, j <n}. If|o;(@)| < C for every i, then using (5.1), we see that |x;| < nCC, 


for each j and so the integers x; will have only finitely many choices. Consequently, 
there are only finitely many elements a € Ox with |o;(a)| < C for all i. 


Corollary 5.4 An element a of an algebraic number field K is a root of unity if and 
only if |o (a)| = 1 for every isomorphism o from K into C. 


Proof If a is a root of unity in K, then o(q@) is also a root of unity for every 
isomorphism o from K into C and hence |o (w)| = 1. Conversely let w be an element 
of K such that |o(@)| = 1 for every isomorphism o from K into C; then |o(@’”)| = 1 
for every integerm > 1. Therefore in view of the above proposition, the set consisting 
of all positive powers of a is finite. So there exist integers 7, j, 1 < i < j such that 
a’ = a/, which shows that @ is a root of unity in K. 


We wish to point out that if an algebraic number field K has a real isomorphism, 
say o, then +1 are the only roots of unity in K because if ¢ € K is a root of unity, 
then o (€) is aroot of unity which is real and hence o (¢) = +1; consequently e = +1. 


Definition A subset S of R” is called discrete if every bounded subset of R” contains 
only finitely many points of S. 

The following proposition describes an important property of discrete subgroups 
of R’. 


Proposition 5.5 A discrete subgroup 1 of R” is a free abelian group of rank not 
exceeding n. Moreover, any Z-basis of I is linearly independent over R. 


Proof Let V be the smallest subspace of R” containing I and s denote its dimension 
over R. We can choose s vectors in I, say v1, v2,..., Vs such that vj, v2,..., Vs 
form an R-basis of the vector space V. Let [9 denote the subgroup of I" defined by 
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To = Zu, + --- + Zv,. We first show that [[" : To] is finite. Let v = Yoav; be any 
i=l 

element of I with a; ¢ R. Write a; = |a;| +6;, where |a;| stands for the largest 

integer not exceeding a; and 0 < 6; < 1. Denote Yo lailui by w, > 6;v; by z and 


i=l i=l 


the length of the vector v; in R” by ||v;||. Therefore 
v= olaju+ 0s, =wtz (5.2) 
i=l i=l 
with w in Mp and z in I'M Y, where Y is the subset of R” defined by 


= {y= O1,--.59n) €R" | Ilyll S Y ite} 
i=1 


It follows from (5.2) that [[.: To] < | N Y|. Since Y is a bounded set and I’ is 
discrete, 1 Y is a finite set. This proves that [[’ : To] is finite, say [[.: To] = j. 


By Lagrange’s theorem of finite groups, jf’ C 9 which implies that [ C —V9. As 
J 


1 
—V is a free abelian group of rank s, so is T in view of Lemma 2.12 and the fact 


that its subgroup Tp has rank s. 

We now prove the second assertion. Recall that the absolute value of the determi- 
nant of the transition matrix from a Z-basis of I to a Z-basis of M9 equals [[. : To] in 
view of Lemma 2.14 and hence is non-zero. Since Ig has a Z-basis which is linearly 
independent over R, it now follows that any Z-basis of I’ is linearly independent 
over R. 


5.2 Modification and Application of Minkowski’s Lemma 
on Real Linear Forms 


We?’ shall use a modified form of Minkowski’s lemma on real linear forms to prove 
Dirichlet’s unit theorem. First we prove this lemma. 


n 
Minkowski’s Lemma on real linear forms. Let L;(x1,..., xn) = >> ajjx; be real 
j=l 
linear forms for 1 < i <n with determinant of the coefficient matrix A = (a;;)j,; 
n 
non-zero. Let c1,...,C, be positive real numbers such that [| c; > | det Al, then 
i=l 


? This lemma was established by Hermann Minkowski in 1896. Minkowski’s lemma on real linear 
forms is a corollary of a more general theorem of Minkowski on convex bodies proved in Chap. 8. 
The lemma on real linear forms goes back to Dirichlet. (see (Hec, Chap. 5, Sect. 32)). 
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there exist rational integers u;, ..., u, notall zero such that |L;(u1, U2, ...,Un)| < Cj 
forl <i<n. 


Proof Suppose that the lemma is false. For g = (g1,..-, 81) € Z”, let m¢,,...,9,) 
denote the subset of R” (called parallelotope) defined by 


n ee {x= (1, ...5%n) | [Lie — g)| < 5 for | sisal, 

Note that if g # g’ are in Z", then Wg,,_.¢,) M Tg! ....gh) = 0, because if x belongs to 
this intersection, then |L;(g — g’)| < |L;(g —x)| + |Li@ — g’)| < c; for 1 <i< 
n which shows that the vector g — g’ = (uj, ..., Un) (Say), satisfies the inequality 
|L; (uy, U2,...,Un)| < c; for | <i <n, contrary to our assumption. 

Let J denote the volume of any parallelotope z¢,,__¢,) and d be a real number 
such that the co-ordinates of all points of z(0,.._.9) are less than d in absolute value. Let 
m be a positive integer. Consider the family T of all those zg, 2) for which g; € Z 
and |g;| < m for eachi. Clearly T consists of (2m + 1)” parallelotopes 7g, ¢,)- If x 
belongs toamember 7(g,,__.,¢,) of T, then |x;| < |x; — gi] +|gi] <d4+|gi] <d4+m. 
Since the members of T are pairwise disjoint, we see that (2m + 1)"J < (2d+2m)". 
On dividing by (2m)” and taking limit as m —~> oo, we see that J < 1. 

On the other hand, using change of variables in multiple integration, we have 


J= fof dx ,-+-dXxy 


rere 


|Li(x)|<c;/2 Vi 
n 
1 1/2 Cn/2 Tl ci 
= a Avivecsidye ae 
eal fo eee 
—c1/2 —Cn/2 


The above equality together with J < 1 implies that [] c; < | det A| contrary to the 


i=1 


hypothesis. This contradiction proves the lemma. 


Modified Minkowski’s Lemma on real linear forms. Let L;(x,...,x,) = 


n 
Ye aj jx; bereal linear forms for 1 < i < n with determinant of the coefficient matrix 
j=l 


n 
A = (qj;;)ji,; non-zero . Let c), ... , C, be positive constants such that | det A] = IIc. 
i=l 
Then there exist rational integers u;, ..., u, not all zero such that |L;(u1,...,Un)| < 
c; for | <i <n—1land|Ly,(yy,...,Un)| < cn. 


Proof For any real number € > 0, we define a subset K, of R” by 


Ke={x : |Li@)| <c,1<isn-1,|LiQ@)| <aU+o }. 
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By hypothesis, (1 + €) [[ c; = (1 + €)| det A| > | det A]. So by Minkowski’s lemma 
i=l 

on real linear forms, K, % Z” contains a non-zero vector. Let 0 stand for the zero 

vector in Z”. Since K, is a bounded set for each € > 0, K. MZ” must be finite. In 


particular on taking € = 1, we write 
(Ki 12") \ {0} = {Ai, Ao,..., Ar} 


where r > 1. 

Suppose to the contrary, the lemma is false. Keeping in mind the supposition and 
the definition of the set K,, we see that if (u,,u2,...,U,) belonging to K, NZ" 
is a non-zero vector, then |L,(u1, U2,...,Un)| > Cy. This implies that there exists 
€9 with O < €g < 1 such that |L,(A;)| > c,x(1 + €o) for 1 < i < r. Consider the set 
K.,. Then K., € K. Since no A; belongs to K,,, we conclude that K,, 9 Z” consists 
of only the zero vector, which contradicts the fact that K. % Z” contains a non-zero 
vector for each € > 0. This contradiction proves the lemma. 


n 
Modified Minkowski’s Lemma on complex linear forms. Let L(x) = )> a;;x; be 
j=l 
linear forms for 1 < i < n with determinant of the matrix A = (aj,;);,; non-zero such 
that L;,..., L,, are real linear forms and L,,+1,..., L,,+2,, are complex linear forms 


satisfying Boag = L,,4r,4; forl < j < r2.Letc),..., c, be positive constants such 
n 

that [] c; = | det A| and c,,4 j =Cr4r4j for 1 < j <r. Then there exist rational 
i=l 

integers Z1, Z2,...,Z, not all zero such that |L;(z1, Z2,..-,Zn)| < ¢; for 1 <i< 

n— land |L, (21, 22,--+5Zn)| < Cn- 


Proof We define n real linear forms L‘,..., L’, by setting L' =L,;forl<j<nr 
and 


1 3 
Lies = 5 bri + Litnt+j)s De peg = 5, (brit Ss Litntj)s 1 < J < rQ. 


Let B = (b;;);,; denote the coefficient matrix of these linear forms, ie., Li (x) = 


n 
Yb; jx; for 1 <i <n and D’ denote the determinant of the matrix B. We first show 
j=l 
that 
D' = (—21)~” det A. 


For proving the above equality, to the (r; + 1)th row of B add times (7; + r2 + 1)th 
row, then in the new matrix multiply the (7; + 72 + 1)th row by —2: and to it add the 
(r; + 1)th row. Repeating this process rz times with corresponding pairs of rows, we 
see that D’ = (—21)~” det A. 


We now apply modified Minkowski’s lemma of real linear forms to L{,, L5,..., Li, 
with constants ci}, c5,...,c),, where c} = c; for 1 <i <r; andc} = We: forr; +1< 


i<r,+2r, =n. Then 
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Ie = Teor" a oD 


2” 
i=1 i=l 


Hence by modified Minkowski’s lemma on real linear forms, there exist integers 
Z1,Z2,+++Z, not all zero such that 


|Li (Zi, 22, +++) 2n)| < ¢; forl<i<n-1 
and 
|Li,(Z1, 225 aes < GC. 
Thus |Z; (z1, Z2,---5 Zn)| < ¢ for | <i <r, and forr; +1<i<r,;+rm-—1, we 
have 
|Li(Z1, Vee es | = |Litr (Zi, +++ 5 Zn) 
= ie Rea eh nae): 
< a +c? = V 2c; = ¢. 
Also 
REN Cee creer ec? | al) Sen Cero taeenen Ln ty See (are c peeeae 9 | 
ee) 2 
Cc Cc 
2 2 ri +r2 r\|+2r. 
< Cae ah Cr 42r, = 5 oF aS =Cn- 
So |Ln(Z1, Z2, 2205 Zn)| < Cy. 


Notation. In this chapter, for an algebraic number field K of degree n = r, + 27, 
the isomorphisms o1,..., 0, of K into C are arranged so that o1,...,0,, are real, 
Or, 41) +++ Or,42r, are non-real and o,,4,,4; = O,,4; for 1 < j < rp. As in the previ- 
ous chapters, we denote o;(a) by a. 


Using modified Minkowski’s lemma on complex linear forms, we now prove a 
lemma which plays a significant role in the proof of Dirichlet’s unit theorem. 


Lemma 5.6 Let K be an algebraic number field of degree n = r, + 2r2. Then for 
any givenk, 1 <k <r, +1o, there exists a unit n of Ox such that In| > 1 and 
In| <lforj Ak, 1<j<ntn. 


Proof Let dx denote the discriminant of K and {w ,..., w,} be an integral basis of 
K. Let bj,..., by, be positive real numbers satisfying b,,,; = b,,4,,4;,forl <j < 


r2 and [| b; = /|dx|. On applying modified Minkowski’s lemma of complex linear 
i=l 
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n ‘ 
forms to the forms L1,..., Ly given by L;(%1,..-,%n) = Do wi x; with constants 
j=l 
b,,..., b,, we obtain rational integers z;,..., Z, not all zero such that 
ILi(Zi,---,2@)| <0), 1Sisn. (5.3) 


n 
Sety = )° z;w;, then y is a non-zero element of Ox and the above inequality (5.3) 
j=l 
shows that |y| < b; for 1 < i <n. In particular 


IN«jo(v)l =| flv! < |] = vide. 


i=l i=1 


Take a fixed k, 1 <k <r,+ 72. Using the above argument, we construct a 
sequence yo, 1, ¥2,... Of elements in Ox such that for each i > 0, |Nx/o(%)| < 
/|dx| and the inequality ly > | holds when 1 < j <rpt+rm, j #k. To 
choose yp, take bj <1 when 1<j<rjptrm, j Ak and b,,4,4; = 5,4; for 


n 
1 < j <1; determine b, such that [| b; = /|dx|. Arguing as above, we see that 
i=l 
there exists a non-zero element yp € Ox such that yg? ) |<b; <lforj Ak, 1< 
Jj <r +r and |Nxjg(v)| < Vldx|. Set 


mo = min{|yy?| : 1<jf<ntr}. 


To construct y;, take a new set of b;’s such that bj <mg when 1< jf <r, + 
ra, jf Ak and b,,4,,4; = b,,4; for 1 < j < rz; choose by such that Il b; = J/|dx|. 
Again by the same argument, there exists a non-zero element ae Ox with 
IN«/o(1)| < VTdx] such that |y\| < mo for 1 < j <r) +r, j #k. In partic- 
ular, yi < yo? |, 1<j<rn-+hnm, j 4k. We may continue this process indefi- 
nitely to obtain a sequence yo, |, y2,... of elements in Ox with desired properties. 
In view of Theorem 5.2, only finitely many y;’s can be non-associates. So there 
exist natural numbers u and v with v > u such that y, and y, are associates. There- 
fore there exists a unit 7 of Ox such that y, = ny,. Keeping in mind the choice of 
the sequence {y;}, we see that ye? | < ye? | for! <j <rj +r, j 4k and hence 
In\?| < 1. Since |Nx/Q(n)| = 1, we have |n| > 1. 
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Let O; denote the group of units of Ox and Wx the group of roots of unity contained 
in K. Setr =r, +12 — 1. We define a mapping 
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1:07, > RB 


by 
Me) = ogle I, ..., logle™]). 


Clearly 4. is a homomorphism of groups. The proof of the theorem is divided into 
four steps. 

Step I. In this step, it will be proved that Wx = ker(A) and it is a finite cyclic 
group. If ¢ is a root of unity in K, then e is also a root of unity. So |e | = 1 for 
1 < j <r which shows that Wx C ker(A). 

Conversely suppose that ¢ € ker(A). So |e | = |eJt | = 1 for 1 < jf <r + 
rz — 1. As |Nx/qQ(€)| = 1 by Proposition 3.1, we have 


n 
i I] Je] = Jerr |! 


i=l 


where / = 1 or 2 according as r2 = 0 or not; consequently |e'*+”| = 1. Applying 
Proposition 5.3, we see that ¢ has only finitely many choices. So ker(A) is a finite 
group. Hence each element of ker(A) is aroot of unity and consequently Wx = ker(A) 
is finite. Since every finite subgroup of the multiplicative group of a field is cyclic, 
it follows that Wx is a cyclic group. 

Step II. In this step, we show that the proof of the theorem is complete once it 
is proved that the image of A is a free abelian group of rank r. In this situation if 
A(Ox) has a Z-basis {A(€1),..., A(e,)}, then {e,,..., €-} will be a desired set of 
units. To see this, suppose ¢ is a unit of Ox. Then A(e) = ajA(e1) +--+: + a,A(E,) 
for unique aj, ..., a, in Z which implies that e¢;“'---¢,“ € ker(A). By Step I, we 


have €¢)“'---€-% = ¢ with ¢ € Wx which shows that ¢ can be uniquely written as 


fey, 
Step III. In this step, it will be shown that A(O;) is a free abelian group of rank not 
exceeding r. For this, it is enough to show that A(O;) is a discrete subgroup of R” 
in view of Proposition 5.5. To check discreteness, let c be any positive real number. 
We will show that there are only finitely many ¢ in OF such that —c < loge? | <c 
forl <j <r,ie., 

eo < le] < & forl <j <r. (5.4) 


Let ¢ be any unit in Ox satisfying (5.4). Then 


n 
l= INx/o(e)| = I] Je| > eo MDE) of 
j=l 


where / = 1 or 2 according as r2 = 0 or not. The above inequality implies that 
le| <e a < e”°. So all the conjugates of ¢ are bounded in absolute value by e”°. 
In view of Proposition 5.3, ¢ has finitely many choices. Hence 4(O;) is a discrete 


subgroup of R’. 
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Step IV. We will prove that the rank of the free abelian group 4(O;-) is r by showing 
that A(O;) contains r vectors which are linearly independent over R. This will also 
imply that every Z-basis of A(O%) is linearly independent over R. We introduce a 
new notation. Fora € K%, define 


{igi = log la | forl<j<n 
log ja | forry; H1<j<rn+hn. 
Note that 
nr ry+r2 ; ry+r2 : 
logiNxo(@)| = log] Jie?! [] le?) = S01 @). (5.5) 
j=l jen4 j=l 
By virtue of Lemma 5.6 applied r times, there exist units 7),..., 7, of Ox such that 
In| > 1, In\?| <1ifi 4 j, 1<i<r,1 <j <r+1. We shall prove that the 
vectors A(71), ..., A(7,) are linearly independent over R by showing that the r x r 


matrix formed by taking these vectors as row vectors has determinant non-zero. For 
this, itis enough to prove that the matrix A = (aj;)-x = (IY (ni))rxr is non-singular. 
The matrix A clearly satisfies the first two conditions of the following Lemma 5.7. 
Also by using equation (5.5), we have 


ry +r2 
Yo Mi) = log INK ja(n)| = 0 


j=l 


and hence 


DEO aa) = HOP?) 5 


j=l 


the right hand side of the above equation is positive in view of the choice of n; and 
the fact that i Ar; +72 as | <i <r. So the third condition of Lemma 5.7 is also 
satisfied and hence det A # 0. This completes the proof of Dirichlet’s unit theorem. 


Lemma 5.7 Suppose that A = (aj;);-x, is a matrix with real entries satisfying the 
following three properties: 

(i) aii > 0 Vi, 

(ii) aj <O0ifi Fj, 

e. 
(iii) Yay >OVi, 1<i<r. 
j=l 
Then det A # 0. 
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Proof Suppose to the contrary det A = 0. Then there exists a non-zero column vector 


T = (t,,...,¢,)' such that AT is a null matrix. Let s be an index such that |t,| = 
max |t;|. Then AT = 0 implies that 
1l<i<r 
As; t : As;t 
=e siti _ siti 
Ass = ys ; and hence |a;;| = oS |" 


j=ljés * j=ljfs 


Keeping in mind the conditions (i) and (ii) of the lemma, we have 


< Ye lasi| = —\oas;, 


iés j#s 


: tj 
Ass = |dss| < » las;| ra 


j=lits 


é 
which shows that )° a,; <0 contrary to condition (iii). This contradiction proves 
j=l 


the lemma. 


5.4 Fundamental System of Units and Regulator 


If €,,..., €, are as in the statement of Dirichlet’s unit theorem, then {€,..., €,} is 
called a fundamental system of units of Ox or of K. As shown in Step II of the proof 
of this theorem, {¢,,..., €,-} is a fundamental system of units of Ox if and only if 
{A(eé1), ..., A(e-)} is a Z-basis of the free abelian group A(O;). Another system of 
units {7|,..., 7,} 1s a fundamental system of units of Ox if and only if the transition 
matrix from the basis {A(e),..., A(e,)} to {A(71), ..., A(,)} is unimodular. So if 
C denotes the r x r matrix whose row vectors are 4(7),..., A(,) and B denotes 
the r x r matrix whose row vectors are A(€1),..., A(e,) and if each of {€),..., €;}, 
{n1,.--, 7} is a fundamental system of units of Ox, then B = AC where A isa 
unimodular matrix. Therefore |detB| = |detC|. So |detB| does not depend on the 
choice of fundamental system of units. The regulator of K is defined to be |detB| 
or 2”~'|detB| according as r7 = 0 or r2 > 0. Note that the regulator of an algebraic 
number field is never zero because any Z-basis of A(O;) is linearly independent 
over R in view of Step IV in proof of Dirichlet’s unit theorem. 


5.5 Computation of Units in Quadratic Fields 


The following proposition describes O; when K is an imaginary quadratic field. 


Proposition 5.8 Let K = Q(/d), where d is a squarefree negative integer. Then 
Ox ={+1, —1} except in the following two cases: 
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(i) whend = -1, 0% = {1,-1,1, -,0=J-1. 
(ii) when d = —3, Og = {£1, to, aay. ow = (-1+/-3)/2. 


Proof Suppose first that d is not congruent to 1 modulo 4. Let x + yJ/d be a unit of 
Ox with x, y € Z. So 


Nxjo(« + yVd) =x? — dy? = 1. 


When d < —1, then x? — dy? = 1 is possible only if x = +1, y = 0. Whend = —1 
then the equation x* + y? = 1 has only four solutions namely x = +1, y = 0 and 
x = 0, y = +1. In this case OF has four units +1, =k. 

Suppose now that d = | (mod 4). mh (x + yd) /2 be any unit of Ox with 
x, y € Z. On taking norm, we see that x” — dy* = 4. If d < —3, then d < —7; in 
this situation x? — dy” = 4has only two solutions x = +2, y = 0.Sowhend < —3, 
then +1 are the only units. If d = —3, we have the equation x7 + 3y* = 4 which 
has six solutions viz., x = +1, y = +1 and x = +2, y = 0. In this case OF has six 
units as asserted. 


When K = QJ/d ) is areal quadratic field, then by Dirichlet’s unit theorem, there 
exists a unit ¢ of Ox such that every unit of Ox can be uniquely written as te” for 
some n € Z; such a unit is called a fundamental unit of Ox or of K. Note that if ¢ 
is a fundamental unit of a real quadratic field K, then so are —e, e!, —e7!. Since 
exactly one of these is greater than one, there exists a unique fundamental unit e > 1 
of Ox. We shall prove that if x + yw > 1 is the fundamental unit of Q(./d),d #5, 
where w = (1 + Jd) /2 or w = Vd according as d = | (mod 4) or not, then x and 
y are the smallest positive integers for which Nx/g(x + yw) = +1. This paves the 
way for an interesting relation between units of real quadratic fields and solutions of 
Pell’s equation. 

In order to describe O;, for real quadratic fields, we prove a couple of lemmas. 


Notation. In this section, for an element a = a + b/d with a, b in Q, belonging 
to a real quadratic field Q(/d), we shall denote by a’ its conjugate defined by 


a’ =a—bvd. 


Lemma 5.9 Let K = Q(/d) be a real quadratic field with d a squarefree integer. 
Let w stand for (1+ Vd) /2 or Vd according as d = 1 (mod 4) or not. If n = 
x + yw > 1 is any unit of Ox, thenx > 1, y = 1 except when d = 5 in which case 
x >0,y > land ifx =0, then y = 1. 


3 An equation of the type x? — my? = 1 where m is a given positive non-square integer is called 
Pell’s Equation. The Swiss mathematician Leonhard Euler(1701—1783) attributed to the English 
mathematician John Pell (1611-1685) a method of finding two integers x, y such that x7 — my? = 1. 
That is why the equation came to be known as Pell’s equation. However such a method had been 
already described by another English mathematician, William Brouncker in a series of letters written 
during 1657-1658 to Pierre de Fermat. Lagrange (1736-1813) was the first mathematician to prove 
that the equation x2 — my? = 1 has infinitely many solutions in integers x, y. 
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Proof Let w' and n’ denote the conjugates of w and 7 respectively. Since Nx /Q(7) = 
nn =+landyn > 1,son—7’ = y(w—w’) > 0.Asw— wv’ > 0, we see that y > 
0. Note that 


‘f / 1 
n+ yw'l=I'l=|-] <1 (5.6) 


and w’ < —1 except when d = 5. So yw’ < —1 whend <5; in this situation (5.6) 


— V5 
2 


1 
implies that x > 1. When d = 5, then w’ = . As y > 1, in this case (5.6) 


1-—~v5 
implies that x > 0. Further if x = 0, (5.6) becomes pees, 


sible only when y = 1. 


< 1 which is pos- 


Lemma 5.10 Let K = Q(V/d) and w be as in Lemma 5.9. Let ¢ = x + yw > 1 be 
a unit of Ox with x #0. For any n > 1, if €” is written as Xp + YnW, Xn, Yn € Z, 
then Xn41 > Xn» Yntt > Yn for alln > 1. 


Proof The lemma is proved by induction on n. In view of Lemma 5.9, we have 
Des 


d 
x >1, y > 1. Keeping in mind w* = d or w 7 + w, a simple calculation 


shows that 
x? + yd +2xyJ/d if w = Vd, 


1+/éd 
a 


6 => (x + yw)? = 


d-1 
x? + yi + w(y? + 2xy) ifw= 


So x2 > Xx, y2 > y. Suppose that the result is true for n, we verify it for n + 1. Write 
e"t! as (x + yw)(X%, + yyw). Then 


XXn + yynd + Vd (xyn + yxn) if w= Jd, 


d=1 1+ Jd 
XXn + Yn + wrtyn + yXn + yypn) f w= ao 


n+l _ 


Clearly xn41 > Xn and Yn41 > Yn- 


It may be pointed out that Lemma 5.10 does not hold when x = 0. For example, 
14+ 75 
2 


consider d = 5,¢€ = =w, thene?=1+uw,6e=1+2w. 


The following corollary is an immediate consequence of Lemmas 5.9 and 5.10. 


Corollary 5.11 Let K = Q(V/d) be a real quadratic field with d #5 a squarefree 
integer and w be as in Lemma 5.9. Then the fundamental unit > | of K isx + yw, 
where x and y are smallest positive integers such that Nx;g(x + yw) = +1. 
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Example 5.12 We determine all positive solutions of the equation X* — 6Y? = 1. 
Let K denote the field Q(v6). By direct verification, x = 5, y = 2 are the smallest 
positive integers for which Nx g(x + yV/6) = +1. So 5+ 2/6 is the fundamental 
unit greater than | and it has norm 1. So every unit of Ox has norm 1. By Lemma 5.10, 
all positive solutions of X 2 _ 6Y? = Lare (Xp, yn), n => 1, where x,, y, are given by 


Xn + ynv6 = (5 + 2/6)". 


In order to be able to quickly compute smallest positive integers x, y for which 
Nx/q(x + yw) = +1, we shall use simple continued fractions defined below. 


Definition A multiple decked expression of the type 


1 
1 


ago + 
a+ Fl 
ay ep 
an 
with a; > 0 for i > 1 is called a finite continued fraction. When a;’s belong to Z, 
then it is called a simple continued fraction. In symbols, it will be expressed as 
[ao; a1, .--, 4]. For example, 


24 1 67 1 


— =] =[1;3,1,4], — =2 = [2; 1,3, 1,4]. 
is ag [ ls oar [ ] 


1+ ri 

It may be recalled that every rational number can be written as a finite simple 
continued fraction. Each irrational number can be written as an infinite simple con- 
tinued fraction in a unique way (see (Niv, Chap. 7)). In this section we shall deal 
with continued fraction expansion of those real numbers which satisfy an irreducible 
polynomial of degree 2 over Q, i.e., real numbers of the type 7 VD where P, Q are 
integers and D is a positive integer which is not a perfect square. Such real num- 
bers are called quadratic irrationals. These irrational numbers are characterized by 
the property that their continued fraction expansion is periodic in the sense defined 
below (cf. (Niv, Chap. 7)). 


Definition An infinite simple continued fraction [ao; a, a2, .. .] is called periodic if 
there exist a non-negative integer m and a positive integer s such that a, = a,+; for 
all n > m; in this situation s is called the period of the continued fraction and we 
denote such a continued fraction by [do; ..., Gm—1, Gms Gnt1> + +++ Am+s—1]- 


Example We compute the value of the periodic continued fraction [1; 1, 2]. We first 
compute [1; 2]. On writing 0 as [1; 2], we have 


1 


g=1+——. 
2+4 
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So @ satisfies the quadratic equation 267 — 26 — 1 = 0. We discard the negative 
value to get @ = (1 + V3)/2. On denoting [1; 1, 2] by &, we see that € = 1 + a 
Substituting for 0, we obtain € = J3. 


Definition For a finite or infinite simple continued fraction [ag; a), a2, .. .], the con- 


tinued fraction upto the kth stage [ao; a1,..., ax] is called its kth convergent and 
will be denoted by a 
qk 
D 1 aga 1 
With notations as in the above definition, ag = ue ,dag9+ aoe = = an : 
90 a\ a\ Cal 
gets 1 an(agai +1) + a9  a2pitpo p2 
0 = => = * 
1 
eed aja, +1 mqit+q 


a2 
One can prove by induction that py = ag Pe—1 + Pk—2. 9k = AkGx—-1 + Uk-2 fork > 2. 
Note that g; > 0 for every i. We shall consider continued fractions of positive real 


numbers. So dg > Oand pj4; > Pi, Gi+1 > Gq for every i > 1. The name convergent 


is appropriate because the infinite sequence =| of convergents of the continued 


fraction expansion of an irrational number & converges to € (see (Niv, Chap. 7)). We 
shall use the following theorem about continued fractions proved in (Niv, Chap. 7). 


Theorem 5.13 Let & be an irrational number. If there is a rational number ; with 
1 
g < Fp then ; equals one of the convergents of the simple 


continued fraction expansion of &. 


b > 1 such that 


Lemma 5.14 Let K = Q(Vd) and w be as in Lemma 5.9. Assume that d # 5. Let 


x 
x+yw > 1 beaunit of Ox withx, y € Z. Then — is a convergent to the continued 


fraction expansion of —w', where w' is the conjugate of w. 


Proof In view of Lemma 5.9, x and y are positive. Since Nxjg(x + yw) = (x + 
yw)(x + yw’) = +1, we have 


1 
~ y(x + yw)’ 


/ 


= 
—+w (5.7) 


The proof is split into two cases. 
Case I.d = 2 or3 (mod 4). In this case, we have x* = dy? +1 > dy? —1> y*(d— 


1) and hence ad > Jd — 1. It now follows from (5.7) that 
y 


Ew 


| _ 1 1 1 
? 


< ‘. 
a +/a YWd—1+Vd) 2y? 
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So aa is a convergent to the continued fraction expansion of —w’ = /d by Theorem 
y 
a1. 


Case II. d = 1 (mod 4). Recall that d £5, so d > 13 and 
quently by virtue of (5.7), we see that 


Vd+1 
6 


> 2; conse- 


1 1 
< ‘ 
2(* 1+Jd 2y? 
y 2 


x / 
~+u 
y 


: ‘ x. : ; 
So again by the previous theorem, — is a convergent to the continued fraction expan- 
y 


sion of —w’. 


The following corollary is an immediate consequence of the above lemma and 
Corollary 5.11. 


Corollary 5.15 Let K = Q(Jd) and w be as in Corollary 5.11. The fundamental 
unit greater than one of K is Ppp + qnw, where n is the smallest non-negative integer 


for which Nx/Q(Pn + qaw) = £1, Pa being the nth convergent to the continued 
Qn 

fraction expansion of —w' where w’ is the conjugate of w. 

Example 5.16 We compute a fundamental unit of K = Q(/33). By Theorem 2.9, 


{1, (1 + V33)/2} is an integral basis of K . In view of Corollary 5.15, the fundamental 


unit of Q(V 33) is Pa + Gn( 4/33), where n is the smallest non-negative integer for 
( 1+V33 )) oe 
a q 


which Nx/Q(Pa + Gn +1 and ze is the nth convergent to the continued 


fraction expansion of aH 33 Note that Nx /Q(Pn + gn (14¥33)) = p> + DnGn — 892. 


Denote the continued fraction expansion of aH /35 by [do; 1, a2, 4, ...]. Then we 
have the following table: 

k 0 1 2: 3 

ak 2 2 1 2 

Pk 2 5 7 19 

dk 1 2 3 8 

P+ Peak —8q;  —2 3 —2 1 


So fundamental unit greater than one of Q(/33 ) is 19+ 8 (es). 


Example 5.17 We find a fundamental unit of K = Q(V22). Here {1, /22} is 
an integral basis of K. By Corollary 5.15, the fundamental unit of Q(/22) is 
Pn + Gn(V/22), where n is the smallest non-negative integer for which Nx/g(Pp + 


Qn(V 22)) = +1 and i is the nth convergent to the continued fraction expansion of 
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/22. One can easily check that the continued fraction expansion of 22 is given by 
[4) 1,294, 2,1, 8], 


k 0. -2 9 4-3 
ak 4 2 4 23 1 
Pk 4 5 14 61 136 197 
dk I i 3 6B 8 @ 
pp—22g7 -6 3 -2 3 -6 1 


Thus we see that the fundamental unit greater than one is 197 + 42/22 corre- 
sponding to the convergent ps/qs. 


Note that the continued fraction expansion of »/22 is periodic with period 6 and 
the fundamental unit greater than one of Q(/22) is ps + 5/22. This is not by 
chance and in fact the following result is known (cf. (Nar, Theorem 3.19)). 


Theorem. Let K = Q(J/d) be a quadratic field with d a positive squarefree integer. 
Let s denote the period of simple continued fraction expansion of /d and P/Q be 
its (s — 1)th convergent. If d #5 (mod 8), then the fundamental unit n > | of K 
is P + OVd and if d = 5 (mod 8), then either n or n> equals P + QVd. Further 
Nx/q(%) is positive if and only if the period s is even. 


Exercises 


_ 


. Show that an algebraic number field of odd degree contains only two roots of 
unity. 

. Let K be an algebraic number field which contains a root of unity different from 

+1. Prove that for each non-zero a in K, Nx/g(a@) > 0. 

. Let ¢ be a primitive mth root of unity, m > 2. Find the number of roots of unity 
in Q(¢) when m is odd and when m is even. 

. Find the fundamental unit greater than | of each of the following fields: 


(a) Q.V13); 
(b) Q(V38); 
(c) Q.23); 
(d) Q(/34). 


5. If m7 — 1 > 1 is a squarefree integer, then prove that a fundamental unit of real 


quadratic field Q(./m? — 1) ism + /m? — 1. 
6. Let d be a positive squarefree integer. Show that if there exist integers x, y such 


N 


1S) 


a 


that x? — dy? = —1, then every odd prime factor of d is congruent to 1 modulo 
4. Verify that the converse is not true for d = 34. 

7. Find all the solutions of the equation x? — 10y? = —1 in positive integers 
x and y. 


8. Find all the solutions of the equation x* — 10y? = 10 in positive integers x and y. 
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. If an element @ of an algebraic number field K satisfies a monic polynomial 


g(X) € Z[X] and g(r) = +1 for some r € Z, then prove that a — r is a unit of 
Ox. 


. Determine a unit different from +1 in the ring of integers of K = Q(9), where 


63+664+8=0. 


. Show that if a positive squarefree integer d is congruent to 1 modulo 8, then the 


fundamental unit of Q(/d) belongs to Z[Vd]. 


. Let K = Q(V/d) be a real quadratic field with d a squarefree integer. If the 


fundamental unit of K has norm —1, then prove that the equation X? — dY* = 
—1 is solvable over Z. 


. Let K = Q(6) with @ satisfying an irreducible polynomial X? — d over Z, then 


prove that Nx /g(x + y@ + 267) = x° + dy? + d?23 — 3dxyz for x, y,z € Z. 


. Find a unit different from +1 of Ox, when K is the following field: 


(i) QW/2); 

(ii) Q(73); 

iii) QW). 

Let K be an algebraic number field which is different from Q and not an imag- 
inary quadratic field. Prove that for every real number c > 0, there exists an 
algebraic integer a € K such that 0 < |a| <c. 


Chapter 6 M®) 
Prime Ideal Decomposition in Relative si 
Extensions 


6.1 Relative Ramification Index and Residual Degree 


Let K'/K be an extension of algebraic number fields. Such an extension is tradition- 
ally called a relative extension. In this chapter, our aim is to introduce the notion of 
norm of ideals of Ox, with respect to K’/K and study factorisation of prime ideals 
of O K inO K’- 


Notation. We shall denote by G(K) the group of non-zero fractional ideals of Ox 
and by /(K) the semigroup of non-zero (integral)ideals of Ox. Sometimes we shall 
write O’ for Ox: and O for Ox. By abuse of language a fractional ideal of O or O’ 
will be referred to as a fractional ideal of K or K’. 

The following proposition gives a natural embedding of G(K) into G(K’). 


Proposition 6.1 Let K'/K be an extension of algebraic number fields, then the 
functionix:;K : G(K) —> G(K’) mapping A to AO: is amonomorphism of groups 
which maps I(K) into I(K'). 


Proof One can easily see that the map ix; is a homomorphism which maps / (K) 
into /(K’). Thus for proving the proposition, one needs to verify that the map is 1-1. 
Let A € G(K) be such that AOx, = Ox. Then 

On =Oxn NK =AOK NK DA. (6.1) 


Repeating the above process with A~!, one can see that A~! C Ox. So we have 


A=iAy  SO-" S03, (6.2) 


In view of (6.1) and (6.2), A = Or. 


Definition Let K C K' be as in the above proposition. If A € G(K), then AOx: is 
known as the extension of the fractional ideal A to K’ andif A’ € G(K’), then A’ K 
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is called the contraction of A’ to K. The following lemma proves that A’ K € 
G(K). 


Lemma 6.2 If K'/K is an extension of algebraic number fields and A' is a non-zero 
fractional ideal of O’, then A' N K is a non-zero fractional ideal of O. 


Proof There exists a non-zero element a € O’ such that aA’ C O’. Fix a non- 
zero element a’ € A’ and denote aa’ by B. Then B € O’N A’ and BA’ CA’. 


By Lemma 3.3, “ei belongs to ©’. Therefore it follows that Nx:jg(B) € A’ 


and Nx'/@(B)A’ © A’; consequently A’N K is non-zero and Nx’j9(B)(A'N K) © 
A’ K, which proves that A’ 1 K is a non-zero fractional ideal of O. 


Let K Cc K’ be as above and A, A’ belong to G(K), G(K’) respectively. The 
following natural questions arise: (i) Is AO’ K = A? (ii) Is (A'N K)O' = A’? 
The next lemma and the remark answer these questions. 


Lemma 6.3 If K'/K is an extension of algebraic number fields and A is a non-zero 
fractional ideal of K, then AO'N K = A. 


Proof Suppose to the contrary that A g AO’ K. Multiplying by A~! on both 
sides, we have AA~! Gg (AO'N K)A“! CO'NK =O. So AA™! £O0,i8,05 
O, which is a contradiction. Hence A = AO’N K. 


Remark 6.4 Let K’/K be an extension of algebraic number fields and A’ be a 
fractional ideal of K’. Then (A'N K)O’ need not be equal to A’. For example, 
consider K = Q, K’ = Q(.) with s = /—1 and the ideal A’ = (1 + )Z[«] of O' = 
Z{t]. Note that A", Q = A’NZ = 2Z and (2Z)Z[1] 4 1+ OZ[0]. 


Let K C K’ bean extension of algebraic number fields and p be a non-zero prime 
ideal of O. Note that if a prime ideal g of O’ lies above p, then g contains pO’ 
and hence g divides pO’. The converse is also true because if 9 divides pO’, then 
gO D pf. Since p is maximal, 91 O = p. 

For a relative extension K’/K, we now study the notions of (relative) index of 
ramification and (relative) residual degree of a non-zero prime ideal so of Ox, which 
lies over a prime ideal p of Ox. Note that p is non-zero in view of Lemma 6.2, 
because PNOK = NK. 


Definition Let K C K’ be algebraic number fields. Let 9 be a non-zero prime ideal 
of Ox: and p be the (non-zero) prime ideal of Ox lying below gs. Then there is a 
natural embedding from Ox /p into Ox: /§9 which maps p+ a@ to p+a,a€ Ox. 
This is amonomorphism of fields. So Ox /p may be regarded as a subfield of Ox'/9. 
The degree of the extension Ox /§ over Ox /p is called the (relative) residual degree 
of g9/p and will be denoted by fx:/x(g) or by f(9/p). 


Definition Let K C K’, g and p be as in the above definition. If g*|pOx and 
9°*! | pOx then the number e is called the (relative) index of ramification of 9/p 
or of g over K and will be denoted by ex:/x (g9) or by e(9/p). 
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Definition let K'/K be an extension of algebraic number fields. A non-zero prime 
ideal go of Ox: is said to be ramified in the extension K’ over K if €x'/K(@) > land 
is called unramified otherwise. Similarly a non-zero prime ideal p of Ox is said to 
be ramified in the extension K’/K if ex:;x(@) > 1 for some prime ideal 9 of Ox, 
lying over p and is called unramified otherwise, i.e., p is said to be unramified in K’, 
if pOx = 9, --- §,, where §9;’s are distinct prime ideals of Ox:. 


Definition An extension K’/K of algebraic number fields is said to be unramified if 
every non-zero prime ideal of Ox is unramified in K’. 


We shall prove in Chap. 8 that the only unramfied extension of Q is Q itself (See 
Corollary 8.4). All quadratic unramified extensions of a quadratic field are described 
in Example 7.29 . 


The next proposition gives a basic property of index of ramification and residual 
degree. 


Proposition 6.5 Let K C K' C K" be algebraic number fields. Let 8 be a non-zero 
prime ideal of the ring of algebraic integers O" of K" and g be the non-zero prime 
ideal of O' lying below 8. Then the following hold. 


@) exK OB) = exe (Bex (P). 
(ti) free OB) = ferje OB) f/x (9). 


Proof Let e and e’ denote the second and first factor on the right hand side of (i). By 
definition, we can write 
pO’ = p°A’ (6.3) 


and 
pO" = B° A", (6.4) 


where A’ is an (integral) ideal of O’ coprime with 9 and A” is an ideal of O” coprime 
with 8. Multiplying both sides of (6.3) by O”, we have 


pO” = (pO0")°A'O"". 
Substituting for gO” from (6.4), we obtain 
pO" = (P")"(A")A'O". (6.5) 
Since g + A’ = O’, we have pO” + A’O” = O”. So gO" and A’O” are coprime. 
This implies that $8 which is a divisor of gO” must be coprime with A’O”. It now 


follows from (6.5) that pO” = (B)° B", where ‘8 does not divide the ideal B” of 
O”. This proves that ex/x ($8) = ee’ and hence assertion (i). 


108 6 Prime Ideal Decomposition in Relative Extensions 


Let p denote the prime ideal of O lying below g. Then O/p C O’/9 C O"/P. 
Therefore by Tower theorem of field extensions, we have 


[O"/PB : O/p] = [O"/P : O'/@)LO'/@ : O/p] 


which proves assertion (ii). 


6.2 Splitting of Prime Ideals in Galois Extensions 


The following theorem extends Theorems 4.1 and 4.3 to relative extensions. 


Theorem 6.6 Let K’/K be a Galois extension of algebraic number fields. Let p 
be a maximal ideal of O and g\' --- g% be the factorisation of pO’ as a product 
of powers of distict prime ideals of O'. Then given any i, j, 1 <i, j <r, there 
existso € Gal(K'/K) such that o (9;) = 9 ; Moreover ex:/K(§;) = €x’/K (@ ;) and 
Sk (8) = SxjK (@;) for allt, j. 
Proof Keeping in mind the fact that 99,,..., 9, are maximal ideals of O' which lie 
over the maximal ideal p of O, the first assertion follows immediately from Theorem 
4.2. To prove the second assertion, fix any i, | <i <r. By the first assertion, there 
exists 0 € Gal(K'/K) such that o(9,) = g;. Consider the mapping y : O'/g, —> 
O'/g; defined by a + 9, —> o(a) + g;. Note that y is homomorphism of rings 
and is 1-1, onto. Also w is identity on O/p. So [O’/g, : O/p] = [O’/9; : O/pl, 
Le., fxr/K (91) = fr'/K(§;)- 

Applying o to the equality 


pO’ = gi --- pi, (6.6) 


we get 
pO’ =0(p),)"'---0(9,)°. (6.7) 


Recall that o (99, ) = g9;. So (6.6) and (6.7) together with the uniqueness of factoriza- 
tion imply that ex:/x (§9,) = ex'/K(9;). The proof of the theorem is now complete 
as i is arbitrary. 


6.3. Norm of an Ideal in Relative Extensions 


The next lemma will be used in the sequel. 


Lemma 6.7 Let R be a commutative ring with identity and p be a prime ideal of R. 
Let X,,..., Xm be indeterminates and p[X,,..., Xm] be the set of all polynomials 
in X1,..., Xm whose coefficients belong to p. Then p[X1,..., Xm] is a prime ideal 
of R[X,,..., Xml- 
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Proof We define a mapping W : R[X,,..., Xm] — (R/p)[X1, ..., Xm]. Since 
R/p is an integral domain, so is (R/p)[X1,..., Xm]. Define w(f) = f for any 
polynomial f, where f denotes the polynomial obtained by replacing each coeffi- 
cient c of f by p + c belonging to R/p. Clearly y is an onto homomorphism of rings 
and so its kernel p[X1,..., Xm] is a prime ideal of R[X,,..., Xm]. 


Definition If h(X,,..., X) belongs to the polynomial ring R[X),..., Xm], we 
define the content of h to be the ideal of R generated by the coefficients of h. We 
shall denote it by Cr(h) or by C(A). 


It may be pointed out that this definition of the content agrees with the usual 
definition of content of a polynomial h belonging to Z[X,, ..., Xm] in the sense that 
the ideal of Z generated by the coefficients of h is the one generated by the gcd of 
these coefficients. 


We now prove a proposition which extends the usual Gauss’ lemma for polynomials 
with integral coefficients (cf. [Niv, Theorem 9.6], ) to polynomials over Dedekind 
domains. This proposition is used to define the norm of an ideal in relative extensions. 


Proposition 6.8 Let R be a Dedekind domain. Let h(X,,..., Xm) and k(X\,..., 
Xm) belong to R[X,,..., Xm], then C(hk) = C(hA)C(k). 


Proof Clearly C(hk) C C(h)C(k). We only need to prove that C(hk) divides 
C(h)C(k). Let p be any non-zero prime ideal of R. Let p’ be the exact power 
of p dividing C(h) and p* be the exact power of p dividing C(k). To show 
C(h)C(k) © C(hk), it is enough to verify that 


petstl + Chk). (6.8) 


Write C(h) = p"I where p does not divide the ideal J of R. Fix an element a belong- 
ing to p” \ p’t!, then we can write Ra = p’J where p does not divides the ideal 
J of R. Choose an element a’ € J such that a’ ¢ p, then J | Ra’ and we have 
Ra’ = JJ’ for some ideal J’ of R. It follows that Ra | Ra’C(h) but p does not 
divide Ra~' Ra'C(h) = J'I. So if we consider the polynomial ah. then ah belongs 
to R[X,,..., Xm]\p[X1, ..., Xm] because c(24) — “C(h) is an integral ideal not 
divisible by p. Similarly one can show that there exist b’, b € R with p**! not divid- 
ing bR such that ok belongs to R[X,,..., Xm]\p[X1,..., Xm]. By Lemma 6.7, 


p[X1,..., Xm] is a prime ideal of R[X,,..., Xm]. So a hk does not belong to 
p[X,,..., X,]. Set g= 48 hk. Let g; be a coefficient of a monomial occurring 
jab 
ap 
occurring in hk. We claim that se does not belong to p’t’*!. This will prove 
that C(hk) £ p’tst!, ie, ptt! + C(hk) as desired in (6.8). Suppose if possible 
ent € p’t’+!, which implies that gjab € p’*5*! i.e., p"tt! | giabR. But p, g; R are 
coprime and the highest power of p which divides aR is p’. Thus the supposition 


in the polynomial g such that g; ¢ p, then is the coefficient of a monomial 
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implies that p**! | DR, which is not so. This contradiction proves the claim and hence 
the theorem. O 


The theorem proved below introduces the notion of norm of ideals in relative 
extensions. 


Theorem 6.9 Let K'/K be an extension of algebraic number fields of degree n. Let 
O01, 02,..., On beall the K -isomorphisms of K’ into C. Let K be the smallest normal 
extension of K containing K' and O be the ring of algebraic integers of K. If J' is 
a non-zero fractional ideal of K', then there exists a unique fractional ideal I of K 
n Po ie 
such that [| o;(J‘)O = IO. If J' is an integral ideal then so is I. The fractional 
i=l 


ideal I is called the relative norm of J' and will be denoted by Nx’/x (J'). 


Proof We first consider the case when J’ is an integral ideal of O’. Let o,, 02, ..., Om 
be all the K-isomorphisms of K’‘ into C. Let 1, f,..., tn denote a system of gen- 
erators of J’ as an ideal of O’. Define a polynomial g(X1,..., Xm) belonging to 
O'[X1,..., Xm] by 

a(X, heey Xm) = t Xy ie tm Xm- 


Then 
Co:(g) = tO" a bin =", 


For any i, | <i <n, define the polynomial 
Bi(X1,.--, Xm) = OF) X1 + + OF (tin) Xm 
belonging to 0;(O’)[X1,..., Xm] C O[X, ..., Xm]. Then 


CG(8i) = 5)(t1)O +++ +.6;(tn)O = 0;(J')O. 


On taking product, we have [| o;(J O = |] C6(g;). Therefore in view of Propo- 
i=1 i=l 
sition 6.8, we obtain 


Co{ ] a) =[ [Cate = [] i s0. (6.9) 

i=l i=l i=l 
But the polynomial [] g;(X1, ..., Xin) is invariant under all automorphisms of K /K, 
because for any automorphism o of K /K, the isomorphisms o 0 01,...,0 00, form 


a permutation of o1,...,0,. Hence by the fundamental theorem of Galois theory 
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(cf. Theorem A.44), [] gi(X1,..., Xm) has coefficients in KN O = O. Denote 
i=l 


TI gi(X1,..-, Xm) by A(X), ..., Xm). It now follows from (6.9) that 


[ [oi0 = Cah) = Con) O 


i=1 


which proves the theorem in this case with J = Co(h). 
Next consider the case when J’ is a non-zero fractional ideal of K’. There exists 
a non-zero element a in O’ such that a J’ is an integral ideal. Therefore by the first 


case [| oj(@ J')O = LO for some ideal /; of O, which implies that 


i=1 
[206 = GaN @ 0. 


Sol = I, Nx'/x (a~!) works in this. case. Uniqueness of q follows from Proposition 
6.1, because the mapping A b> AO from G(K) into GK ) is a monomorphism. 


We next study some properties of relative norm. 


Proposition 6.10 Let K’/K be an extension of algebraic number fields of degree n. 
Let Jj, J5 be two non-zero fractional ideals of K'. Then 
(i) Nex (J, Js) = Nex (J Nxyx (J), 
(ii) Ifa € K', then NxijK(aJ{) = Nex (@)Nrjk(J{), 
(iii) If I is a non-zero fractional ideal of K, then Nx:jx IO’) = I". 


Proof (i). Let 01, 02,..., 0, be all the K-isomorphisms of K’ into C. Let O be as 
in Theorem 6.9. By definition of norm, we have 


] [isp = Ney (DO, (6.10) 


i=1 
[ [oiW0 = Nex (0. (6.11) 
i=1 
Multiplying (6.10) and (6.11), we obtain 
[ [oii 0 = Nejc Nee IO, 
t=1 


which implies that Nx:jx (Jj J3) = Nex (J) Nyx (J5). 
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(ii). In view of assertion (i), it is enough to prove that if@ € K’, then 
Nxjx(aO’) = Nxijx(ao. (6.12) 


Observe that 


Neyx(@O)O = | [(o;(@0')0) = [ ]@i(w)O) 


i=1 i=1 


= (J [o:@))0 = (Nex (@O)O 


i=l 


and hence (6.12) is proved. 
(iii). If J is a non-zero fractional ideal of K, then 


Nxjx 100 = [] (10) = 10---10 =1"0; 


i=l n-times 


this proves the desired result. 


Recall that for a non-zero ideal J of Ox, the norm of J is defined to be the index of 
the subgroup / of Ox. To distinguish it from relative norm, we shall sometimes refer 
to it as the absolute norm of / and retain the notation N(/) already introduced in 
Sect. 3.3. For a non-zero fractional ideal J = AB~! of Ox with A, B integral ideals 
of Ox, the absolute norm N (J) of J is defined by N(J) = N(A)/N(B). 


Definition Let G(K) be the group of all non-zero fractional ideals of an algebraic 
number field K and P(K) denote its subgroup consisting of all non-zero principal 
fractional ideals. Then G(K )/P(K) is called the class group of K and|G(K)/P(K)| 
is called the class number of K. 

We shall prove in Chap. 8 that the class number of an algebraic number field is 
finite. This fact will be used in the proof of the following proposition, which says that 
the notions of absolute norm N (J) of a non-zero ideal J of Ox and that of relative 
norm Nx /g(/) are essentially the same. 


Proposition 6.11 Let K be an algebraic number field. Let J be anon-zero fractional 
ideal of K. Then Nx;g(J) = ZN(J) where N(J) stands for the absolute norm of 
J. 


Proof Let h denote the class number of K and P(K) the group consisting of all non- 
zero principal fractional ideals. Since h is finite, then by Lagrange’s Theorem for 
finite groups, we have (P(K) J)" = P(K), which implies that J’ € P(K),ie., J" is 
a principal ideal. Let « € K be such that J” = a0. Now Nxjq(J") = (Nx/g(J))" 
by Proposition 6.10(i). Also Nxjq(J") = Nx/g(@O) = Nx/q(a)Z by Proposition 
6.10Gi). Therefore 

(Nxjo(J))" = Nx/Q@)Z. 
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Keeping in mind the multiplicative property of absolute norm and Proposition 3.34, 
we have 

NJ)" = NCI") = N@O) = |Nxo@- 


Comparing the above two equations, it follows that 


(Nxjo(J))" = (N(J)Z)" 


which shows that Nx/g(J) = N(J)Z. 


Proposition 6.12 Let K C K' C K" bealgebraic number fields. Let § be anon-zero 
fractional ideal of K". Then Nxijx (NxrK (3) = Nrvjx (). 


Proof Case I. J is a principal fractional ideal, say J = BO”. 
Using Proposition 6.10(ii) and Theorem 1.23, we see that 


Nxvjx (BO") = Nxrjx (B)O = Nex (Nx: (B))O 
= Nxjx (Nxrjx (B)O') = Nx (NK: (BO")). 
Case II. J is any non-zero fractional ideal of K”. 


Let h denote the class number of K”, then 3’ = BO” for some B € K”. Now by 
virtue of Case I, we have 


(Nxrjx @))" = Nxvx O") = Navjx BO") 


= Nyx (Nr (BO")) = Nex (Nev (3")) 
= Ngyk (Nex (3))" = (Neve Nerjx(B)))". 


Comparing the first and the last terms, we obtain Nx; (3) = Nxijx (Nxv/x' (3). 


6.4 The Fundamental Equality in Relative Extensions 


The following proposition gives another definition of norm of ideals in relative exten- 
sions. This definition quickly yields an analogue of the fundamental equality proved 
in Proposition 4.4. 


Proposition 6.13 Let K’/K be an extension of algebraic number fields of degree n. 
Let g be a non-zero prime ideal of O' and p be the prime ideal of O lying below p, 
then Nx'/K(9) = p!, where f is the residual degree of 9 over p. 


Proof Since g > pO',i.e., @ | pO’, we see that Nx: (g) divides Nx/x (pO’). As 
Nx:/x(pO’) = p", it follows that there exists s, 1 < s <n such that 


Nx'/K(@) =p’. (6.13) 
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For proving the proposition, we have to prove that s = f. Let fo, f’ denote the 
respective degrees of O/p, O'/§9 over Z/ pZ. In view of Propositions 6.11, 6.12 and 
Eq. (6.13), we have 

p?Z = Nx o(@) = Nxq(Nx/x(@)) = Nxj(p) = pZ. 


So f’ = fos, ie. 5 = = which is degree of O’/g9 over O/p. This proves the propo- 
sition. 


Theorem 6.14 (General Fundamental Equality) Let K’/K be a an extension of 
algebraic number fields of degree n. Let p be a non-zero prime ideal of O. Let 
pO’ = g}'--- »® be the factorization of pO’ into a product of powers of distinct 


prime ideals of O' and f; denote the residual degree of 9; /p. Then > e; f; = Nn. 
i=] 


Proof Taking norm on both sides of pO’ = gi! --- g¢ and using Proposition 6.13, 
we have 


p” = (pli)... (phy 


: 
and hence n = )> ¢; fi. 


i=] 


The following corollaries are immediate consequences of the above theorem. 


Corollary 6.15 Let K C K' and be as in the above theorem. If g is a prime ideal 
of O' lying over p, then ex:/x(§) and fx:/K (9) do not exceed degree [K': K]. 


Corollary 6.16 There are at most [K' : K] prime ideals of O' which lie over a given 
prime ideal p of O. 


Example 6.17 Let K = Q(V/2), K’ = Q(V2, V3). By Theorem 4.11, there is only 
one prime ideal of Ox lying over 5, say p. We find the relative index of ramification 
and the residual degree of each prime ideal of Ox lying over p. Note that L := 
Q(V6) C K’ and there are exactly two prime ideals of O; lying over 5 by Theorem 
4.11. So there are at least two prime ideals of Ox lying over p. Since [K’ : K] = 2, 
it follows from Theorem 6.14 that there are exactly two prime ideals 99,, 495, (say) 
of Ox: lying over p and ex;«(9;) = fx'/x(@;) = 1 fori = 1, 2. 


Example 6.18 Let K = Q(¢) and K’ = Q(¢, 7), where ¢, 7 are respectively the 
primitive 7th and 12th roots of unity. We compute the relative index of ramification 
and relative residual degree of each prime ideal of Ox lying over 2 with respect 
to the extension K'/K. Note that K’ = Q(¢’), where ¢’ is a primitive 84th root of 
unity. Then by Theorem 4.15, 20x = 91 P5 where #9,, (9, are distinct prime ideals 
of Ox with fx:/q(@;) = 6 for i = 1,2. Now applying Theorem 4.13, we see that 
20x = fiP2, where p,, p, are distinct prime ideals of Ox and fx/g(pi) = 3 fori = 
1, 2. Therefore using Proposition 6.5, we see that the relative index of ramification 
and the relative residual degree of the prime ideals —,, 99. of Ox: lying over 2 are 
given by €x'/x(9;) = 2, fx:/x(@;) = 2 fori = 1,2. 
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We now prove a result which is sometimes useful for factorization of prime ideals. 
We first give a definition extending the notion of Eisenstein polynomial. Let K be 
an algebraic number field and p be a non-zero prime ideal of Ox. A polynomial 
f(X) = X" +a,_,X""! +--+ + ao with coefficients from Ox is called Eisenstein 
with respect to p if each a; € p and ap ¢ p’. As in the classical case it can be easily 
seen that such a polynomial is irreducible over K (cf. [Mar], Appendix 1]). 


Proposition 6.19 Let K’ = K(@) be an extension of an algebraic number field K 
where 6 is a root of a polynomial f (X) = X" + dy—1X"~! +--+ + a9 which is an 
Eisenstein polynomial with respect to a non-zero prime ideal p of Ox. Then pOx: = 
9” for a prime ideal 9 of Ox: i.e., p is totally ramified in K’. 


Proof Let g be a prime ideal of Ox, lying over p and let g° be its highest power 
dividing pO x. Then by Corollary 6.15, e < n. In view of Theorem 6.14, itis enough 


to prove that e =n. Suppose to the contrary that e <n. Since 6" = — >> a;6' 


belongs to pOx C , it follows that 6 € 9. Keeping in mind that e <n, we see 
n—1 

that ay = — >> a;0' — 8” belongs to g**! which is impossible because ap ¢ p?. 
i=l 


We conclude this chapter with an example of an extension K'/K of algebraic 
number fields for which Ox: is not a free Ox -module. 


Example 6.20 Let K = Q(./—6), K’ = Q(./—6, /—3). Let O, O’ denote respec- 
tively their rings of algebraic integers. We show that O’ is not a free O-module. 
Suppose to the contrary that O’ is a free O-module with basis {w, w2}. Then there 
exist 41, 42, 43, a4 in Z such that 


1+/-3 


; (6.14) 


aw, +aw2=1 and ajzw; + ayu2 = 


Let o denote the automorphism of K’/K defined by o(./—3) = —/—3. Applying 
o to (6.14), we have 


1— /-3 
ajo (Ww) +a20(w2)=1, and azo(w 1) + ayo(w2) = —> (6.15) 


Equations (6.14) and (6.15) can be rewritten in the matrix form as 
a; a2|[wio(w;)|_ | 1 1 
a3 a4||w2o(w2)] 1/3 Ls , 


Taking determinant on both sides, we obtain aw = —./—3, where a = a) a4 — a2a3 
and w = wo (w2) — o(w})w2. Note thatao(w) = —w.Soa(w*) = w”. Hence w? € 
K by the fundamental theorem of Galois theory. Since w? is an algebraic integer, 
w* € O. The equality a*w* = —3 together with Theorem 4.11 implies that 
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(aO)*(w?O) = 30 =p’, (6.16) 


where p is a prime ideal of O with N(p) = 3. Note that p is not a principal ideal of 
O as no element of O has norm 3. Therefore it is clear from (6.16) that a0 ¢ p and 
so aO = O, which shows that a is a unit of O. Since 


ajar|{wi]_ | 1 
a3 a4 W2 ~ ives : 


it now follows that {1, (1 + /—3)/2} is also an O-basis of O’. So we can write the 
element /2 = /—6/./—3 of O’ as 


14+ /-3 
af 2 =ayot+bo (4) 
for some do, bo in O. Applying o to the above equation, we obtain 


—J/2 = ay + bo (==) ‘ 


On subtracting, the above equations show that 2/2 = boV —3, L.e., bi = —8/3 which 
is impossible, because bo is an algebraic integer. This contradiction proves that O’ 
is not a free O-module. 


Exercises 


1. Let K = Q(V5) and p be the prime ideal of Ox lying over 5. Find the relative 
index of ramification and the residual degree of each prime ideal of Ox’ lying 
over p when K’ is one of the following fields: 


(i) Q5, V=5); 
(ii) Q(V2, V5). 


2. Find the relative norm of the ideals J; = 20x, = (/2 + /5)Ox, where 
K’/K is as in part (ii) of the above exercise. 

3. Let K = Q(¢), K’ = QC, n), where ¢, 7 are respectively primitive 5th and 12th 
roots of unity. Find the relative index of ramification and residual degree of all 
prime ideals of Ox, lying over the prime 3 with respect to K’/K. 

4. Let K = Q(./—23), K’ = Q(¢) where ¢ is a primitive 23rd root of unity. By 
Exercise 15 of Chap. 2, K C K’. Let p2 be a prime ideal of Ox containing 2. 
Find the relative residual degree of each prime ideal of Ox, lying over po. 

5. Let K’/K be an extension of algebraic number fields. Given an ideal J of Ox, 
prove that there exists an ideal of Ox: which lies over J. 
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6. 


Let K’/K be an extension of algebraic number fields. Prove that every non- 
zero fractional ideal of Ox’ contains a vector space basis of K’/K consisting of 
algebraic integers. 


. Let K'/K be an extension of algebraic number fields. Let 9 be a non- 


zero prime ideal of Ox and p be the prime ideal of Ox lying below pg. 
Let dg,d,y denote respectively the order of the classes gP(K’), pP(K) in 
G(K')/P(K’), G(K)/P(K). Prove that dy | dg f(@/p). 


. Let K'/K be an extension of algebraic number fields. Show that there is a homo- 


morphism from G(K’)/P(K’) into G(K)/P(K) defined by taking any class 
I’ P(K") into Nx (I') P(K). Justify that the map is well defined. Give an exam- 
ple to show that the map is not necessarily onto. (See Remark 8.24) 


. Let K’/K be an extension of algebraic number fields of degree n and p be a 


non-zero prime ideal of Ox. p is said to be totally ramified in K’ if pOx = 9” 


for some prime ideal go of Ox’. The prime ideal p is said to split completely in 
K’ if pOx is a product of n distinct prime ideals of Ox. Prove that if a non-zero 
prime ideal p of Ox is totally ramified (or splits completely) in K’, then it does 
so in each intermediate field L lying between K and K’. 


Chapter 7 ®) 
Relative Discriminant and Dedekind’s ectics 
Theorem on Ramified Primes 


7.1 Notions of Relative Different and Relative Discriminant 


Let K’/K be an extension of algebraic number fields. In this chapter, our main aim 
is to prove a theorem of Dedekind characterizing those prime ideals of Ox which 
are ramified in K’/K. For this, we will introduce the notion of relative discriminant 
of K'/K. This can not be done in a way similar to that of introducing the absolute 
discriminant for an algebraic number field K in Chap. 2, because there we use the 
fact that Ox is a free abelian group of finite rank. In contrast to this, Ox, may not be 
a free Ox-module for a relative extension K’/K in view of Example 6.20. Unlike 
the absolute discriminant, the relative discriminant of K’/K will not be an element 
of Ox, but it will be an ideal of Ox. However when K = Q, it will coincide with the 
ideal of Z generated by dx’. The relative discriminant will be defined using another 
important notion of relative different, which in turn, is defined using the concept of 
a dual of a module that is introduced in this section. 

The ring of algebraic integers Ox, Ox will sometimes be denoted by O, O’ 
respectively. For S’ C K’, Trx:/x(S’) will stand for the set {Trx:/x (A) | A € S‘}. As 
in the classical case, we define below the discriminant of a basis of K’/K. 


Definition Let K’/K be a separable extension of degree n and oj,..., 0, be the 
K-isomorphisms of K’ into an algebraic closure of K. For a K-vector space basis 
{w1,..., Wn} of K’, Dxjx(wi,..., Wn) will stand for the square of determinant 
of the n x n matrix whose (i, j)th entry is o;(w;) and is called the discriminant of 
{w,,..., Wy} relative to K'/K. 


The result of the following lemma in classical case is already proved in Sect. 2.1. 


Lemma 7.1 Let K'/K, {w1,..., Wn} be as in the above definition. Then the dis- 
criminant Dx: /K(W1, ..., Wn) equals determinant of the n x n matrix whose (i, j)th 
entry is TrK:/K (w;w;) and is non-zero. In particular, the map Trx:/K is not identi- 
cally zero on K'. 
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Proof Let oj, ..., 0, be the K -isomorphisms of K’ into an algebraic closure of K . If 
A denotes the n x n matrix having (i, j)th entry o;(w), then it can be easily verified 
that A‘A is the matrix with (i, j)th entry Trxjx(wjw;). So Dex (Wy, «--, Wn) 
equals the determinant of the n x n matrix whose (i, j)th entry is Trx/x (w;wj). 
Since K'/K is aseparable extension, it is simple in view of primitive element theorem 
(cf. Theorem A.28). Write K’ = K(@) and let C denote the transition matrix from 
{wy,..., Wa} to {1,6,..., 0774}. Arguing as for the proof of Lemma 2.3, it can be 
easily seen that 


Dxijx (1,6, -..,0""!) = det C)? Dex (wi, ..-, Wn). 
Since Dx/x(1,4,..., g”-l) being the square of determinant of the Vandermonde 


matrix (0;(/~!)); ;, equals the product []  (0;(@) — 0;(@))* which is non-zero, 
l<i<j<n 


it follows that Dx'/x(w1, ..., Wy) iS non -zero. 


Definition. Let K’/K be an extension of algebraic number fields. For a subset M’ 
of K', we define M™ by 


M™ = {av € K"| Trex (AM’) C Ox}. 


Observe that if M’ is an O’-module, then so is M’*. M” is called the dual module 
of M’. 


Proposition 7.2 Let K'/K be an extension of algebraic number fields. The following 
hold: 


() If SCT C K’, then S* D> T*. 
ql) O* D0". 
(III) If A’ is anon-zero fractional ideal of O', then so is A’and A‘! A™ = O". 


Proof The first assertion can be easily verified. The second follows from the fact 
that fora € O', Trx:/x (a) belongs to O in view of Corollary 1.21. For proving (IID, 
let A’ be a non-zero fractional ideal of K’. Since A’* is an O’-module, to prove it 
is a fractional ideal, it is enough to show that there exists a 4 0 in O’ such that 
aA™ Cc O'. Let wi,..., Wy be algebraic integers in A’ which form a basis of K’ as 
a K-vector space. Let d denote the determinant of the n x n matrix P with (i, j)th 
entry Trx'/x (w;w;). Note that d ¢ 0 in view of Lemma 7.1. We show that 


dA* co’. (7.1) 


Let B € A™ .Write 
B=ayw,t+-::-+a,u,, a € K. (7.2) 


Then for 1 < j <n, 
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n 
Trxjx (Bw) = > ajTrK:/K(wjw;) = b; (say) 
i=1 


is in © in view of the definition of A’* and the fact that w |; € A’. We can write the 
above equations in the matrix form as 


by ay 
bo a2 
eae 
by, an 
‘ ? det P; ; : 7 
On applying Cramer’s rule, we see that a; = et p» Where P; is the matrix obtained 


from P by replacing the entries of the ith column by ), ..., b, respectively. Keeping 
in mind that all entries of P; are in O, we conclude that da; € O and hence it follows 
from (7.2) that dB € O’. This proves (7.1). 

It remains to prove that A’A’ = O'*. We first show that 0 A'~' C A”. Let A € 
OA’! and a’ be an element of A’. Write A=>- aj bj, a; € O"~b € A’!. As ba’ 
belongs to O’, it follows that Tr«:/x Aa’) = )° Trx/x (ajbja’) is in O. This proves 
that 4 € A™. Thus OA’! C A”. It only remains to be shown that A’A™* CO”, 
To verify this, let a € A’,a* € A”, we have to show that aa* is in O’*. This holds 
because for any a in O', Trx:/x (aa*a) is in O in view of the fact that aq is in A’. 
So A'A™ =O”, 


The following corollary is an immediate consequence of assertion (IIT) of the above 
proposition and the fact that the set of non-zero fractional ideals of O’ form a group 
under multiplication. 


Corollary 7.3 Jf A’ is a non-zero fractional ideal of O', then (A”)* = A’. 


Definition. The integral ideal (O’ sai is called the relative different of the extension 
K'/K and will be denoted by Ax:/x. The integral ideal dx//x defined by dx'/x = 
Nx:/x (Axx) 1s called the relative discriminant of the extension K '|K. 


7.2 Relative Discriminant as an Extension of Discriminant 


In this section, it will be proved that for an algebraic number field K, the relative 
discriminant of K /Q is the ideal of Z generated by dx. The following result of field 
theory will be used in the sequel. 


Theorem 7.4 Let L/K be a finite separable extension of fields. If (w1,..., Wn} is 
a basis of the vector space L/K, then there exists a unique basis {w{,..., w;} of 
L/K such that Try) (w;j wi) = 46;;, where 6;; is 1 or 0 according as i=j or not. The 
basis {w},..., w*} of L/K is called dual to the basis {w,,..., Wn}. 
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Proof Let Hom(L, K) denote the set of K-linear functionals on L. Define a map- 
ping T: L > Hom(L, K) byat> T, , where T, : L — K is the linear functional 
given by 7,(8) = Trz;x(@B) for B € L. It can be easily seen that T is a linear 
transformation. Since L/K is separable, the trace map is not identically zero on L 
in view of Lemma 7.1. Consequently for a # 0 in L, Ty is non-zero. Therefore T is 
one-to-one. Since the vector spaces L and Hom(L, K’) have the same dimension over 
K, we conclude that T is onto. Let f;,..., f, be elements of Hom(L, K) defined by 
fi(w;) = 4;;. It can be easily checked that { f|,..., f,} 1s linearly independent over 
K and hence is a basis of Hom(L, K). Keeping in mind that T is an isomorphism, it 
follows that there exists a basis {wy,..., wy} of L/K such that T(w*) = fj Vi. So 
Ty: (wj)= fi(w,) for 1 <i, j <n,1e., Trysx(w;w;) = 6;; for alli, j as desired. 


Proposition 7.5 Let K'/K be an extension of algebraic number fields of degree 
n. Let M C K’ be a free O-module with basis {w,,..., W,}. Then M* is a free 
O-module with basis {w},..., w*} which is dual to the basis {w,, ..., Wn}. 


Proof Note that wi belongs to M* for each j, because for any element a = )° a;w; 
of M with a; in O, we have 


TrxjK (wa) = So aiTre jx (w7wi) = dj. 


i 
Since M is an O-module so is M*. Therefore 
Ow; +---+ Owe Cc M*. 


To prove the equality, let 6 be an element of M*. Since {w},..., w*} is a vector 
space basis of K’/K, there exist b;’s belonging to K such that 6 = )~ b;w*. Keeping 


Ll 
in mind that Trx/x (Bwj) = bi TrK:/K (wFw;) =b; is in O for each j, we see that 


B belongs to Ow; + ----+ Ow;. This completes the proof of the proposition. 


Corollary 7.6 Jf O' is a free O-module with O-basis {w,,..., Wn}, then O" = 
Ow; +---+ Ou%. 


The following lemma is used in the proof of the next theorem which relates dx /g 
with dx. 


Lemma 7.7 Let K be an algebraic number field with ring of algebraic integers O 
ee : 2 7 1 

and A containing O be a fractional ideal of K. Then N(A)= [OT 
Proof Let t be a positive integer such that tA C O; such an integer exists because 
if @ is a non-zero element of O with aA C O, then we may take tf = +Nx/Q(a) as 
NxQ(a)/a belongs to O in view of Lemma 3.3. Let {u1,..., Un}, {W1,..., Wa} be 
Z-bases of O and A respectively. As tA is an ideal of O, we have N(tA) =[O: tA] 
which gives 

t"N(A) =[O: tA]. (7.3) 
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Let d, d’ denote the absolute values of the determinants of the transition matrices from 
{ui,...,Un} to {twi,...,fw,} and from {wy ,..., w,} to {u1,..., u,} respectively. 
Then clearly d = t"/d'. On applying Lemma 2.14, we see that d = [O : tA]. and 
d' =[A: QO]. The lemma now follows immediately from (7.3). 


Theorem 7.8 The ideal dx ;q is generated by dx for an algebraic number field K. 


Proof Let {u,,...,u,} be an integral basis of K. Then in view of Proposition 7.5, 
its dual basis {uj,...,u;} is a Z-basis of O* = (Ax/g) |. So on applying Lemma 
7.7 to O*, we have 

N(Axk/g) = 1/N(O*) = [O* : O]. (7.4) 


By Lemma 2.14, [O* : O] equals the absolute value d (say) of the determinant of the 
transition matrix from {uj}, ..., u*}to{u,,..., U,}. Recall that in view of Proposition 
6.11 and the definition of relative discriminant, dx /q is the ideal of Z generated by 
N(Ax/q). So the theorem will follow from (7.4) once we prove that d = |dx|. To 
prove the last equality, write 


2k 
uj = ) Aint, Giz € Z. 
k 


Then Trx/g(ujuj) = aj. So by definition of discriminant, det(a;;);,; = dx and 
hence the desired equality d = |dx| is now proved. 


7.3 Properties of Relative Different and Relative 
Discriminant 


The following proposition and its corollary give an important property of relative 
different and relative discriminant. 


Proposition 7.9 Let K C K' C K" be a tower of algebraic number fields. Then 
Axi = Axx Axx. 


Proof We shall prove that 
(Anne) | = (Arye) (Arne). 


Let O, O', O” denote the ring of algebraic integers of K, K’ and K” respectively. By 
definition, an element a of K” belongs to (Ark)! if and only if Trx;K(@O”) C 
O. Using Theorem 1.23 together with Eq. (3.1), we see that for w in K” 
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Trxrjx(aO") CO <> Trex (Trex (aO")) CO 
Treyx(TrrjK:(aO")O') Cc O 
Trenjx(@O") © (Agyx) | 
Ax Trxrjx(aO") CO 
TrerjK (@AKKO") CO 
aAniyk © (Agree) | 

a € (Agix) (Age) | 


Prvirs 


This proves the desired equality. 


Corollary 7.10 If K C K' C K" is a tower of algebraic number fields, then 
dx/K = (dxijx REN ge (den/K)- 


Proof On taking norm of the equality proved in the above proposition and using 
Proposition 6.12, we have 


dry = (dee) "EN gn) (Axr/K’) 


= (dxijx) eS NK /K (NxvjK'(Axryr’)) 
= (xix) XN /K (dx/K'). 


The following corollary is an immediate consequence of Theorem 7.8 and Corol- 
lary 7.10. 


Corollary 7.11 If K C L are algebraic number fields, then dz is divisible by aia 


Notation. Let K C K’ be algebraic number fields. Let o,,...,0,, be all the K - 
zSomoEpbIsms of K’ into C with o; as identity. Let 6 be an aiement of K’. We 


shall denote Il (8 — o;(@)) by dx (6). Observe that 5x//x (0) A 0 if and only if the 
=2 
minimal pélynorial F(X) of : over K has degree n in which case 5x: i K(O) = F’'(6), 


= F(X) 
because on writing F(X) = Tex — 0;(9)), we see that F’(X) = 0" 


The following theorem which describes a set of generators of Aue x'/K Will be used 
in the proof of the main result of this chapter. 


Theorem 7.12 Let K'/K be an extension of algebraic number fields. The relative 
different Ax'K is the ideal of O' generated by 5x'/x (0), where @ runs over elements 
of O'. 


Before proving the above theorem, we shall prove a few preliminary results some 
of which are of independent interest as well. Lemmas 7.13, 7.14, 7.15 are needed for 
the proof of Proposition 7.16 which together with Lemmas 7.20 and 7.21 are used 
in the proof of Theorem 7.12. 
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Lemma 7.13 Suppose K(@)/K is an extension of algebraic number fields with 0 
an algebraic integer having minimal polynomial F(X) = X" + a,X"~! +++-+ ay 
over K. If F(X) = (X — @)(BoX""! +--+ + Bn—1), then 


n—1 


n—-l 
Ss" On = 5" OF; (7.5) 
i=0 i=0 


Proof Since O is an integrally closed domain, F(X) € O[X] in view of Lemma 
1.11. Hence all 8; € O[0]. Therefore the right hand side of (7.5) is contained in its 
left hand side. To prove equality, it is enough to show that the transition matrix from 
{1,6,...,0"-'} to {Bo,..., Bn—1} is a triangular matrix with each diagonal entry 
1. First observe that By = 1, a; = f — Ofo. In fact a; = 6; — Of;—; for all i > 1. 
Therefore 

Bo = 1 

Bi =a, + OBp =a, + 0 

Bo = ay + OB; = an + O(a, + 0) = ay +410 + 


Bn-1 = a4,-1 + An—20 ae ak 
Note that the transition matrix from {1,0,...,0”~'} to {Bo, Bi, .--, Bn—1} is 


Gn—1 An—2 An—3°** 1 


and hence the lemma is proved. 


Notation. Let K’/K be a finite separable extension of fields. For a poly- 


nomial g(X) = > bX! € K'[X], Trrjx(g(X)) will stand for the polynomial 
i=0 


Trex (bi) X'. 


i=0 
With the above notation we prove 


Lemma 7.14 Let K be an arbitrary field and K' = K(@) be a separable exten- 
sion of K of degree n. Let F(X) be the minimal polynomial of 6 over K. Then 


TrKs/K (G24) = X! for 0 <i<n-l. 
Proof Since K’'/K is a separable extension of degree n, F(X) has n distinct roots 
say, 0), 6, ...,9™. Leto, ..., O, be all the distinct K -isomorphisms of K’ into 
an algebraic closure of K defined by o;(0) = 0. Fix any i,0 <i <n-—1.Inview 
of Theorem 1.19, we have 
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F(X) @ \ F(x)o 
oe) Gee a 7 2 (X — OD) FAD) 


The polynomial on the right hand side of the above equation is of degree less 
than or equal to n — 1. So it suffices to show that n distinct elements namely 
6), 62 ...,4™ satisfy the polynomial 


F(X) 6! ‘ 
TrK/K ere —xX 


X —6 F'(0) 
having degree less that or equal to n — 1. For this it is enough to verify that the 


polynomial Trx//x £4 stn) attains the value (0)! at X = 0 for 1 <k <n, 


which can be seen immediately because 


| F(X) _ 0 ifk #j, 
(X-O0D)]y po | FO) ifk=j. 


Lemma 7.15 Let K be an arbitrary field and K' = K (0) be a separable extension 
of degree n. Let F(X) be the minimal polynomial of 0 over K. If F(X) = (X — 
0) (by) X"—! + by_X"~* 4+ +++ + bo), then the dual basis of {1, 0, 07, ...,0"~"} is 


bo by ba=i 
F'(0)? F(0)? °° F@ 


Proof By Lemma 7.14, we have 


F(X) 6! 
Tree (SO )=x,0sten-1. 


X —86 F'(0) 
Therefore 
n-1 
j— xi ; _ 
Yo Pry (5 pm yXiax ,O<i<n 1. 
j=0 
Hence 
f i 6 ‘ 1 ifi=j, 
rr oo = 077; = . 
a F'(@) : 0 otherwise. 
* 2 n—1 by bn- 
So dual basis of (1,0,6%,...,6""} is |, tin... Bath 


Using the above lemma, we first prove 


Proposition 7.16 Let K' = K (@) be an algebraic number field with 6 an ee ls 


integer having minimal polynomial F(X) over K. If M = O[@], then M* = Toe 
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Proof Let n denote the degree of K’/K. Then M is a free O-module with 
basis {1,0,...,0"71}. By Proposition 7.5, M* = Ow} +---+QOw7, where 
{wy,.-.., w7} is the basis dual to {1,6,..., 9"—!). Write 


n—1 


FOS DOs bx: 


i=0 


By Lemma 7.15, | is dual basis to {1,0,...,0”~'}. So M* = 


nl nl 
> Ob; = ¥* O6'. Therefore 
i=0 i=0 


bo bt bn-1 
F'(0)? F'(@)? *°*? F(A) 


n—1 
aa dX Ob;. In view of Lemma 7.13, 


n—1 


1 , M 
M* = —— Ob = : 
F'@) dX F'@) 


Example 7.17 We compute Ax/g when K = Q(/—3) and calculate its norm. Note 


1 
that Ox = Z[9], where 9 = aS, By Proposition 7.16, Ox* = FOC* where 
F(X) = X? — X +1 is the minimal polynomial of 6 over Q. A simple calculation 
shows that Ox* = Far. Therefore Axg = /—30x and Nx/g(Ax/q) = 3Z. 


Example 7.18 We compute Ax jg when K = Q(@) where @ satisfies the polyno- 
mial F(X) = X? — X + 1. In view of Example 2.19, Ox = Z[@] and dx = —23. 
By Proposition 7.16, we have Ox* = FmOK = = (Z[6)). So Axjg = (367 — 
1)(Z[@]). 


The following simple lemma will be used in the proof of Lemma 7.21. 


Lemma 7.19 Let K'/K be an extension of algebraic number fields of degree n. If 
{w1,..., Wn} is a vector space basis of K'/K consisting of algebraic integers and 
n 


: 5 ‘ 1 
d is the determinant of the n x n matrix (Tre jx (wiwy)); ; , thenO! SC | 2 Ou}. 
= 


n 
Proof Let a be any element of 0’. We can write a = }° aj;w;, a; € K which gives 
i=l 


n 
aw; = YS aiwiw;, a, € K. 
i=l 
Taking trace on both sides of the above equation, we have 


n 


TrxjK(aw;) = S > ai Tre jx (wiw)) = bj (say). 


i=l 
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Since a, w; belong to O’~, we have bj = Trxx(aw;) € O. Therefore we can write 
the above equations in the matrix form as 


by a) 


by, an 


where P is the matrix with (i, j)th entry Trx//x (w;w;). Recall that det P is non-zero 
in view of Lemma 7.1. By Cramer’s rule, a; = ee where P; is the matrix obtained 
from P by replacing the entries of the ith column by by, bo, ..., b, respectively. Since 


all entries of P; are in O, it follows that det P; € O, which proves that a = )° ajw; 


L 


belongs to 5 )> Ou; as desired. 


The next lemma is a crucial step towards the proof of Theorem 7.12. 


Lemma 7.20 Let K'/K be an extension of algebraic number fields of degree n. 
Given a non-zero prime ideal ¢ of O', there exists an element 0 € O' such that the 
following properties are satisfied: 


(i) the element g~ + 0 generates the multiplicative group of non-zero elements of 
O'/9. 
(ii) 0N'®) —@ £0 (mod p?). 
(iii) If p = 9 NO and pO' = ~°A' with g not dividing the ideal A' of O', then 
0 = 0 (mod A’). 
(iv) K’= K(@). 
(v) ep + O0[8] =O0' Vs>0. 


Proof If @ satisfies (i), then on replacing it if necessary by 6 +, 7 € ~\p", we 
can assume that @ satisfies (i) and (ii), because 


64+2)%® _ 642) = OP —0)4 CP omens (MP ota? 4 Oo 
1 2 


and every term on the right hand side of the above equation except the last term would 
be divisible by 9” in case @ does not satisfy (ii). By Chinese remainder theorem, 
there exists € € ©’ such that € = 6 (mod g”) and € = 0 (mod A’). Since 6 satisfies 
(i), (ii), clearly € satisfies (i), (ii) and (iii). 

There exists an algebraic integer 7 € K’ such that K’ = K(&,n). Let / and m 
denote respectively the degrees [K (£) : K] and [K’ : K(&)]. Let€® =€,...,€ 
denote K-conjugates of € and n“) = y,..., denote K (€)-conjugates of 7. Let 
PD € g@ be the rational prime. By Lemma 6.2, A’ N Zis non-zero and hence infinite. So 
we can choose a € A’ Z such that all elements &;; defined by &; = € + ap?n? 
are distinct. Thus the element €,; = € + ap*n has Im different K -conjugates namely 
&;,1 <i <1, 1 < j <m. Therefore K’ = K (&,). Since & satisfies (i), (ii), (iii), so 
&1, satisfies (i), (ii), (iii) and (iv). From now on, we denote &;; by 0 and we show that 
6 satisfies (v). 


7.3 Properties of Relative Different and Relative Discriminant 129 


Assertion (v) will be proved by induction on s. We first prove it for s = 1. Let 
a be any element of O’ with a ¢ g. Since (O'/g)* is generated by 9 + 0, there 
exists an integer r > O such that g + 6” = 9 + a, which implies a = 6” + B where 
B € g. So we have shown that 


O' = O[6]+ pg. 
Therefore (v) is proved for s = 1. Suppose by induction O’ = O[@] + g*. We prove 
the result for s + 1. Denote 6% ‘®) — 6 by H(@). Recall that H (6) is not divisible by 
9”. So 
p* = ged(H(0)°, p**') = H@)'O' + pi". 
Using the above equation together with the induction hypothesis, we have 


O' = Of6]+ p* = Ofe]+ HO)'O' + pt. 


Replacing O’ by O[@] + g in the right hand side of the above equation, we see that 
O' = O[6] + @**! which proves assertion (v) of the lemma. 


Lemma 7.21 Let K’/K be an extension of algebraic number fields of degree n and 
g@ be anon-zero prime ideal of O' with p the prime ideal of O lying below g. Let 0 
be an algebraic integer such that the properties (i) - (v) of Lemma 7.20 are satisfied. 
Tf (Dyk, 6,.-., g"-!)) = p'B with p not dividing the ideal B of O and 1 > 0, 
then there exists B € O\p such that B@'O' < Of[6}. 


Proof We denote Dx:/x(1,6,..., g"-!) by Dx’/x(@). Claim is that any element 
B € B \ p works, ie., BO'O’ C O[A]. 

Let w be an element of O’. Since 6 satisfies property (v) for s = le with e 
as in Lemma 7.20, there exists h(@) € O[O] such that w —h(@) =0 (mod gp’). 
Denote w —h(@) by w*. Note that w*6! is divisible by g!A" where A’ is as 
in Lemma 7.20. But pA” = p'O’. Therefore Bw*6! is divisible by p! BO! = 


+g! 
Dx/x(0)O"'. So ee is an algebraic integer. In view of Lemma 7.19 applied to 
Dxjx) 
. 4 Bw*6! 1 
the basis {1, 8,...,0”~°}, we see that ————— belongs to ————— O[6]. Hence 
Dx'jx() Dx/K(@) 


Bw*o! = g(@) (say) belongs to O[@]. So it follows that B[w — h(o)]o! = g(@). Con- 
sequently Bw! € O[6]. This proves the claim and hence the lemma. 


Proof of Theorem 7.12. Let @ € O'. If K(@) & K’, then 5x’/x (0) = 0 and we have 
5x'/K(@) € Axx. Assume that K' = K(@), then 5x:/x(@) = F’(@) where F(X) 
is minimal polynomial of 6 over K. Keeping in mind that F’(6)O[6]* = O[6] by 
virtue of Proposition 7.16, we see that 


F'O)(Anjx) | = F'(0)O" C F'@)O[OT* = Of8] CO; 
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consequently F’(@) C Ax:;x. Thus if 7’ denotes the ideal generated by the set 
{ dx;x (8) |@ € O’ }, then we have shown that 


VS Age. (7.6) 


Claim is that for any non-zero prime ideal g of O’, there exists 6 € O’ such that 
@ { 5x7/K (8) pe /K consequently 9 will not divide the bigger integral ideal 7 ' er /K: 
Since this holds for all prime ideals g9, we shall conclude that [ ee, jx 1s the unit 
ideal, i.e., equality holds in (7.6) as desired. 

To prove the claim, let g be a non-zero prime ideal of O’ and p be the prime ideal 
of O lying below gs. Then there exists @ € O’ such that the properties (i) - (v) of 
Lemma 7.20 are satisfied. As in the above lemma we denote Dx/x(1,4,..., g"-l) 
by Dx'/x (0). Write 

Dxjx(0)O =p'B, p{ B, 1>0. 


By Lemma 7.21, there exists 8B € O\p such that 66'O’ C O[8]. Denote B6'O’ by B’. 
Now B’ C O[6], which implies that B’ > O[6]*. Recall that O[6]* = Fm Ol] in 


view of Proposition 7.16. So B’* D Fo Ol. But by Proposition 7.2, B’* is an O’- 
module. Hence B”™ D ae Therefore for all b’ € B’, we have TrKjx poy) cO 
which implies that ron CO”, i.e, BY CS POA ies Recall that 8 does not belong 
to p and hence 9 is coprime with BO’. Also 9 { 0. So go { B’ and consequently 
gp { F'(0)(AK:/K) in view of the fact that B’ C F'@)AKi x: This proves the claim 


and hence the theorem. 


7.4 Dedekind’s Theorem on Ramified Primes 


Using the results of the previous section, we shall prove a well known theorem by 
Dedekind in this section. 


Theorem 7.22 Let K’/K be an extension of algebraic number fields. Let @ be a 
non-zero prime ideal of O' and p be the prime ideal of O lying below p. If pO’! = 
g°A’, ~@t{ A’ and ife £0 (mod @g), then g° does not divide Axx. 


Proof Choose anelementa € p \ p?. There exists an ideal A such that Ap = (a) and 
p{A. Choose g € A \ p, then (g) = AB, for some ideal B, of O not divisible by p. 
For the given prime ideal go of O’, there exists an algebraic integer 0 such that the 
properties (i) - (v) of Lemma 7.20 are satisfied. Let F(X) be the minimal polynomial 
of 6 over K. Then F(X) € O[X] in view of Lemma 1.11. Write 


Dxx(1,9,07,...,0" JO = p'B, pt B, 1>0. 
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(ON ‘P) _ 0)° 
Consider w = ———————-g. Note that w € O’, because keeping in mind that 6 = 


a 
0 (mod A’) and 6%) — § = 0 (mod @), we see that 
wO! = (9N\P) — 9)°a-! 20! = (9N'®) — 6)° gp * ABO CO’. 


By Lemma 7.21, there exists 8 € © \ p such that B6'w € O[6], say BO'w = h(6). 
So we have 
Bgo! (aN ‘®) — 6)* — ah(0) = 0. 


But F(X) is minimal polynomial of 6 over K. So there exists G(X) € O[X] such 
that 
Bg X'(X™‘P) — X)* — ah(X) = F(X)G(X). 


Differentiating both sides of the last equation with respect to X and then substituting 
X = 6, we obtain 


Bglo'—! (NP) — 6)° + Bg6'e(a™ ®) — 0)°!(N(p)0N ‘P)-! — 1) — ah'(6) = F'(0)G(0). 
Hence 
F'(0)G(6) = Bg6'e(o™'P) — 6)°"'(N(p)0"P)! — 1) (mod p°). 
Since none of g, B, 0, e is divisible by 9 and < N(g)0%‘®)—! — 1 > is also coprime 
to go, we see that F’(8)G(6) 4 0 (mod 9°) which implies that F’(6) 4 0 (mod 9°). 


Since F’(@) € Ax//x in view of Eq. (7.6), so we conclude that Ax;x 4 0 (mod g°). 
This completes the proof of the theorem. 


It may be pointed out that the converse of Theorem 7.22 also holds, ie., if 
K, K',p, g and O are as in the theorem and if e = 0 (mod @), then g9° divides 
Ax:/x (for proof see [Nar, Corollary 2 to Proposition 6.2]). Note that Theorem 7.22 
immediately yields the following corollary. 


Corollary 7.23 Let K'/K be an extension of algebraic number fields and g be a 
non-zero prime ideal of O'. If — is unramified in K'/K, then g does not divide 
AK'/K: 


The corollary stated below will be quickly deduced from Corollary 7.23. 


Corollary 7.24 Let K'/K be as above and p be a non-zero prime ideal of O. If p is 
unramified in K’, then p does not divide dx:/x. 


Proof Since p is unramified in K'/K. So pO’ = 9, ... ,, where 9; are distinct 
prime ideals. In view of Proposition 6.13, 91, ..., 9, are only prime ideals of O' 
whose relative norm is divisible by p. By the above corollary, 9, does not divide 
Ax:/x for any i. So p does not divide Nx:/x (Axx) = dx'/K- 
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The converse of each of Corollaries 7.23, 7.24 is true which can be easily deduced 
from Theorem 7.25 to be proved soon. 


Theorem 7.25 Let K’/K be an extension of algebraic number fields. Let g@ be a 
non-zero prime ideal of O' and p be the prime ideal of O lying below g. If e is the 
index of ramification of g/'p, then p°—' divides Agi/x. 


It may be pointed out that Theorems 7.22, 7.25 were first proved by Dedekind in 
1882. The following results which are immediate consequences of these two theorems 
are known as “Different Theorem” and “Discriminant Theorem”’. 


Theorem 7.26 (Dedekind.) Let K'/K be an extension of algebraic number fields. 
The following hold : 


(i) Different theorem. A non-zero prime ideal g of O' is ramified in K'/K if and 
only if g divides Axx. 

(ii) Discriminant theorem. A non-zero prime ideal p of O is ramified in K'/K if 
and only if p divides dx'/x. 


Proof (Proof of Theorem 7.25.) Write pO’ = g°A’ where g does not divide the 
ideal A’ of O’. It is obvious that 


pS Ane — pc Aes =o" 
<=> p'O'A'pc 0" 
<> T rr x(p'O'A'g) CO 
<> Trxx(A’p) Cp. 


So it is enough to prove that if a € A’g, then Trx:/x (a) € p. Let o),..., 0, be 
all the K-isomorphism of K’ into a finite Galois extension K" of K containing K’ 
and O” denote the ring of algebraic integers of K”. Let a be an element of A’s 
which implies that a® € g?A’ = pO'A’| C pO’. Soo;(a)* € pO” for 1 <i <n. 
Therefore we conclude that 


[Trxjx(@)]"" = [oi (@) +--+ + on (@)]"° 


belongs to pO” 9 K = p, because [o1 (a) +--+ + on(@)]" = Yoo (@)!' ++ on (a) 
where the summation runs over tuples (j1,..., jn) of non-negative integers with 
Jit-+++ jn = ne and hence at least one index j; is greater than or equal to e. Since 
p is a prime ideal of O, it follows that Trx:/x (a) € p as desired. 


Example 7.27 Let Ko = Q(¢ + ¢7'), where ¢ is a primitive (p”)th root of unity, 
p an odd prime. We compute the discriminant of the extension Ko/Q. By Theorems 
4.13 and 4.15, p is the only prime which is ramified in K = Q(¢), moreover it is 
totally ramified in K. Let p, $8 denote respectively the prime ideals of Ox,, Ox 
lying over p. Then ex,/g(p) = (p’)/2 and ex;x,(B) = 2. Keeping in mind p 
is an odd prime, it follows from Theorems 7.22, 7.25 that Ax;x, = $$ and hence 
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dx/K, = ; consequently Nx,/q(dx/xK,) = pZ. Recall that by Theorem 2.26, |dx| = 
p’e?”)-P"™ Therefore in view of Theorem 7.8, dx/g is the ideal of Z generated 
by p’? PP Applying Corollary 7.10, we now conclude that dx,/q is the ideal 
of Z generated by p“, where d = (r¢@(p") — p’—! — 1)/2. Since all isomorphisms 
of Ko are real, it follows from Stickelberger’s theorem that dx, = p*. where d = 


(ro(p") — p’! — 1)/2. 


Example 7.28 Let p,q be distinct primes both congruent to 1 modulo 4 and K = 
Q(./pq). We show that K’ = Q(,/p, ,/q) is an unramified extension of K. Since K’ 
is the composite of two quadratic fields with coprime discriminants, it follows from 
Corollary 2.30 that dx, = p?q?. Keeping in mind Theorem 7.8 and Corollary 7.10, 
we see that dx'/x is the unit ideal. Hence by Theorem 7.26 (Discriminant Theorem), 
K’ is an unramified extension of K. 


It is shown below that the above example can be extended to all quadratic fields. 


Example 7.29 Let D be the discriminant of a quadratic field K = Q(/D). Let 
u be a discriminantal divisor of D (as defined in Exercise 20 of Chap. 2) such 
that u ~ 1, D. We show that K’ = Q(./u, JD) is an unramified extension of K. 
Since K’ is the composite of two quadratic fields Q(./u), Q(./D/u) with coprime 
discriminants, it follows from Corollary 2.30 that dx; = u?(D/u)* = D?. Applying 
Theorem 7.8 and Corollary 7.10, we see that dx:/x is the unit ideal and hence by 
Theorem 7.26, K'/K is an unramified extension. It may be pointed out that the 
converse of the above result is also true, i.e., every quadratic unramified extension 
of a quadratic field Q(D) with discriminant D is of the type QU. /u, /D), where 
u is a discriminantal divisor of D. For proof see [Go-Lu]. 


Exercises 


1. Calculate the different of the extension K /Q, where 


@ K = Q(v13); 
(ii) K = QW); 
aii) K = Q(e®). 
Check that N(Ax/qQ) = |dx| in each case. 

2. Let K'/K be an extension of algebraic number fields. Prove that dx: is divisible 
by dx °K] Give a necessary and sufficient condition when these two integers 
are equal in absolute value. 

3. Let K be an algebraic number field with squarefree discriminant. Then prove 
that there is no intermediate field between Q and K. 

4. Let K’/K be an extension of algebraic number fields of degree n. 
Let {fi,..., Bn} be a vector space basis of K’/K consisting of alge- 
braic integers. Let {B/,..., 87} be dual basis of {6),..., 8,}. Prove that 
Dijk (Bi, + +s Bn) Dix (By, .-., Br) = 1. 
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5. 


6. 


7 Relative Discriminant and Dedekind’s Theorem on Ramified Primes 


Let K be an algebraic number field. Prove that the cardinality of (Ox)*/Ox is 
equal to the absolute value of the discriminant of K. 

If {1,0,...,0"~'} is an Ox-basis of Ox and F(X) is the minimal polynomial 
of 6 over K, then what is the relative different and the relative discriminant of 
the extension K'/K ? Give a brief justification of your answer. 


. Let K = Q(¢) where ¢ be a primitive pth root of unity, p an odd prime. Prove 


that Axg = ((1 — ¢))?-?. 


. Let K = Q(¢) where ¢ be a primitive (p”)th root of unity, p any prime (odd or 


even), p’ > 3. Compute Ax g. 


. Prove that K = Q(V2, /—3) is an unramified extension of Q(./—6). 
. Suppose that an algebraic number field K contains a primitive mth root of unity. 


Prove that m divides 2dr. 


. Let K’/K be an extension of algebraic number fields and let o be a K- 


isomorphism from K’ into C. Prove that dx:jx = do(k/K- 


. Let K,/K, K2/K beextensions of algebraic number fields and L be the composi- 


tum of K), K>. Prove that the sets of prime ideals dividing dz /x and dx, /xdx,/K 
coincide. 


. Let K,/K, K2/K be extensions of algebraic number fields and L be the com- 


positum of K,, K2. Prove that a prime ideal p of Ox is unramified in L/K if 
and only if it is unramified in K,/K and in K2/K. 


. Let K’/K be an extension of algebraic number fields. If a prime ideal p of 


Ox is unramified in K’, then prove that p is unramified in the smallest normal 
extension of K containing K’. 


Chapter 8 M®) 
Class Group and Class Number cro 


The fundamental notion of class group of an algebraic number field K has been 
defined in Sect. 6.3. The order of this group is called the class number of K. One of 
its basic property is that the class number of K is 1 if and only if Ox is a unique 
factorisation domain. In some sense, the class number of K is a measure of how far 
Ox is from being a unique factorisation domain. The larger the class group of K, 
the more Ox fails to be a unique factorisation domain. 

In this chapter, we shall prove that the class number of an algebraic number field is 
finite.| We shall also prove Minkowski’s convex body theorem and use it to describe 
a method to compute the class number of algebraic number fields having small 
discriminants. This will also be applied to prove Hermite’s theorem which asserts 
that only finitely many algebraic number fields can have the same discriminant. In 
the last section, we prove the first case of Fermat’s Last Theorem for regular primes. 


8.1 Finiteness of Class Number 


Definition. Let K be an algebraic number field. Let G(K) denote the group of all 
non-zero fractional ideals of K and P(K) the subgroup of all non-zero principal 
fractional ideals of K. The group G(K)/P(K) is called the class group or the ideal 
class group of K and its order is called the class number of K. It will be shown that 
G(K)/P(K) is a finite group. A member of G(K)/P(K) is called an ideal class 
of K. 

In this section, we prove. 


' The finiteness of class number for all algebraic number fields was first proved by Dedekind in 
1871 in his account of ideal theory. 
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Theorem 8.1 The group of ideal classes of an algebraic number field is finite. 


We shall first prove the following theorem from which the above theorem will be 
deduced. 


Theorem 8.2 Let K be an algebraic number field different from Q. Then in every 
ideal class of K, there exists an integral ideal B of Ox such that N(B) < J/|dx\. 


Proof Let C be any ideal class of K and C be a fixed ideal belonging to C. Since C7! 
is a fractional ideal, there exists a non-zero element § of Ox such that BC “Ne Og 
Then A = BC"! is an integral ideal of Ox such that AC is a principal ideal. Fix 
a Z-basis {a),...,@,} of A. Let o),...,0,, be all the real isomorphisms of K and 
Or, +15 +++ 7,42, be the non-real isomorphisms of K which are arranged such that 
Ontj = Ontrtj forl <j <r. 

Define linear forms L;, L2,..., Ln by 


Li (1, X2, - ++, Xn) = Of (Oy) xy + Oj (Ag) X2 + +++ + Oj (Ay) Xp. 


The absolute value of the determinant of these linear forms is 


| det(o;(o;));, jl = VIDxo(@, .-.,n)| 


which in view of Theorem 2.15 equals [Ox : A]./|dx|. Define constants c; by 


1 


— (10x : Alvidel)’ for 1<i<n. (8.1) 
Applying modified Minkowski’s lemma on complex linear forms (proved in Sect. 5.2) 
to these linear forms L,, L2,..., L, with constants c), C2,..., Cy, we see that there 
exist rational integers v1, U2, ..., U, not all zero such that 
|L;(uj,U2,...,Un)|<c; for l1<i<n-1 (8.2) 
and 
|Ln(u4, U2,...,Un)| <Cn- (8.3) 


Consider the element a = u;a,; +---+u,a@, belonging to A, thena 4 0. It follows 
from (8.2), (8.3) that |o;(@)| < c; for 1 <i <n — 1and |o,(a@)| < cy; consequently 
keeping in mind that K 4 Q and using (8.1), we have 


INxo(@)| < | [ei = (0x : AlV del = N(A)y/Idx. (8.4) 


i=1 


Since a € A, there exists an integral ideal B such that ~Ox = AB. On recalling 
that AC is a principal ideal, we conclude that B and C lie in the same ideal class C. 
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In view of Proposition 3.34, |Nxjg(a)| = N(aOx) = N(A)N(B). It now follows 
from (8.4) that N(B) < /|dx|. 


Proof of Theorem 8.1. Observe that for any (integral) ideal A, N(A) € A because 
the order of the element A + 1 belonging to the finite group Ox /A divides the order 
of Ox /A. By Theorem 8.2, in every ideal class of K, there exists an ideal B such that 
N(B) < ./|dx|. Thus N(B) has only finitely many choices and B being a divisor of 
N(B)Ox in view of the above observation, has only finitely many choices by virtue 
of Theorem 3.12. So the number of ideals of Ox having norm not exceeding ./|dx| 
is finite and hence the class number of K is finite. 

The following corollary is an immediate consequence of Theorem 8.2. 


Corollary 8.3 For an algebraic number field K 4 Q, |dx| > 1. 


Corollary 8.4 [f K 4 Q is an algebraic number field, then some rational prime is 
ramified in K, i.e., there is no unramified extension of degree > 1 of Q. 


Proof By Corollary 8.3, |dx| > 1. So there exists a prime p such that p | dx. By 
the Discriminant Theorem proved in Chapter 7, p is ramified in K. 


It may be pointed out that there exist algebraic number fields that have proper 
unramified extensions; see Example 7.29. 
The corollary stated below is proved using the finiteness of the class number. 


Corollary 8.5 Let K be an algebraic number field with class number h. Let I be a 
non-zero ideal of Ox and q be a number coprime with h. If I? is a principal ideal 
of Ox, then I is a principal ideal. 


Proof Let u, v be integers such that ug + vh = 1. In view of Lagrange’s theorem 
for finite groups, I" P(K) = (1 P(K))" = P(K). So I" isa principal ideal. Since 
14 is a principal ideal, it follows that J = (1)“4*"" = (17)"(I")” is also principal 
ideal. 


Theorem 8.2 can be used to compute the class number of algebraic number fields 
having small degree and small discriminant as is done in following examples. 


Example 8.6 We find the class number of K = Q(./—7). Here dx = —7. By 
Theorem 8.2, in every ideal class of K, there exists an integral ideal B such 
that N(B) < /7 <3. So N(B) =1 or 2. If N(B) = 1, then B = Ox and the 
ideal class of B is P(K). Now we consider the possibility when N(B) = 2. By 
Theorem 4.11, 20x factors as product of two distinct prime ideals, say 20x = pop), 
with N(p2) = N(p5) = 2. We first check whether p>, p, are principal or not. As 
pop) = (2) is a principal ideal, it follows that p2 will be a principal ideal if and only 
if p, is principal. Note that p> is principal if and only if there exist a, b in Z such that 
2 = N(p2) = Nxjo (a+ (1+ V—7)), ie., 8 = (2a + b)* + 7b’, which is possi- 
ble when a = 0, b = +1. We may take pz = HVT Og and p, = EV 7TOK. So p2 
and p, are principal ideals. Thus in every ideal class of K, there lies a principal ideal. 
Hence |G(K)/P(K)| = 1. 
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Example 8.7 We compute the class number of K = Q(./—11). By Theorem 8.2, 
in every ideal class of K, there exists an integral ideal B such that N(B) < V/11 < 
4. So N(B) = 1 or 2 or 3. In view of Theorem 4.11, 20x is a prime ideal with 
N(20x) = 4. So there is no integral ideal of norm 2. Now we consider the possibility 


-l1 
when N(B) = 3. Since (=) = 1, the ideal 30x factors as p3p4 with N(p3) = 


N(p3) = 3. We now try to see whether p3 is a principal ideal or not. Note that 3 is 
principal if and only if there exist a, b € Z such that Nx jg (a +p(4s44 =H) = 3; 
ie., 12 = (2a +b)? + 11b*. Clearly a = 0 and b = +1 work. We may take p3 = 


ev YOK and p, = pe ae Y—"Or. Thus in every ideal class of Q(./ —11), there exists 
a principal ideal. Hence the class number of K is 1. 


Next our aim is to give an improvement of Theorem 8.2. It will be shown that 
given an algebraic number field K of degree n =r; + 2r2, the constant Cx = 
( 4)” a J dx1 satisfies the property that in every ideal class of K, there exists an 
integral ideal B with N(B) < Cx. This bound will be used for computing the class 
number slightly more quickly. It will be obtained using Minkowski’s convex body 


theorem which will be proved in the next section. 


8.2. Minkowski’s Convex Body Theorem 


Definition. A set S contained in R” is said to be convex if whenever x, y € S, then 
Ax + (1 —A)y € S for all A € R such thatO <2 <1. 


Definition. A set S contained in R” is said to be centrally symmetric if whenever 
x € S,then—x € S. 


Example 8.8 Let A = (@jj)nxn be a non-singular matrix with entries from R and 


C1, C2,---, Cy be fixed positive constants. We show that the set 
P= {x ER”: |ayyxy +.412x2 +--+ + Qn Xn| <C1,---, |an1%1 +--+ 4nnXn| < cn} 
is a convex set. To verify this, define linear forms LZ), L2,...,2, in X = 


(X1, X2,..., Xn) by L;(X) = YO aj X;, 1 <i <n. Suppose x,y ¢ P andA ER 
j=l 


is such that 0 < A < 1. We have |L;(x)| < c; and |LZ;(y)| < ¢; for 1 <i <n. Now 
ILi(Ax + (1 — A)y)| = JALiCx) + (LE — A)Li(y)| S AILi@)| + = AYLiQ)| < ci 
for alli. Thus Ax + (1 —A)y € P. 


Definition. By an n-dimensional lattice in R”, we mean a subgroup of R” which 
is generated as a group by n linearly independent vectors over R. Such a set of 
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generators is called a basis of the lattice. If {A,, Az,..., A,} and {B,, Bo,..., By} 
are two bases of a lattice £, then there exists an n x n unimodular matrix U such 
that 


Aj B, 
Ad Bo 
a Pea: | 
An B, 
So the absolute value of the determinant of the matrix with row vectors 
Ay, Ao,..., Ay is well defined. It is called the determinant of £. In what follows 
all lattices under consideration are n-dimensional. 
For example, £9 = {(a,..-,@,) : q@ € Z} is a lattice in R” called the fundamen- 


tal lattice or integral lattice and has got basis {(1,0,...,0), (0, 1,0,...,0),..., 
(0,0,..., 1)}. Clearly det(2p) = 1. 


Notation. In what follows vol(S) stands for the volume of subset of IR” whenever S 
has a volume. 


Definition. Let £ be a lattice in R” with basis {u), u2,..., u,}. The set T of points 
of the form {aju; + +--+ a,un |O <a; < 1 for 1 <i <n} is called a fundamental 
parallelepiped of the lattice L£. 

Observe that fundamental parallelepiped T of a lattice £ is not uniquely deter- 
mined by £. However the volume of a fundamental parallelepiped of £ depends only 
upon £ as it equals the determinant of the lattice £. 


Theorem 8.9 (Minkowski’s Convex Body Theorem). Let £ be an n-dimensional 
lattice in IR” with the volume of a fundamental parallelepiped of & denoted by A. Let 
S be a bounded, centrally symmetric, convex subset of IR" such that vol(S) > 2” A. 
Then S contains at least one non-zero vector of £. 


For proving the above theorem, we first prove some lemmas. 


Lemma 8.10 Every bounded subset of R" contains only finitely many points of a 
lattice &. 


Proof Let {u,,u2,...,Un} be a basis of £. Consider the linear transformation 
w:R"’ —R" defined by wW((%1,%2,...,%1)) = Xu t-++ + XnUn. Since 
{u,, U2, ..., Un} is linearly independent over R, y is an invertible linear transforma- 
tion. So its inverse is continuous. Let S be a bounded set in R”. So S is contained 
in a compact set So of R”. Then w~!(So) is compact and hence bounded. Therefore 
w—!(S) is also bounded. Hence y~!(S) contains only finitely many points of Z”; 
thus S contains only finitely many points of y(Z") = £. 


Lemma 8.11 Jf T is a fundamental parallelepiped of an n-dimensional lattice &, 
then the sets T, = T +z, where z runs through all the points of £, are pairwise 
disjoint and fill the entire space R". 
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Proof Let {u,,u2,..., Un} be a basis of £ used to construct the parallelepiped T. 
Let x = cju,; +---+c,u, be any vector in R” with c; € R. Write c; = k; + aj, 
n n 


ki €Z,0 <a; < 1. Set z= )okju;, u = Yo aju;, then we have x = z+u with 


i=l i=l 
z€ Land u € T. It can be easily seen that if z 4 z’ are in £, then T,N Ty = G. 


Lemma 8.12 Let T, £ be as in the above lemma. Then for any given bounded set 
S CR", there are only finitely many translates T,, z € &, whose intersection with S 
is non-empty. 


Proof Let {uj, u2,...,Un} be a basis of £ used to construct T. Set d = ||u)|| + 
-++-+ ||u,||. For any given vector u = aju; +---+a,u, in T, we have 


|u|] < ay ||ui|| +--+ + on|[unl] < d. (8.5) 


Since S is bounded, there exists r > 0 such that ||x|| <r for all x € S. Letze£ 
be such that 7, S 4M, say x € T, 1S. We can write x = z+ u withu € T. This 
implies that ||z|| < ||x|| + ||u|| <7 +d by (8.5), which shows that z belongs to a 
sphere with centre at origin and radius r + d. So by Lemma 8.10, there are only 
finitely many choices for z € £. 


Proof of Theorem 8.9. The proof is divided into two steps. 


Step 1. In this step, we prove that when a bounded subset Y of IR” has the property 
that all of its translates Y + z by vectors of £ are pairwise disjoint and if the volume 
of Y exists, then vol(Y) < A. Let T be a fundamental parallelepiped of £. In view 
of Lemma 8.11, we see that 


vol(Y) = }° vol(¥ N T_,); (8.6) 
zeL 


the sum on right hand side of above equation contains only a finite number of non-zero 
terms by virtue of Lemma 8.12. We can rewrite (8.6) as 


vol(Y) = >» vol((Y +z) NT). (8.7) 
zEel 


By assumption of Step 1, the translates Y + z, z € £ are pairwise disjoint. Therefore 
the sum on the right hand side of (8.7) does not exceed vol(7) = A and hence the 
assertion of Step | is proved. 


Step 2. We now prove the theorem using the assertion of Step 1. Since the volume of 
S exists, so the volume of 58 exists and vol(3S )= wats > A. Therefore in view of 
Step 1, there exist at least two translations 5S +2, 58 + 2’ with z 4 z’ in £ having 
non-empty intersection. Hence there exist x, x’ in S such that $x +zZ= $x +2’, 
So 5 (x — x’) =z’ —z belongs to £. Since S is centrally symmetric, —x’ € S. Also 
S being convex, we see that 5 (x — x’) belongs to S. Consequently S contains a 
non-zero vector of £. 
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Theorem 8.13 (Modified Minkowski’s Convex Body Theorem). Let £ be an n- 
dimensional lattice in R” with determinant A. Let S be a bounded, centrally symmet- 
ric, convex subset of IR" with volume 2" A. Then the closure? of S contains a non-zero 
vector of &. 


Proof Let S° denote the closure of S with respect to the usual metric on R”. For 
y € R", let d(y, S) denote the distance of y from S$ defined by 


d(y, S) = inf {|ly — x|| |x € S}. 


Suppose to the contrary S° does not contain any non-zero vector of £. Let r be a 
positive real number such that ||x|| <r for all x € S. Fix any € > 0. Consider the 
set (1 + €)S. Since vol((1 + €)S) = (1 + €)” vol($) > 2” A, it follows that (1 + €)S 
contains a non-zero vector of £ by Theorem 8.9; moreover (1 + €)S being bounded 
can contain only finitely many points of £ in view of Lemma 8.10. Denote the zero 
vector in R” by 0 and write 


(L\ {0 1d + €)S = {y1, yo... -, Mehe (8.8) 


As y; ¢ S* in view of our assumption, it follows that the distance d(y;, S) > 0. So 
there exist €g > O such that 


d(yi, 8) > €&) forl <i <k. (8.9) 


Choose €; > 0 such that €; < € and €; < — Then (1 + €,;)S C (1+ €)S in view 
of the fact that AS C S for 0 < A < 1, which can be verified keeping in mind that 
S is convex and 0 € S. In view of Theorem 8.9, (£ \ {O}) N (1 + €;)S 4 @ and it 
is a subset of {y1, yo,..., ye} by (8.8). So there exists i such that y; = (1 + €))x 
for some x € S. Then d(y;, x) = d( + €)x, x) = €1||x|| < €17 < €9 which con- 
tradicts (8.9). This contradiction proves the theorem. 


It may be pointed out that Minkowski’s lemma on real linear forms proved in 
Sect.5.2 is a quick application of Minkowski’s convex body theorem. In fact we 
take £ to be the integral lattice. With notations as in the lemma, if S is the subset of 


R” defined by S = KS | Y aijx;| <c forl<i<n | then S is a bounded, 
j=l 


n 
2" Cin 


rs . 
ldetay > 2”. Hence S$ contains a 


centrally symmetric, convex set having volume 
non-zero vector of Z”. 


? The closure is with respect to the usual metric on R” defined by d(x, y) = ||x — y]|. 
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8.3. Minkowski’s Bound 


We now give an improvement of Theorem 8.2. 


Theorem 8.14 Let K be an algebraic number field of degree n = r; + 2r2, where 
r, is the number of real isomorphisms of K and 2r2 is the number of non-real 
isomorphisms of K. Then in every ideal class of K, there exists an integral ideal B 


such that ashes 
> n! 
N(B) < (<) anv |dx|. 


It is immediate from the above theorem that ./|dx| > (4)? = ". One can prove 
by induction on n that 4 of > 2"! for n > 2. Since rr < as it follows that when 
K #Q, then J[dg] = (2)? 2"! = (4)? 2""! = 1. Thus Theorem 8.14 yields 


the following corollary. 
Corollary 8.15 |dx | —> co as [K : Q] approaches ov. 


For proving Theorem 8.14, we need the following lemmas. 


Lemma 8.16 Let t be a fixed positive real number and r,,r2 be non-negative 
integers with n=r,+2r2. Let X, be the subset of R" CORSESENS of all 
points x= (x1, seca Xrps Vrptds Srptls ees Vritrzs Zr 41) for which y |x;| =F 
i=1 
rytre 
2> y; + Zz <t. Then X, is a bounded, open, centrally symmetric, convex 
j=ritl 
subset of R". 


Proof All the co-ordinates of points of the set X, are bounded by f, so the bounded- 
ness of X;, is clear. Since the inverse image of an open set under a continuous map is 
open, X; is open. Now we prove convexity. Let x, x’ belong to X; and A be any real 
number 0 < A < 1. We need to show that Ax + (1 — A)x’ € X;,i.e., to show Z < t 
where 


ry tr, 
Z= Dias +d asi +2 Gxt G-Dyiy? + Qzj += dz). 
j=ritl 


Clearly Z is less than or equal to 


r| ry+r2 
3 ' ! Y 2(y2 4 72) 4 Q(yl2 4 7/2) 4 fea, de wiagt 

ae vi (5 T z) + (1 A) Yj T z7) + 2A(1 MVIY; T zjz{)- 
i= jarit 


By Cauchy-Schwarz inequality, 


ya ez, = 7 se F 2 /y? +22. 
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Hence 


ry 
Z< Do (Als + Alef) +20 (a/v? +3 +. — y/y? +2?) 
i=l j 
ry ry 
=A oll +20 fy +23 +0 -M | do lel +250 fy? +2? 
i=l j 


i=1 j 
<idAt+(1-A)t=t. 


Therefore 4x + (1 — 4)x’ € X, and hence X, is convex. 
Lemma 8.17 [f X; is as in Lemma 8.16, then 


(x ) = 9" =)" tf” 
vol(X,) = 2" ( 2) nt 

This lemma will be proved after proving Theorem 8.14. 

Proof of Theorem 8.14. Let C be any ideal class in K. Let C be a fixed ideal in class 
C. As in the proof of Theorem 8.2, we can choose a non-zero integral ideal A of Ox 
such that AC is a principal ideal. Leto), ..., o,, be all the real isomorphisms of K and 
Or,41)+++5 Or,42r7, be non-real isomorphisms of K arranged so that 6,47 = O;,44;; 
1 < j <1. Consider the homomorphism 


Ww: Ox — R’ 
defined by 


Ya) = (01 (@), .--, Or, (@), RE(Or,41(@)), Lm (Or, 41(@)), «-., L(G, 4r,(@))). 


Clearly V is ahomomorphism of additive groups and is 1-1. Then (A) is asubgroup 
of R”. Let {a@;, a2, ...,a@,} bea Z-basis of A.So V(a,),..., V(a@,) forma Z-basis of 
W(A). Therefore Y(A) will be a lattice in R” once we show that V(q,),..., U(an) 
form a linearly independent set over R. This is verified if we show that the matrix 
with row vectors V(a),..., Y(a@,) has determinant non-zero. The absolute value 
of the determinant of the matrix will be the determinant of the lattice Y(A). 

Let Do denote the determinant of the matrix Py with row vectors V(a)),..., 
W(a,). We write o(0;) = x\,1 <i <ryando,,4;(aj;) = y"*? +12" for 1 < 
i < ry, where v stands for /—1. So we have 


1 1) (41 ae + 
a wo oi gene ) aor Mo oo r2) is 


Py = 


x) a xo yt) geen ses yiitr) gut) 
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To the (r; + 1)th column of Po add t times (r; + 2)th column, then in the new matrix 
multiply the (r; + 2)th column by —2: and to it add the (7; + 1)th column. Repeating 
this process rz times with successive pairs of last 27. columns, we obtain 


O(a) °°: Or, (a1) Or, +1 (1) Or, +1 (1) ae Ory +r (1) 
(—21)'* Do = det : : : i : 


O71 (Qn) + On, (Qn) Or,41 (Qn) Or, +1 (Gn) s+ Ontry (Qn) 
Taking square on both sides of the above equation and using Theorem 2.15, we have 
(—20)"? Dp = Dxjg(@,.--5 On) = dx [Ox : AP = dx N(A)’. 


Therefore 


|Do| = 


Vv ldx a= # 0. (8.10) 


2 


This is the determinant of the lattice Y(A). Now we shall choose a real number 
to > O in such a way that 


2" ./|\dx|N(A 
Vol(X,) = 2"|Dg| = VERNA) (8.11) 
In view of Lemma 8.17, fo is chosen such that 


2" /\dx|N(A) 
Qn 


2 


; ryt 
vol(Xi,) = 2" (5) 2 = 2"|Dol = 
2/ n! 


Thus 


t= (=) nty/|dx|N(A). (8.12) 


us 


So by Theorem 8.13, there exists a non-zero element aw € A such that the vector 
W(q@) in the lattice (A) belongs to the closure of X;,. Hence keeping in mind the 
definition of X,,, we see that 


ry ri +r2 
Yi loi@!+2 Yo loj@)| <b. 
i=l j=ntl 


In view of Arithmetic Mean-Geometric Mean inequality (proved below), the above 
inequality yields 


ry 


rytr2 
P re Lle@l+2 Lo lo @ 
2 i=l j=ritl 0 
‘ . < ee 
[Tr I] lem? ] < z =. 


J=r+l 


a 
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The above inequality implies by virtue of equation (8.12) that 


eal (4\" 
INco@)| <2 =7 (=) V\dx\N (A). (8.13) 


nn” 


Recall thata € A. So there exists an integral ideal B such thatwOx = AB. Also AC 
is a principal ideal. Therefore B and C belong to the same ideal class C. By virtue 
of (8.13), 
ni (4\” 
N(A)N(B) = |Nxjo@)| = (=) v |dx|N(A). 


IU 


So N(B) < ™ (4)” J|dg] as desired. 


— n\n 


Arithmetic Mean-Geometric Mean Inequality. If a), ... , a, are positive real num- 


bers, then 
2 ayte:+ +a) 


n 


(8.14) 


n 


Proof We first prove (8.14) when n is a power of 2. For n = 2, the inequality (8.14) 
is clear because (,/a) — , /az)” > 0. Now we verify it forn = 4. 


Vasa 2 ven Ne z a, seer 


Suppose (8.14) is true for n = 2*—!, To verify it for n = 2*, we have by induction 


Jf/Ayd2 +++ + ./dnk—1 Ak 
Dk-1 

ee ay + a2 + +++ + Apk_1 + Ark 

= 7k 


k 
G1 ++ doe < 


To prove (8.14) for general n, clearly it is enough to prove that if b),..., b, are 
positive real numbers such that [| b; = 1, then b; +--- +b, >n. This has been 
i=l 
proved in above paragraph when n is a power of 2. Let k be such that n < 2". Set 


bay) = ++ = bx = 1 


2k n 
Therefore > \b; > 2* andhence >> b; > 2* — (2* —n) = nas desired. 
i=l 


i=1 


Proof of Lemma 8.17. We shall prove that 


r t" 
yol(X, = 22 (Zr o (8.15) 
2: n} 
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by induction on 7; + ro. In the case of 7; = 1, r2 = 0 andr; = 0, 72 = 1, the above 
equality can be easily verified. Assume now that (8.15) holds for r; = a, r2 = b, a 
and b are non-negative integers. Then for 7; = a+ 1,72. = b, we have 


Q4-b7 b 


vol(X:) = 27 i (t= Xa) dxa41 


2Q4- b+1 n? (t — Xa4 ater! 


(a+2b)! a+2b+1 


t 


0 


= Sie i pet 2bt 1 
(a+2b+ 1)! 


Consider now the situation when r; = a,r2 = b+ 1. Then 


el (t — 2 (y2 + z2))*t?dydz. 


y? 2420 


Qa-b yb 


vol(X,;) = G@i2bl + 2b) 


Substituting y = rcos0, z = rsin@, we see that 


ga-bzb Qn 5 
vol(X;) = dl [ (t — 2r)**’rdrdé 
a ! 


S(t? — 7 a on f (2r — t)***rd 


On integrating by parts, we see that 


2 


Qa-b b or —t at+2b+1 or —t a+2b+1 
vol(X,) = (—1)*t2# an | ) , /< ) r} 


2(a + 2b + 1) 


(a+2b)! | 2@4+2b+D a" 
_ yet ga-b b a (—tyat2b+2 
(a+2b)!" 4(a+2b+4+ 1)(a+ 2b +2) 
_ ga-b-1 7 1+b pat 2be 
(a +2b+2)! 


This proves the formula when r; =a,r2 =b+1 and hence the lemma is 


proved. 
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8.4 Computation of Class Number 


In this section, some applications of Theorem 8.14 are given. First we define signature 
of an algebraic number field K. 


Definition. Let K be an algebraic number field of degree n = r, + 2r having 7, real 
isomorphisms and 2r2 non-real isomorphisms, then [71, r2] is called the signature 
of K. 


Example 8.18 We compute the class number of K = Q(6), where 6 satisfies the 
polynomial X* — X + 1. In view of Example 2.19,dx = —23. Since the discriminant 
is negative, all the isomorphisms of K into C can’t be real. So signature of K is [1, 1]. 
By Theorem 8.14, in every ideal class of K, there exists an (integral)ideal B such 
that N(B) < (4) 4/23 < 2. So N(B) = 1 and hence B = Ox. Therefore there is 
only one ideal class namely P(K) i.e., the class number of K is one. 


Example 8.19 We compute the class number of K = Q(./10). Here dx = 40. By 
Theorem 8.14, in every ideal class of K, there exists an ideal B such that N(B) < 
=V/40 < 4. We first look for ideals of Ox having norm 2. In view of Theorem 4.11, 
20K = ps with N(p2) = 2. We check whether po is a principal ideal or not. Note that 
p2 is principal if and only if there exist a, b € Z such that 2 = N(p2) = |Nxjg(a+ 
b/10)| i.e., p2 is principal if and only if a — 10b? = +2 for some a, b € Z, which 
is impossible because the congruence x* = +2 (mod 5) is not solvable. Next we look 
for ideals of norm 3. By Theorem 4.11, 30x = p3p3 where p3, p', are distinct prime 
ideals with N(p3) = N(p) = 3. If p3 or p3 is principal ideal, then a? — 10b” = +3 
for some a, b € Z which is again impossible as the congruence x” = +3 (mod 5) is 
not solvable. So p3 and p, are not principal ideals. Keeping in mind that Nx /g(2 + 
J/10) = —6, it follows that (2 + \/10) is the product of p2 with an ideal of norm 3, say 
(2+ 10) = pop3. Since (2 + 10) 4 (2 — V/10), we see that (2 — /10) = pop}. 
So p3, p3 lie in the ideal class of po~' which is same as the ideal class of p2. Hence 
there are only two ideal classes P(K), p2P(K). Therefore the class number of K 
is 2. 


Example 8.20 We find the class number of K = Q(./—23). Note thatr; = 0,r2 = 1 
and dx = —23. By Theorem 8.14, in every ideal class of K, there exists an ideal 
B with N(B) < (+) 3/23 < 4. We look for ideals of norm 2 and 3 in Ox and 
check which ones are principal ideals. By Theorem 4.11, 20x = pop) with N(p2) = 
N(p5) = 2. Note that po is principal if and only if there exist a, b € Z such that 2 = 
N(p2) = Niro (a +p v=33)) , Le., 8 = (2a + b)* + 23b* which is impossible. 
Therefore po, p) are not principal. 

Consider the splitting of the prime 3 in Ox. By Theorem 4.11, 30x = p3p with 
N(p3) = N(p3) = 3. If p3 is principal, then pz; = a@Ox, wherea = a+ p(ttv=33), 
a,b € Z. Thus 3 = N(p3) = |Nx /q(@)| which implies that 12 = (2a + b)? + 23b* 
leading to a contradiction. Therefore p3, p’, are not principal. 
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Since Nx jot v3) = 6, it follows that (4-3 v3) is the product of an ideal of 


norm 2 with an ideal of norm 3, say ( Lae ) = p3p4. So po and p; lie in the same ideal 
class and hence p’, and p%, lie in the same ideal class. Now we show that p2 and p’, lie in 
the different ideal classes, for otherwise ps would be a principal ideal of norm 4, say 
5 = (c+ daa), which on taking norm implies that 16 = (2c + d)* + 23d?. 
This is possible only when c = +1 and d = 0, ie., ps is an ideal generated by 2 
which is not so, because (2) is a product of two distinct prime ideals in K. Therefore 
there are three ideal classes P(K), po P(K), p5 P(K). 


Example 8.21 We find the class number of K = Q(@) where 6 is root of f(X) = 
xX} — 4X 4 2. In view of Exercise 5 of Chap. 2,dx = Dx (1, 6, 67) = 148. Keep- 
ing in mind Brill’s Theorem, we see that the signature of K is [3, 0]. By Theorem 8.14, 
in every ideal class of K there exists an ideal B such that N(B) < 3/148 < 3. We 
now try to explore whether there exists an ideal of norm 2 and if it exists whether 
it is principal or not. Note that 2 does not divide ind 6. Therefore Theorem 4.8 is 
applicable. By this theorem, 20x = ps where p> is the prime ideal generated by 2, 
6 with norm 2. Since 63 — 49 = —2, 6 divides 2 and hence p = (6) is principal. So 
in every ideal class of K there is a principal ideal. Hence the class number of K is 1. 


Example 8.22 We compute the class number of the cubic field K = Q(@), where 
@ is root of the polynomial f(X) = X? — 5. In view of Theorem 2.22, {1, 6, 67} is 
an integral basis of K and dx = —27- 57. By Theorem 8.14, in every ideal class 
of K there exists an ideal B such that N(B) < ()4v 27-52 < 8. We look for 
ideals of norm 2, 3, 4,5, 6 and 7 in Ox and check which ones are principal ideals. 
Since ind 6 = 1, Theorem 4.8 is applicable. Note that f(X) factors as a product 
(X + 1)(X? + X + 1) of irreducible factors modulo 2. So by Theorem 4.8, 20x = 
pop> where p>, p5 are distinct prime ideals of Ox with N(p2) = 2 and N(p5) = 4. 
Since {1, 6, 67} is an integral basis of K, p2 will be a principal ideal if and only if 
there exist a, b, cinZ such that |Nx/g(a + b6 + c0*)| = 2. Forx, y,z € Q, keeping 
in mind the formula 


Nxjo(x + yO + 207) = x? + 5y? + 2527 — 15xyz, (8.16) 


given in Exercise 13 of Chap. 5, we see that Nx ;g(3 — 67) = 2. Sop. = (3 — 6”) is 
principal. Therefore p’, is also principal. Since f(X) = (X + 1)? (mod 3), 30x = p3 
with N(p3) = 3 by Theorem 4.8. In view of (8.16), Nx/g(2 — 0) = 3. So p3 = 
(2 — 6) is principal. Since 50x = (6°) with N((6)) = |Nx/Q()| = 5, we see that 
5Ox = p: where ps = (8) is a prime ideal of Ox. Thus we have shown that every 
ideal of Ox with norm less than or equal to 6 is a principal ideal. It will follow 
that the class number of K is | once we show that Ox has no ideal of norm 7. 
Since the polynomial f(X) has no root modulo 7, it is irreducible modulo 7. So by 
Theorem 4.8, 70x is a prime ideal of Ox with norm 73. Thus there is no ideal of 
Ox of norm 7. Hence the class number of K is 1. 


Example 8.23 Let K’ = Q(/2, /—3) and K = Q(./—6). We show that the class 
number of K’ is 1 and the class number of its subfield K is 2. The field K’ is 
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the compositum of two quadratic fields K, = Q/2), K2 = Q(V —3) with coprime 
discriminants 8 and —3 respectively. Hence dx: = (24)* in view of Corollary 2.30. 
By Theorem 8.14, in every ideal class of K’ there exists an ideal B such that N(B) < 


oe - 24 < 4. So to prove that the class number of K’ is 1, it is enough to show 
that Ox does not have any ideal of norm 2 or 3. Since the prime ideal of Ox, lying 
over 2 has residual degree 2, it follows that the (absolute) residual degree of a prime 
ideal of Ox: lying over 2 is at least 2 in view of Proposition 6.5. Thus there is no 
ideal of Ox, with norm 2. Similarly the prime ideal of Ox, lying over 3 has residual 
degree 2 and consequently Ox: has no ideal of norm 3. This proves that the class 
number of K’ is 1. 

For computing the class number of K on again applying Theorem 8.14, we see that 
in every ideal class of K there exists an ideal B of Ox such that N(B) < (2) fA < 
4. Note that 20x = p3 with N(p2) = 2 and 30x = p3 with N(p3) = 3. Since there 
do not exist any integers a and b such that |Nx g(a + b./—6)| = 2 or 3, it follows 
that p> and ps3 are not principal ideals. Keeping in mind that Nx jo(/—6) = 6, we 
see that (./—6) = pop3. So p3 lies in the ideal class of ie which is same as the ideal 
class of p2. Hence class number of K is 2. 


Remark 8.24 The above example shows that if K’/K is an extension of alge- 
braic number fields, then the canonical homomorphism from G(K’)/P(K’) into 
G(K)/P(K) defined by taking any class I'P(K’) into Nx’; (1') P(K) is not nec- 
essarily onto. 


Example 8.25 We compute the class number of K = Q(¢), where ¢ is a primi- 
tive 7th root of unity. In view of Theorem 2.25, dx = —7°. Note that each iso- 
morphism of K maps ¢ to a primitive 7th root of unity. So signature of K is 
[0,3]. By Theorem 8.14, in every ideal class of K there exists an ideal B such 
that N(B) < (28 S(/7) <5. Thus N(B) = 1, 2,3 or 4. We now try to explore 
whether there exists an ideal of norm 2 or 3 or 4. Applying Theorem 4.13, we see that 
20x = Pop, where p> and p’, are prime ideals of Ox each having norm 23. Hence 
there is no ideal of norm 2 or 4. Again applying Theorem 4.13, we see that 30x is 
a prime ideal of Ox and N(3Ox) = 3°. So there is no ideal of norm 3. Thus every 
ideal class of K contains the unit ideal. Therefore the class number of K is 1. 


Remark 8.26 Using Theorem 8.14 and arguing as in above examples, one can 
quickly prove that Q(/d) has class number one when d = —1, —2, —3, —7, —11, 
19, —43, —67, —163. As pointed out in Remark 3.6, it is known that these are the 
only nine imaginary quadratic fields with class number one. On the other hand, there 
are numerous examples of real quadratic fields having class number one; however it 
is not known that their number is infinite. In fact, it is not known whether there are 
infinitely many algebraic number fields of arbitrary degree having class number one. 
Regarding imaginary quadratic fields, Gauss made a more general conjecture 
known as Class Number Problem. It states that for any given number h, there are 
only finitely many imaginary quadratic fields having class number h. This conjecture 
was proved in 1934 by Hans Heilbronn and Edward Linfoot (cf. [He-Li]). In 1936, 
Carl Ludwig Siegel [Sie] proved a more general result which says that if K runs over 


150 8 Class Group and Class Number 


log(hx Rx) 
log |dx| 


tends to 5 as |dx| —> oo. In 1950, Sarvadaman Chowla [Cho] gave a different 
proof of Siegel’s result. This result was extended by Richard Brauer to all extensions 
of any fixed degree over Q and is known as Brauer-Siegel Theorem (see [Bra] or 
Chapter XVI of [Lan2]). A detailed survey of Class Number Problem was given in 
1983 by Dorian Goldfeld [Gol] along with his own contribution. 


quadratic extensions of Q with class number hx and regulator Rx, then 


8.5 Hermite’s Theorem on Discriminant 


In this section, we prove a well known theorem which was first proved by Hermite in 
1857 using quadratic forms. About 30 years later, Minkowski gave a different proof 
of this theorem. The proof given here resembles with the one given by Minkowski 
and makes use of Minkowski’s convex body theorem. 


Theorem 8.27 (Hermite). Only a finite number of algebraic number fields can have 
the same discriminant. 


Proof In view of Corollary 8.15, it suffices to show that there exist only finitely 
many algebraic number fields with a fixed degree n = r; + 2r2 whose discriminant 
has a given value dp. Let K be one such field. We shall show that K has finitely many 
choices. In the space R” consisting of all points (41, ...,X7;, Yi, Z1,-+- +5 Vrys Zry)s 
consider the subset S defined in case r; > 0 by 


xi] < Vidol +1, lal <1, 2<k<n, ¥tG<li<j<n 
and in case r; = 0, S is defined by 
1 
Il <5) kal <vidol +1, yp tzp <1, 25jsn. 
Clearly S is bounded, centrally symmetric and open. Using Cauchy-Schwarz inequal- 


ity as in the proof of Lemma 8.16, it can be easily seen that S is convex. Note that 
the volume of S' is given by 


vol(S) = 2"2”,/|do| +1 or 2077! V/|do| + 1 (8.17) 


according as r; > Oorr; = 0. Let oy, ...,0,, be all the real isomorphisms of K and 
Or;415 +++ Or,42r, be non-real isomorphisms of K arranged so that 6,47 = O44); 
1l< J <1. 


We define a map W from Ox into R” by 


Wa) = (01), .--, Or, (@), RE(Or,41(@)), Lm (Or, 41(@)), --., LM, 41, (@))). 


8.5 Hermite’s Theorem on Discriminant 151 


As shown in the proof of Theorem 8.14, ¥(Ox) is a lattice in R” with determinant 


d d 
VIET _ VAT _ 4 Gay 
2r Qn 


in fact the above equality follows from (8.10) on taking A = Ox. In view of (8.17), 
vol(S) > 2” A. So by Theorem 8.9, the lattice Y(Ox) contains a non-zero vector 
W(@) of S with @ € Ox. Note that there is only one isomorphism o of K into C such 
that |o (@)| > 1. In particular 0 (6) 4 t(@) for any isomorphism t of K into C when 
t #0. Hence @ is a primitive element of the extension K /Q. Since Y(@) € S, the 
roots of the minimal polynomial of 9 over Q and hence its coefficients are bounded 
by a constant depending only upon dp and n. Therefore 6 and hence K has only 
finitely many choices. 


It may be pointed out that Hermite’s theorem on discriminant is of fundamental 
importance in Number Theory. In fact, it has given rise to the problem of determining 
the list of number fields with given signature whose discriminants are bounded in 
absolute value by a given constant. In particular, it has led to the search for the smallest 
absolute value of discriminant of number fields with a given signature [7;, r2]; the 
absolute value of the discriminant of such a number field is traditionally denoted by 
M(r,, r2). Itis immediate from Theorem 2.9 that M(2, 0) = 5 and M(0, 1) = 3. For 
cubic fields, it is known that M(1, 1) = 23 realized by K = Q(q) with a satisfying 
a? = 1+ aand M(3, 0) = 49 realized by the field Q(B) with £ satisfying 6? + B? = 
26 + 1. For more details of this problem, see [Kaul], [Kau2], [Poh]. 


8.6 A Special Case of Fermat’s Last Theorem 


In this section, we prove the first case of Fermat’s Last Theorem for regular primes. 
Recall that an odd prime p is said to be regular if p does not divide the class number of 
the cyclotomic field Q(¢), where ¢ is a primitive pth root of unity. In 1850, Kummer 
proved Fermat’s Last Theorem for regular primes and he thus laid the foundation 
for an eventual complete proof of Fermat’s Last Theorem.* Using Kummer’s idea of 
proof, we shall prove the following theorem. 


Theorem 8.28 Let p be a regular odd prime. Then the equation X? + Y? = Z? has 
no solution in integers x, y, z not divisible by p. 


We first prove some lemmas. 


Lemma 8.29 Let K = Q(¢), where ¢ is a primitive pth root of unity with p an odd 
prime. Then | — € is a prime element of the ring Ox with Nxjg(1 — ¢) = p and 
pOx = (1-6)? 1. 


3 For this great achievement of Kummer, the French Academy of Sciences awarded him its Grand 
Prize in 1857. 
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Proof Let ®(X) denote the minimal polynomial of ¢ over Q. Then 


p-l 
Oxy] P14 7? 4. wl Sa [[«- fay 


i=l 


Substituting X = 1 in the above equation, we obtain 
p-l 
p=|fa-<’). (8.18) 
i=l 


The above equality in view of Theorem 1.19 shows that Nx/g(1 — ¢) = p. Hence 
1 — ¢ is a prime element of Ox by virtue of Corollary 3.35. For each i, 1 <i < 
p — 1, clearly 1 — ¢ divides 1 — ¢‘ and 1 — ¢' divides 1 — ¢, because 1 — ¢ can be 
written as 1 — ¢’/, where j is a positive integer such that ij = 1 (mod p). Sol —¢ 
and 1 — ¢! are associates. It now follows from (8.18) that pOx = (1 — ¢)?7!. 


Lemma 8.30 Let K = Q(¢), where ¢ is a primitive mth root of unity and m > 1. 
Then the number of roots of unity in K is either m or 2m according as m is even or 


odd. 


Proof Lets denote the order of the group W of roots of unity contained in K which is 
acyclic subgroup of K *. Let 7 be a generator of W. Since Q(y) € K, the degree ¢(s) 
of the extension Q(7)/Q divides the degree ¢(m) of the extension K /Q. Keeping in 
view that —1 and ¢ belong to W, it follows from Lagrange’s theorem for finite groups 
that s is even and m divides s. In particular, ¢(m) divides ¢(s). Hence ¢(m)=(s). 
The last equality together with the fact that m divides the even number s immediately 
implies that s is either m or 2m acoording as m is even or odd. 


Lemma 8.31 (Kummer’s Lemma). Let K = Q(¢), where ¢ is a primitive pth root 
of unity, p an odd prime. Then each unit of Ox is the product of a power of € witha 
real unit of Ox. 


Proof Let ¢ be a unit of Ox. Then ¢ = g(C) for some g(X) € Z[X] of the form 
g(X) =agtayX+---+ pa X?, where ao, @1,°-- ,@p—2 € Z. The complex 
conjugate € = g(€) = g(¢?—') is also a unit of Ox, because there exists h(X) € 
Z[X] such that g(¢)h(¢) = landhence g(@)h(f) = g(¢?~!)h(C?—!) = 1. Consider 
the unit u = e/€ of Ox.Letoy,--- , op_; beall the isomorphisms of K into C defined 
by 0)(¢) = ¢', 1 <i < p—1. Since 


go) (") 
BOM) gy 


oj(W) = 


it follows that |o;(w)| = 1 for 1 <i < p—1. So yp is a root of unity in K by 
Corollary 5.4. In view of Lemma 8.30, the only roots of unity in K are {+¢' | 0 < 
i < p—1)}. Therefore » = +¢* for some k, i.e., 
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e= +e*s. (8.19) 

We show that the plus sign occurs in (8.19). Suppose to the contrary 
e=—t*e, (8.20) 
We denote | — ¢ by A. Keeping in mind that ¢' = 1 (mod A) for each i, we see that 
é€=M (modi), where M=ay+a,+---+dp-2. (8.21) 


p-2 
Similarly, ¢ = > a;¢?-' = M (mod 4). It now follows from (8.20) that M = 


i=0 
—M (mod d). So 4 divides 2M. Therefore Nx /Q(A) divides Nx/g(2M). By Lemma 
8.29, Nx/g(A) = panda | p.So p | 2M and hence 4 | M. Thus (8.21) implies that 
€ = 0 (mod JA), which is impossible because « is a unit of Ox and A is a prime 
element of Ox with norm p. This contradiction proves that the plus sign occurs in 
(8.19), i.e., e = ¢*F. Choose an integer s such that 2s = k (mod p). Then e = C75, 
ie., 


This shows that ¢/¢° is a real unit and hence the lemma is proved. 


Proof of Theorem 8.28. We shall deal with the equation 
XP +YP4+Z?=0 (8.22) 


which is symmetric in X, Y, Z. For proving the theorem, it is clearly enough to 
show that (8.22) has no solution in integers x, y, z such that p { xyz. Suppose to 
the contrary there exists a solution of (8.22) in integers x, y, z not divisible by p. If 
a number d divides two of x, y, z, then it divides the third one and can be removed 
after division. So it may be assumed that x, y, z are relatively prime in pairs. Let 
¢ be a primitive pth root of unity. We shall denote Q(¢) by K and 1 — ¢ by A. The 
relation x? + y? + z? = Ocan be written as 


p-l 


| [@+¢iy) = -2?. 


i=0 
On passing to ideals in Z[¢], we have 


p-l 


] [t@+¢'y)) = (?. (8.23) 


i=0 
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We first show that the ideals on the left hand side of (8.23) are pairwise coprime. 
Suppose there exists a prime ideal p of Ox which divides ((x + ¢'y)) and ((x + ¢/y)) 
for some pair (i, j),0 <i < j < p—1.Thenpcontains both x + ¢/y, x + ¢/yand 
hence their difference ¢/y(1 — ¢/~'). Since 1 — ¢/~! is an associate of 1 — ¢ =A, 
it follows that p contains either y or A. Note that in view of (8.23), z? € p and hence 
z €p. Therefore y ¢ pas y, z are coprime. SoA € pi.e., (A) C p. By Lemma 8.29, 
(A) is a prime ideal of Ox and hence it is a maximal ideal. So p = (A). Recall that 
z € p. Thus d divides z; consequently Nx ;Q(A) divides Nx jQ(z). By Lemma 8.29, 
Nx/qQ(A) = p. Therefore p | z, which contradicts the hypothesis. This proves that 
the ideals on the left hand side of (8.23) are pairwise coprime. So in view of the 
fundamental theorem of ideal theory (Theorem 3.12), each of these ideals is the pth 
power of an ideal of Ox. In particular, (x + ¢y) = I? for some ideal J of Ox. Since 
p does not divide the class number of K, it follows from Corollary 8.5 that J is a 
principal ideal of Ox, say J = (a). So there exists a unit ¢ of Ox such that 


x+Cy=ea?. (8.24) 


On writing a as 
—2 
a=dgtaot+-::: pu” 


and using Fermat’s little theorem, we see that 
a? = ay tare? +--- +7 6?°- =a (mod pOx), 


where a = dy + ai +--+ + Gp_2. By Lemma 8.31, € can be written in the form ¢%u, 
where u is areal unit of Ox and g € Z. Hence from (8.24), we obtain the congruence 


x+y = C%au (mod pOx) 
with au real. Since ¢ is a unit, we can rewrite the above congruence as 
¢ 8(x + fy) = au (mod pQOx). (8.25) 
Keeping in mind that the complex conjugate 6 of an element 6 of Ox lies in Ox, it 
can be easily seen that for 6, y inOx,if B = y (mod pOx), then B = Y (mod pOx). 
Passing now from (8.25) to its complex conjugate, we have 
c8(x +¢7!y) = au (mod pOx). 


It follows from (8.25) and the above congruence that 


xe~8 + yel-8 — x¢8 — yes! = 0 (mod pOx). (8.26) 
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Observe that g # 0 (mod p), for otherwise ¢* = | and hence (8.26) becomes 
y(¢ — 67!) = 0 (mod pOx). 


So p divides y(¢ —¢7'). Since 1—¢, 1—¢? are associates, 1+¢ is a unit 
of Ox. Hence the above congruence shows that p | y(1 — ¢). By Lemma 8.29, 
(p) =(1—¢)?"!. Since p > 2, it follows that 1—¢ divides y; consequently 
p= Nx/g( — £) divides yPt= Nx o(y), which contradicts the hypothesis that 
pty. This contradiction proves that g 4 0 (mod p). Arguing similarly, it can be 
seen that g € | (mod p). 

By virtue of (8.26), there exists 8 € Ox such that 


pB=xo-8 + yo! —xe8 — yes, (8.27) 


As shown in the above paragraph, none of the exponents of ¢ occurring on the right 
hand side of (8.27) is divisible by p. Recall that {¢, c7,...,¢?|} isan integral basis 
of K and the elements ¢~%, ¢'~8, ¢%, ¢&—! belong to this integral basis. So keeping 
in mind the hypothesis p { xy and the fact that the element 


pareepZghe_ ies 
Pp P Pp 


pe 


belongs to Ox, we infer that at least two of the exponents of ¢ occurring in the right 
hand side of the above equation must be congruent to each other modulo p. Since 
g #0, 1 (mod p), it follows that 2g = | (mod p). Therefore (8.27) can be rewritten 
as 


pBES =x + yo — x58 — yo8-! = (x — y)(1— 4). 


Taking norm on both sides of the above equation, we see that p | (x — y), 1.e., 
x = y (mod p). 

Since the equation x”? + y? + z? = Ois symmetric in x, y and z, on interchanging 
the roles of y, z, 1.e., writing 


p-1 
[ [@+¢'2 =-y’? 
i=0 


and arguing in a similar way as before, we obtain x = z (mod p). Hence 
O=x? +y? +2? = 3x? (mod p). 


Thus, p | 3x?. But p{x.So p =3. 

It remains to deal with the case when p = 3. In this case, we prove the theorem 
by showing that x* + y* + z* = 0 (mod 9) has no solution in integers x, y, z not 
divisible by 3. It can be easily seen that the cube of an integer of the form 3k + 1 


156 8 Class Group and Class Number 


is congruent to 1 or —1 modulo 9. So if 3 { xyz, then x7 + y>+z7=+1+1+ 
1 (mod 9), which is not congruent to 0 modulo 9 for any choice of the + signs. 


Remark 8.32 Let K = Q(¢), where ¢ be a primitive pth root of unity with p an 
odd prime and let Ky = Q(¢ + ¢~') be the maximal real subfield of K. Let hy, Ae 
denote respectively the class numbers of K, Ko. It is known that i, divides h, and if 
Pp does not divide h,/ hy then it does not divide h,; moreover h ,/ hy is acomputable 
number(cf. [Nar, Proposition 8.11], [Bo-Sh, Chap. 5]). The factors h , / i and he are 
traditionally called the first and the second factors of h,. By very beautiful number 
theoretic and analytic arguments, analysing the first factor of h,, Kummer obtained 
a fairly simple criterion which allows one to easily check whether a given prime is 
regular or not. In fact he proved that an odd prime p is regular if and only if it does 
not divide the numerators of the Bernoulli numbers* By, B4,..., B p—3 (cf. [Bo-Sh, 
Chap. 5], [Rib, Chap. 19]). Using this criterion, Kummer showed that all odd primes 
<165, except 37, 59, 67, 101, 103, 131, 149, and 157 are regular. It is not known 
whether the number of regular primes is infinite. 


Exercises 


1. Prove that Q(./d) has class number one whend = —1, —2, —3, —7, —11, —19, 
—43, —67, —163. 
2. Prove that the class number of the fields Q(/2), Q(V/3), Q(/13) and Q(/17) 
is one. 
3. Prove that the rings Z[/6], Z[/7], Z[/14] and Z[./23] are principal ideal 
domains. 
4. Prove that Ox is a PID, where K = Q(@) with 6 satisfying 67> + 6 + 1 =0. 
5. Prove that Z[/34] is not a principal ideal domain. 
6. Let K = Q(6) where @ is a root of X? — 2X? 42. Compute the class number 
of K. 
7. Prove that the class number of Q(./2) and Q(«/3) is one. 
8. Prove that Z[¢] is a UFD when ¢ is a primitive 5th root of unity. 
9. If ¢ is a primitive 7th root of unity, then prove that Z[¢ + ¢~'] is a principal 
ideal domain. 
10. Prove that Q(./—10), Q/—13), Q(./—15) have class number 2 each. 
11. Prove that Q(/15), Q(./65) have class number 2 each. 
12. Prove that the class number of Q(./—14) is 4. 
13. Prove that in any two distinct ideal classes of an algebraic number field, there 
exist relatively prime integral ideals. 


4 Recall that the kth Bernoulli number By is defined by the series expansion 
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. Let K, and K>2 be algebraic number fields whose discriminants are coprime. 


Prove that [K, Ko : Q] = [K; : Q] [K2: QI. 


. Let p bea prime number, p = | (mod 4). Prove that the class number of Q(,/— p) 


is even. 


. Let ¢ be a primitive pth root of unity, p an odd prime. Let Ky = Q(¢ + ¢7!) 


be the subfield of K = Q(¢). Prove that a fundamental system of units of Ko is 
also a fundamental system of units of K. Deduce that the regulator Ro of Ko is 
related to the regulator R of K by R = or Ro. 


. Let K be an algebraic number field and J be an ideal of Ox such that J” = (a) 


is a principal ideal. Show that in K’ = K(a!/"), the ideal JOx: is a principal 
ideal. 


. Let K be an algebraic number field. Show that there exists a finite extension L 


of K such that 1, is a principal ideal for each ideal J of Ox. 


Chapter 9 M®) 
Dirichlet’s Class Number Formula cracks 
and its Applications 


9.1 Dirichlet’s Class Number Formula and Ideal Theorem 


The class number x of an algebraic number field K plays an important role in 

the arithmetic of K. One would like to have an explicit formula for hx in terms of 

simpler values depending upon the field K. Since all ideals of Ox are product of 

prime ideals and the number of prime ideals of Ox is infinite, to compute / x in finite 

number of steps, one has to use some infinite processes, e.g., infinite series, infinte 

products and some analytic concepts as has been done in the present chapter. 
Consider the series )° way where A runs over all non-zero ideals of Ox. We 

A 


shall prove that this series converges absolutely and uniformly on all compact subsets 
of (1, 00). The sum function will be denoted by €x(s) and is known as Dedekind 
zet- function of K. 

With the above notation, we shall prove the following theorem which is usually 
attributed to Dirichlet, although he originally proved it only for quadratic fields. The 
formula for the limit in the theorem below was proved by Dedekind. 


Theorem 9.1 (Dirichlet’s Class Number Formula) Let K be an algebraic number 

field of degree r, + 2r2 with class number h, where r, is the number of real isomor- 

phisms of K and 2r, is the number of non-real isomorphisms of K into C. Let R 

stand for the regulator of K and dx for the discriminant of K. The series )~ war 
A 


converges uniformly on all compact subsets of (1, ©) and represents a continuous 
function of s in (1, 00), where A runs over all non-zero (integral) ideals of Ox. If 
x (s) denotes its sum function,' then 


' This function is called Dedekind zeta-function. In 1917 Hecke proved that this function can be 
extended to a meromorphic function in the complex plane and found its functional equation. A 
version of Hecke’s proof is given in (Neu). 


© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2022 159 
S. K. Khanduja, A Textbook of Algebraic Number Theory, UNITEXT 135, 
https://doi.org/10.1007/978-98 1- 16-9150-8_9 


160 9 Dirichlet’s Class Number Formula and its Applications 


oritn wR 


li —1 = h—____ 
dim (s Ex (s) aoe 


(9.1) 


Qrt12 7772 R 


m/\dx| 


where m is the number of roots of unity in K. The constant is traditionally 


denoted by k. 


For proving the above theorem, we shall first prove the Ideal Theorem by Dedekind 
stated below. 


Theorem 9.2 (Ideal Theorem) Let K be an algebraic number field of degree n 
and r\, 12, R,dx,m be as in the above theorem. Let C be an ideal class of K. For 
a positive real number T, let Z(T, C) be the number of integral ideals in C whose 
norm is less than or equal to T. Then 


i ZC) ce Dee R 
im = 
T>0o T MaA/ ldx| 


We now prove a lemma, which will be used in the proof of the above theorem. 


For any real number ¢ > 0 and for a subset S of R”, we denote by S(t) the set 
{(tx1,...,tXn) | 1, ~.-.,Xn) € S}. 


Note that if the volume of S exists, then the change of variables formula of multi- 
variable calculus shows that the volume of S(t) exists and Vol(S(t)) = t” Vol(S). 


Lemma 9.3 Let S be a bounded subset of ". For each positive real number t, let 
N(t) denote the number of points in S(t) with integral co-ordinates. If volume of S 
exists, say V, then lim wo =V. 

t>oo 
Proof Fix a positive real number t. Consider the family F; consisting of all n-cubes 


in R" of the type 


[orem eu <yi< ane 

t t 
where (z),..., Z») runs over Z”. Then R” is a disjoint union of members of F,. Let n; 
denote the number of n-cubes in F; contained inside S$ and let n; denote the number 
of n-cubes in F; whose intersection with S is non-empty. Note that each n-cube in 
F, has volume 1/t”. Since the volume of S exists and equals V, we have 


LE . 
lim = = lim —=/YV. 
tooo ft” tooo ft” 


We claim that n, < N(t) < 7;. In view of the above equality, the claim would imply 


that lim vo = V, as desired. 
t—>0o 


n 
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To prove the claim, observe that given a cube C in the family F;, it has 2” vertices 
out of which only one belongs to C. Therefore for a given point (z1,..., Z,) with 
integral co-ordinates in S(t), there exists a unique C € F, such that CN S contains 
(z1/t,..., Zn/t); in fact this point is a vertex of C. 

Let C,..., Cy, be all the n-cubes from F; inside S. Let v; denote the unique vertex 
of C;, which belongs to C;. Then vj, ..., U,, belong to S. Therefore n, < N(t). To 
prove that N(t) < n;, let Pi,..., Pri be all the points with integral co-ordinates 
inside S(t). Let Q; denote the point obtained from P; by dividing its co-ordinates by 
t. Then in view of the above observation, Q,..., Qn r) are the vertices of pairwise 
disjoint n-cubes Cj, ..., Cn) of F,; such that QO; ¢ C; NS foralli = 1,..., M(t). 
Consequently, C; M S is non-empty for eachi = 1,..., N(¢). Therefore N(t) < 77. 
This proves the claim and hence the lemma. 


9.2 Proof of Ideal Theorem 


Let o1,...,0;, be all the real isomorphisms of K and let o,,41,..., 0,42, be the 
non-real isomorphisms of K arranged so that 6,47 = O,454;,1 <5 j S12. Fora € 
K, we shall denote o;(a@) by a and |Nx/o(@)| by N(a). Let {e1,...,€-} be a 
fundamental system of units of K, where r = 7; +72 — 1, and let ¢ be a primitive 
mth root of unity in K. Recall that the regulator R of the field K is the absolute 
value of the determinant of r x r matrix whose (i, j)th entry is e; log ew ‘i where 
e; equals | or 2 according as 1 < j <r, or j > r;. Since R ¥ 0, it follows that the 
determinant of the matrix (log ler |)i,; 18 non-zero. We fix an (integral) ideal B in 
the class C7. 
The proof of the theorem is split into three steps. 


Step I. If A is an integral ideal in the class C, then AB is a principal ideal say 
AB = wOx. Also if B divides a principal ideal w;Ox, then wj}Ox = A,B for 
some integral ideal A; € C. Hence the integral ideals A € C with N(A) < T are in 
one-to-one correspondence with principal ideals wOx C Ox divisible by B such 
that |Vx/q(w)| < TN(B). Also observe that two principal ideals wOx and w;Ox 
are equal if and only if w; = ew, where € is unit of Ox. In the following paragraph, 
we try to fix the choice of generator of such a principal ideal upto some extent. 


Given a non-zero element w of Ox, the vector (log Tae ,---, log | no ) 


can be written as a linear combination of the row vectors of the non-singular matrix 
(log le ) [)i,; Le., given a non-zero element w in Ox, there exist real numbers 
C1,..-, ¢, Satisfying 
wy 
VN (w) 


log 


[= crtog e+ + ecogie”l l<i<r. (9.2) 
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We now show that (9.2) holds for i = r + 1 also (and hence for | < i <n in view 


of the arrangement of the isomorphisms 01, ..., 0). Since 
r+l — 2|N~ r+l1 ‘a 
e; lo = 0 and e; log |e’| = log |N(e;)| = 0, 


i=l 
we see by virtue of (9.2) that 


werd 


v N(w) 


é,+1 log 


So 


wrt) 


e,+1 log |} ———— SNe) 


=-Le ; > e log |e\?| = — )) cj(—erai log ley”). 
j=l i=1 


j=l 
Cancelling e,+; from both sides, we get 


wrth 


SNGa 


log 


-Le log Ee aae 


Combining the last equation with (9.2), we see that 


| = cy log|e?| +---+¢,logle|, 1<i<r4l. (9.3) 


If w and w are non-zero elements of Ox which are associates, then by Dirichlet’s 
unit theorem, there exist unique integers 5;,52,..., 5, and a non-negative integer 
k < _m such that 
w, = wokel ..-e*, 
Therefore 
un) = wO CPE) 9 €P), lei <r+1, 


Taking logarithm of the absolute value on both sides in the above equation, keeping 
in view the equality N(w) = N(w}), we see that 


top |—?1_— = log we [+ si tog e+ -+5,logle|, 1<i<r+l1. 
VN(w1) /N(w) OO 
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Using Eq. (9.3), the above equation gives 


=(c; + 51) log |e(?| +-+++(c, +5,) log |e|, 1l<i<rcl. 


VN (w) 


Hence the last equation shows that in every equivalence class of non-zero associate 
elements of Ox, there are exactly m elements w for which, in Eq. (9.3), the coeffi- 
cients c; satisfy0 < c; < lforj = 1,2,...,r.In fact, if w is one such element then 
others are w¢* with 1 < k < m. This shows that mZ(T, C) is the number of those 
algebraic integers w lying in the ideal B for which the following two conditions are 
satisfied: 

0 < |N(w)| < TN(B) (9.4) 


and when we write for 1 <i <r 


[= Devtoeie then O<c; <1 for j=1,...,7 (9.5) 
j=l 


© 
7 N (w) 


log 


In fact, (9.5) holds for 1 <i <n in view of (9.3) and the arrangement of isomor- 
phisms. 


Step IT. Let {6;,..., 8, } be a Z-basis of the ideal B. If w € B, then we can write 
n n : 
w= >> Bjx;, x; € Z. So we have w) = - Bem Hence mZ(T, C) is the num- 
j=l j=l 
ber of points with integral co-ordinates in the subset S’ of R” consisting of points 
(x1,...,X,) Satisfying the following conditions: 
n : n 
Ify => Bs 1 <i <nand if y* stands for | [] y;|, then 
j=l i=l 
n n : 
0< [[ oars = y* < N(B)T 
i=l j=l 
and in the equations 
yj r 
log | =) cq log |e? forl <i<n, 
eM ea 
the coefficients c, satisfy 0 < cy < 1forg =1,...,r. 


Note that if K is Q or an imaginary quadratic field, then r = 0. In this case, the 
condition on c, in the definition of S’ is vacuous. 

We now verify that S’ is a bounded subset of R”. We shall denote by S the subset 
of R" defined so as S’ = S(T). In fact ,the set S(T!/”) results from the set S by 
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multiplying all co-ordinates by T!/". So S is a subset of R” consisting of all those 


n . 
(x1,...,4n) € R" such that if y; = > B\?x;, 1 <i <n, then 
jal 


0< < N(B) and for 1 <i <n, 


[ [> 


i=l 


Ji 


log 
VIL yi 


= ) °c, log|e(?| with each cy, € [0, 1). 
q=1 


We shall prove that S is bounded and that its volume exists. Consequently by 
Lemma 9.3, we would have 


m men) = vol(S). 


Too 


So the theorem is proved once it is shown that S is bounded, its volume exists and is 
given by 
a= (9.6) 
vo = ——_—__. : 
Vldk| 


We first verify that S' is a bounded set. Consider the mapping 


A:C’—C’ 
defined by 
2 
By By ae a 
py Be ey i 
[x1,X2,°°* 5 Xn] > [X1, X2,°°+ , Xn] : paar : 


Bo? Bp 
which is a non-singular linear transformation, because the absolute value of its deter- 
minant is VIDxo(hi, ..., Bn)|, Which is non-zero. Therefore a subset V of C” is 
bounded if and only if A(V) is a bounded subset of C”. So it is enough to prove 


that the set A(S) is bounded, where A(S) is the subset of C” consisting of all those 
vectors (y1,..-, ¥n) for which the following two conditions are satisfied on taking 


n 
Il vi} 
j=l 


= 


0 < y* < N(B) 


and in the equations 
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the inequalities 0 < c, < | holdforl <q <r. 
Taking exponential in the above equality, we see that 


‘ye 1 i 1 
vil = Vy" | [lef < (V(B))* exp | > cg log le | | < (N(B))* expr), 


q=l q=l 


where 


mo = max _| log ef? |. 
I<q<r, lsisn 


Therefore A(S) is a bounded set and hence so is S. 


Step III. In this step, we shall show that the volume of S exists and compute its value. 
By making successive change of variables, we shall replace S by another set which 
is defined by a simpler set of conditions and for which the volume exists besides 
being easily computable. First consider the substitutions 


Vis fori=1,...,7, 
gee Me. foe 1 ee 
2 fori =rj+tmtl,...,7m+2n. 
n i) 
Recall that y; = >> B x; Where (x), ..., Xn) € IR". In view of the arrangement of 
j=l 
the isomorphisms, it is clear that (x1, ..., 1) > (Z1,.--, Zn) is a transformation of 


R” — R", which is given by 


n Z 
y Bray fori=1,...,7, 
j=l 
a= n : 

 Re(B))xj fori =r t1,....ri tra, 
j=l 
n 

Litem = >, IBS yey fori=ritl,...,n+1r. 


j=l 


Thus by an argument similar to that in the proof of Theorem 8.14, we see that the 
absolute value of Jacobian of z;,..., Z, with respect to x;,..., X, is given by 


O(Z1,+++5 Zn) = : 
| = 27" | det(B"), j|. 


0(x1, ses %n) 
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Also by Theorem 2.15, we have 


| det(By”);, 7] = V1Dxq(Bi. ---+ Bul = [Ox : Bl dl = N(B)y/ldkl. 


O(Z1,--+5 Zn) 
O(X1,...5 Xn) 


So = 27” N(B),/|dx|. Consequently with S as in Step II, volume of S$ 


exists once it is shown that volume of S* exists, where S* is the subset of R” consisting 
of all points (z1, ... , Z,) such that the following two conditions are satisfied on taking 


ry r}+r2 


ae ae 
v= I] Izjl . II G+ 274%)? 
j=l j=rtl 


0<z* <N(B), 


and in the equations 


; 
gi i 4 
|=) op loele?|, latany, 


(9.7) 
4 [zz +e ts, r 
ye ees Pa ( 


Ter cqlogle|, nt+1<j<ntn, 
q=l 


log 


log 


the coefficients c, satisfy 0 < cy < lforl <q <r. 
In view of the Jacobian computed above, the volumes of S and S* (in case of 
existence) are related by 


2” 
voi(s) = fv fd nde = (fs [dci-den). 
——— a o 


ae 
S Ss 


On replacing each coordinate z; by z;/N(B)!/", clearly it is enough to prove that 
the volume of the set S** exists where S** is the subset of R” consisting of all points 
(Z1,---, Zn) which satisfy the following conditions with z* as above: 


0<2 <1, z7>0,1<j<n, 


and in Eqs. (9.7), the coefficients c, satisfy0 <c, < lforl<q<r. 
If volume of S** exists, then volume of S will exist and will be given by 


ori +r2 orl +r2 = 
vol(S$) = —— / .- faz, ---dZ, = vol($**). (9.8) 
V|dx| V|dx| 
——4 
S** 
We now take new variables 01, ..., Pr;+4r,, Or, 41, +--+, Pr, tr. and make the follow- 


ing substitution into polar coordinates: 
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| bi ifl<isn 
Ae picos¢;, ifi=r,t+1,...,r +1 


Zitr, = Pi SING, ifi=ryt+l,...,mn +r 


Then dz;dzj+-, = pidoidg; for i =r, +1,...,71 +72 and the Jacobian of this 


ri tro rit+r2 
transformation is ( [] ;). On denoting ( [] p; ‘) by p, the set S** in terms of the 
i=r|+1 i=l 
coordinates ~1,..., Pr,try+Or,+1s +++» Pr, +r, 18 given by the following conditions: 
O0<p<1, p; > O0foreachi = 1,...,7; +72 and in the equations 
3 
Pi . 
loe( )- cqlogle|, 1<i<n+n, (9.9) 
aI p » q q 


q=1 
the coefficients c, € [0, 1) forl <q <r. 


Since these conditions do not impose any restrictions on the coordinates ¢,,+1, ..., 
or;+r,, they independently take all values in [0, 277). We now replace p1,..., Pr,+r, 
by new variables p, c),..., c;. The set S** is determined by the conditions 


O<p<l, O<c, <1, q=1,2,...,r. 


It is now clear that volume of S** exists. Therefore volume of S exists. 
Next we compute the Jacobian of the last transformation. Rewriting the equations 
mentioned in (9.9), we see that 


1 “ 
log p; = —logp + > | ¢q log le)” | l<i<r4+l. 
q=1 
Differentiating the above equations with respect to p and c,, we obtain 


pi IP = Np pj WCq 


= (i) 
= log le, |. 


O(P1 y+ Pr-+1) 


ESO | equals the absolute value of the determinant of 


Therefore the Jacobian | 
the matrix 


PL 2 3s Pr+1 


ad eee 


a ty is (r+1) 
r+ 
pi log |e; "| p2 log le; | 


np 
Pr+1 log |e; 
: = P (say). 


pi log |e{?| pz log |e| - ++ pr4i log |e? | 
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r+l 
Keeping in mind that [] p;' = p, it is clear that 
i=l 


1 1 bans 1 
1 log le | log le taller ee le 
det P = ———— det 
rytr2 
isnt log |e(? | log Je | --- log Je | 
ry+r2 
Note thatifr2 = 0,then [] ; being anempty product equals to 1. Keeping in mind 
i=rjt+l 


r+l 

>> e; =n and > e; log le | = log |Nx/o(€,)| = 0, on multiplying the ith column 
i=l 

of the above atk by e; for 1 < i < r + 1 and adding them to the last column, and 
then expanding the determinant by the last column, we see that 


O(01,---5 Pr R 
| a - as i (9.10) 
oe oe on I bi 
i=r\t+1 
So the volume of S** is given by 
vol(S**) = / : faci --+dZn 
S** 
= (2n)” / a fons ee Pr+r4pi .. Apr +r, ’ 
——" 
U 

where U is the subset of R"*” consisting of all vectors (01,..., Pr,+r,) Satisfying 


the conditions of (9.9). Keeping in mind (9.10), it follows that 


1 1 
vol(S**) = rye | . +f dpde ...dc, = (w)y?R. 


Therefore combining the above equation with (9.8), we see that 


Witz R 


Vidkl — 


This proves (9.6), which completes the proof of the theorem. 
Theorem 9.2 yields the following corollary. 


vol(S) = 
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Corollary 9.4 Let K be an algebraic number field having class number h and let x 
be as in Theorem 9.1. For a positive real number T, if Z(T) denotes the number of 
integral ideals of Ox whose norm does not exceed T. Then 


_ ZT) 
lim — = 
Too T 


hk. 


Proof Let Ci, ...,Cy be the ideal classes of K. Let Z(T, C;) denote the number of 
h 
integral ideals in C; whose norm does not exceed T, then Z(T) = }° Z(T,C;). So 
i=l 
by Theorem 9.2, 


h 
2G) 
lim ~~ = lim =) — = rx. 
i 


9.3 Derivation of Dirichlet’s Class Number Formula 


For deducing Dirichlet’s Class Number Formula from Ideal Theorem, we define 
Dirichlet series” and study their properties. 


CO 
Definition. A series of the form >> ae where a, are complex numbers, is called 
n=1 


Dirichlet series. In the particular case when a, = 1 V n, this was introduced by 
Bernhard Riemann and is called Riemann zeta-function. 
CO 
egs . 1 ‘ 
Proposition 9.5 The series dX =z converges for s > 1. Its sum function denoted by 
n= 
€(s) (Riemann zeta-function) for s > 1 is a continuous function of s in (1, 00) and 


lim (s ~ 1)g(s) = 1. 


Proof Whens > 1, then + is amonotonically decreasing function of x in the interval 
(0, co). Therefore for s > 1, we have 


/ dx 1 / dx 
< < ; 
xs ns xs 


n n—1 


where the above inequality on the left hand side holds for n > 1 and on the right 
hand side it holds for n > 2. Hence for N > 1, 


? The first application of Dirichlet series to number theory was given by Dirichlet in 1937. He used 
the function L(s, x) defined in the next chapter. 
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[o.e) 
Since [ a converges for s > 1, taking limit as N — oo, we have 
1 


fSsmsi+fS 
xs xs 
1 


and hence 


1 
a i 
5-1 255 Toa 


Multiplying throughout by (s — 1) and then taking limit as s > 17, it follows that 
lim (s —De(s)=1. 
sol 


We now verify that ¢(s) is a continuous function of s in the region s > 1. Fix 
[o.e) 


CO 
a positive real number 5. For s > 1+ 6, we have >> + <> at. Since the latter 
n=1 n=1 


[o.e) 

series converges, the series )> + converges uniformly in [1 + 6, oo) by Weierstrass 
n=1 

M-test. Each term of series is continuous function of s. So its sum function is a 


continuous function of s in interval (1 + 6, 00). As this is true for every 6 > 0, the 
proposition is proved. 


[o.e) n 
Proposition 9.6 Let >? “ be a Dirichlet series. Forn > 1, let P, stand for >} aj. If 
n=l j=l 


there exists anon-negative real number oo such that the sequence {| on |} is bounded, 


[o.e) 
. ‘is : 
then the series )) @ converges uniformly on each compact subset of (09, 00) and 
n=1 
represents a continuous function of s in (09, 0). 


Proof Recall that a series is uniformly convergent in a set U if and only if the 
sequence of its partial sums is uniformly Cauchy in U. Let Fo be a compact subset of 
the interval (09, 00). So Fo is closed and bounded. Let fo denote the greatest lower 


bound of Fo, then fp € Fo. Hence fp > oo. So there exists a real number r > 0 such 
CO 


that fo = oo +r. We now show that the sequence of partial sums of the series )) “ 
n=1 
is uniformly Cauchy in Fo. 
Let b be an upper bound for the sequence {| fn |} and wo be an upper bound for 
Fy. Let M, N be any natural numbers with M > N. Then for s belonging to Fo, we 


have 
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Fe es Pya Sp 1 1 
ns ns ~ Ms NS . (n+ 1)5 | 


n+l 
Substituting s f os for (3 e Ly) in the above equation, it follows that for s 
n 


belonging to Fo 


ee — bm = + bn’ te 1 
eu Me = (n+ 1) 
M— md 
bM eae =— ae 
= Ms 2S ba xstl 
n=N n 
| n+l 
b 
= M fo-20 +o o +0 [= aid 
n=N 
ro) 
2b dx 2b sb 1 
Pap er = a 
— N fo-% x8-o+1 N fo-20 5 — 09 N8-% 
N 
2b uob 1 
< — + ——_. 
~ Nv r N’ 


Since r > 0, the last expression +; ab 4 woh + tends to 0 as N tends to oo. We have 


Gn 


shown that sequence of partial sum of the series ~ a 


is uniformly Cauchy in any 


n=1 
oo 


compact subset Fo of the interval (a9, 00). So > “ is uniformly convergent in every 
n=1 


[o.@) 
compact subset of Fo. Since each term of the series is continuous in Fo, the sum mdi a 


is continuous function in Fo. 


o.e) 
Theorem 9.7 Let >? “ be a Dirichlet series which converges for s > 1 with sum 
n=1 


denoted by f(s). Forn>1, let Py = >- aj. If there is a constant c such that 
= 
lim i = = ¢, then a (s — 1) f(s) =c. 


n—>0oo 


Proof By Proposition 9.5, lim (s — 1)¢(s) = 1. So it is enough to show that 
sol 


Him: |(s — 1) f(s) — e(s — DE (s)| = 0. (9.11) 
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CO 
We first find an estimate for the sequence of partial sums of the series } “—*. Write 
n=1 
P, = cn+neé,, then €, > 0 as n > oo. Let M > 2 be an integer. For s > 1, on 
substituting for P,,, we have 


M 
[Pr _ Ph-1 _ c] 
aa ae 


n> 


It is now clear that 


M M M— 
an 1 1 1 Mey 
te 5|=|Ye(- ae) +e 
n=1 n=1 n=1 
M— 
1 1 Men 
< 
- Yes a7) Ms 
= n+l 
_|x dx |, leml, 
_ do snen xstl Ms-1° 
n=1 if 
consequently for s > 1, we see that 
M M-1 yor | | 
an x EM 
pe y= <5 Solel f 2+ oe. (9.12) 
n=1 n=1 n=1 


Let € > 0 be any given real number. For proving (9.11), we shall show that there 
exists 6 > 0 depending upon € such that for every s € (1, 1 + 4), we have 


l(s — Ll) f(s) — c(s — 1I)e(s)| <€. (9.13) 


Since the sequence {€,} — 0 as n — ov, so there exists a natural number N such 
that |e,| < 4, Vn = N. Also every convergent sequence is bounded. So there exists 
k such that |e,| < k for all n. In view of (9.12), for M > N ands > 1 , we have 


M M 
n 1 
Y —-c) anes 
ns ns 


n=1 n=1 
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[o.e) 

Since {€,,} is a bounded sequence and the integral de is convergent for s > 1, upon 
1 

letting M — on, the above inequality yields 


n+l 


IF) ee) 8 Yolen f Oy Sfors > 1 


n=1 


Therefore 


N-1 n+l 


N 


3 


n=1 A 


N 


oe) 
2 2 
s 
~ x 3 xs 3 
1 


N 


SE 1 € 
= shies 
skbEN) + 6 —D Uy 3 


Thus we have shown that 


< skloe(N SE 1 € 
| f(s) — cf(s)| < sk log( +36 -p@Ma ts 


Multiply the above inequality by s — | on both sides, we see that for s > 1 


SE e(s — 1) 
I(s — I) f(s) — e(s — 1)g(s)| S (s — I)sk log(N) + (NI + 3 


Note that the right hand side of above inequality tends to § as s > 1*. So there 


exists 5 > 0 depending upon € such that for every s € (1, 1 + 5), we have 


I(s — I) f(s) — e(s — De(s)| <€. 


This proves (9.13) and hence the theorem. 


Proof of Theorem 9.1. For any ideal class C of K, we denote the sum )° reo 


AeC 
by x (s, C), where A runs over integral ideals of the class C. We shall prove that the 
above series converges uniformly on all compact subsets of (1, oo) and 


nn — lféxk(s,C) =k, (9.14) 


where x is as in the statement of the theorem. For any number /, let f(j, C) denote the 
number of integral ideals inC having norm j. With this notation, the series )~ ae 
AeC 
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oo é 
can be rewritten as )> oo. If Z(n, C) stands for the number of integral ideals in 


j=l 
C whose norm does not exceed n, then )* f(j,C) = Z(n, C). By Theorem 9.2, we 
j=l 
have 2k 
fa (9.15) 
noo n 


So the sequence {aeey is bounded and hence by Proposition 9.6, the series 
oo . 

» fo =), way converges uniformly on all compact subsets of (1, 00). Since 
j=l AeC 


this is true for each ideal class C and the number of ideal classes is the finite number 
h, it follows that the series )~ way with A running over all non-zero ideals of Ox, 


converges uniformly on compact subsets of (1, 00). Further using (9.15) and Theo- 
rem 9.7, we conclude that (9.14) holds. In view of the fact that €x(s) = )° €x(s, C) 
Cc 


for s > 1, formula (9.1) now follows immediately from (9.14). 


Dirichlet’s class number formula becomes valuable because the function fx (s) 


-1 
also has a representation as an infinite product | | (1 ) given by the follow- 
p 


~ wOF 
ing proposition. If for a field K, we have a good knowledge of norms of prime ideals 
of Ox, then we can obtain explicit expression for the class number hx of K from 
Dirichlet’s class number formula. Using this method, we shall give simpler formulas 
for hx in the next chapter when K is a cyclotomic or a quadratic field. 


Proposition 9.8 (Euler’s Product Formula.) Let K be an algebraic number field. 
Then fors > 1 
1 -1 
cx(s)= (1 7 za) ‘ (9.16) 
. I] N(py 


where p runs over all non-zero prime ideals of Ox. 


Proof For every non-zero prime ideal p of Ox, 


(1- L) ait : + ap 
N(p)s)  N(pys Nps? 


where the series on the right hand side converges absolutely for s > 0. Let M be 
any natural number and pj, p2,..., p, be all the prime ideals of Ox with norm not 
exceeding M. So 


1 ) = 1 
De - ne 
II ( Ny ‘ xX Nii Pr') 


Acc 


N(p)<M 
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consequently 
t \~ I I 
1 — — - ——]|< ——., (9.17) 
| I] ( io) dX N(A)S D Nay 
N(p)<M N(A)SsM 


where A* runs over those integral ideals of Ox whose norm is strictly greater than 
M but which can be divisible by only those prime ideals whose norm is less than or 
equal to M. The right hand side of (9.17) being dominated by the tail of a convergent 
series (namely the series for x (s)) tends to 0 as M — oo when s > 1. Hence the 
result is proved. 


The proof of Proposition 9.8 can be imitated to prove the following proposition 
which will be used in the next chapter. 


Proposition 9.9 Let {a,} be sequence of complex numbers such that a, = 1, |am| < 
[o.e) 


1 Vm > 1 and amy = Ama, for all natural numbers m,n. If Y~ |am| < 00, then 
m=1 


[o.e) 
YS am =[]C — a,)7!, where p runs over all rational primes. 
m=1 Pp 
Proof Let N be any natural number. Using the hypothesis for the terms a, it can be 


easily seen that 
N 


] [@-4)7 - >) an 


p<N m=1 


< DO lamel, 


m* 


where in the product, p runs over primes not exceeding N and on the right hand side, 
m* runs over all those positive integers which are strictly greater than N but whose 


[oe] 
prime divisors do not exceed N. The series )° |ay«|isdominatedby }°  |a,| which 
m* m=N+1 


[o.e) 
tends to zero as N — oo because > |a,,| converges by hypothesis. Therefore the 
m=1 


proposition is proved. 


9.4 Applications of Dirichlet’s Class Number Formula 


The next two theorems are applications of Dirichlet’s Class Number Formula. 


Theorem 9.10 An algebraic number field K has infinite number of prime ideals p 
such that the absolute residual degree of p is 1. 


Proof For anon-zero prime ideal p of Ox, let f) denote its absolute residual degree, 
then N(p) = p/*, where p is the rational prime lying below p. By Euler’s product 
formula for s > 1 
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l -1 
cx(s) =P] (1- :) . 
; N(p) 


Taking log of both sides in the above equation, we obtain for s > 1 


a 1 
log fx (s) = 2 ae (9.18) 


p m=1 


The sum on the right hand side of the above equation will be split into two parts. For 
s > 1, define 


1 
P) =) Fea 


Pl 


where p, runs over all those prime ideals of Ox whose absolute residual degree is | 
and denote the sum of the remaining terms of (9.18) by G(s). Therefore for s > 1 


* 1 < 1 
C= De da mnepy + Le De manip 


m=1 m=2 
fp22 fp=l 


So (9.18) is rewritten as 
log fx(s) = P(s) + G(s). 


Let p be a prime ideal of Ox and p be the rational prime lying below it. If fy > 2, 
then 


0° 0° 
1 1 1 2 
» N( jms s > 2sm = 2s _ | = 2s? 
mN (p P P 


m=1 m=1 
and if f, = 1, then 


(oe) 


1 cr | 1 2 
a = a = Sos? 
mN(pyms ~~ 2 pe p*(p$— 1) pp 


m=2 


Consequently for s > 1, we have 


60 <= 


plp Pp 


where p runs over all rational primes and p runs over prime ideals of Ox. 
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In view of the fundamental equality proved in Chap. 4, for any rational prime p 
there exist at most n prime ideals p of Ox which lie over p, where n is the degree of 
K/Q. Thus for s > 1 


G(s) < 2n)° - < 2nz(2s). 
P 
Pp 


By Proposition 9.5, ¢(s) is acontinuous function of s in the interval (1, oo). Therefore 
in view of the above inequality, G(s) is bounded when s — 1+. By Dirichlet’s 
Class number formula, we know that lim, (s — 1)fx(s) = hk 4 0, which implies 


fx(s) > coass — 1*; consequently log fx(s) > co ass > 17. But log fx(s) = 
P(s) + G(s), and G(s) remains bounded as s > 1*. So P(s) > w as 5s > I* 
and hence there are infinitely many terms in the sum for P(s). Therefore there are 
infinitely many prime ideals with absolute residual degree 1. 


The following results are interesting applications of the above theorem. 


Theorem 9.11 Let K C K’' be algebraic number fields. Then there are infinitely 
many prime ideals of Ox which split completely in K'. 


Proof Let L be a finite normal extension of Q containing K’. Note that if a rational 
prime p splits completely in L, then each prime ideal of Ox lying over p splits 
completely in K’. So it is enough to prove that there are infinitely many rational 
primes which split completely in L. Since L/Q is a finite Galois extension, the 
absolute residual degree of all prime ideals of O, which lie over a given rational 
prime p is the same in view of Theorem 4.3; let f,, denote this residual degree. Note 
that in view of the fundamental equality, a rational prime p splits completely in L if 
and only if f, = | and p is unramified in L. Recall that all but finitely many rational 
primes are unramified in L in view of Theorem 4.16. By Theorem 9.10, there are 
infinitely many prime ideals of O; which have absolute residual degree 1. Keeping 
in mind the fact that there are at most [L : Q] prime ideals of O, lying over a given 
rational prime p, it now follows that there are infinitely many rational primes which 
split completely in L. 


Corollary 9.12 Let F(X) € Z[X] be a monic irreducible polynomial. Then there 
are infinitely many primes p for which the reduction of F (X) modulo p factors into 
linear factors over Z/ pZ. 


Proof Let K = Q(@), where @ is a root of F(X). In view of Theorem 9.11, there are 
infinitely many rational primes p which split completely in K. The corollary now 
follows, because in view of Theorem 4.8, a prime p which does not divide the index 
[Ox : Z[@]] splits completely in K if and only if the reduction of F(X) modulo p 
factors into distinct monic linear factors over Z/ pZ. 


The following result is a particular case of the above corollary. 
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Corollary 9.13 Given any integer a which is not a perfect square, there exist 


infinitely many rational primes p such that (4 = 1. 


The above corollary gives rise to the following natural question: Given an integer 
a which is not a perfect square, are there infinitely many rational primes p such that 


= —1? The answer is given by the following theorem which we prove using 


P 
Dirichlet’s class number formula. 


Theorem 9.14 Given any integer a which is not a perfect square, there exist infinitely 


a 
many rational primes p such that (< ==1, 
P 


Proof Write a = b’d where b, d are integers and d is squarefree. So we have to prove 


d 
that there exist infinitely many rational primes p such that (<) = —1. Suppose the 
P 


result is false. Let D denote the discriminant of the field K = Q(./d) and (2) stand 
for the Legendre or Kronecker symbol according as p is odd or even prime. Let P 


denote the set of primes p for which (2) = —1 and P, denote the set of primes p 


for which (2) = +1. By Euler’s product formula, 


I -1 
tx(s) =] (1 - xa) 
: N(p) 


for s > 1, where p runs over all non-zero prime ideals of Ox. By Theorem 4.11, 
if p € P, then there are two prime ideals of Ox lying over p each having norm 
p and for p € P, there exists only one prime ideal p of Ox lying over p having 
N(p) = p”. When p divides D, then there is only one prime ideal p of Ox lying 
over p and N(p) = p. So the above product formula shows that for s > 1, 


2 -1 -1 
tx(s) = I] (1 = =) I] (: - =) I] (: = =) . (9.19) 
P P = 


peEP\ pEeP p* 
-1 
Recall that ¢(s) = J] (1 = i) for s > 1, where p runs over all rational primes. 
Pp 


Keeping in mind the assumption that P is a finite set, Eq. (9.19) for s > 1 can be 
rewritten as 


cx(s) =o" [| (: + a I] (1 - =) I] (1 - =) 


5S JS 
pEeP pEeP e a 
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By Proposition 9.5, lim (s — 1)¢(s) = 1. So the above equation shows that 
st 


-1 
lim (» = ex) = T] (14+ =) M(:-+)M(:-+): 
solt a Pp 


pEeP peEP P 


the expression on the right hand side is non-zero being a finite product of non-zero 
terms. On the other hand, by Dirichlet’s class number formula, lim, (s — 1)?¢x(s) = 


0. This contradiction proves the theorem. 


Exercises 


1. Give a simplified version of the proof of Theorem 9.2 when K is an imaginary 
quadratic field. 

2. Let K be areal quadratic field with discriminant dx and let e > | be the funda- 
mental unit of K. Let C be an ideal class of K. For a positive real number 7, let 
Z(T,C) be the number of integral ideals in C whose norm is less than or equal 
to T. Prove that 

Z(T,C) 2loge 


Too TO dx] 


1 
3. Prove that log f(s) — ) — remains bounded as s — 1*, where p runs over 
p* 


Pp 
all prime numbers. 


4. Let F(X) € Z[X] be a monic irreducible polynomial. Prove that there are 
infinitely many primes p for which F(X) = 0 (mod p) has a solution in Z. 
5. Calculate lim, (s — 1)€x(s) when K is one of the following fields: 
sol 


(i) QW-D; 
(ii) QW3); 
(iii) Q(v6). 


6. For any algebraic number field K, prove that the sum >> rey converges for 


s > 1, where p runs over all non-zero prime ideals of Ox. 

7. Prove that for s > 1, 
1-$4+H¢-H4+--- = -2' G(s). 

8. For an algebraic number field K, let v(m) denote the number of integral ideals 
of Ox with norm n. Prove that if m,n are coprime numbers, then v(mn) = 


v(m)v(n). 
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CO 
9. Compute the first ten terms (1 <n < 10) of the series 5° en when K is one 
n=1 


of the following fields: 
G@) QW —3); 
(ii) Q(V1)); 
(iii) Qe > ); 
(iv) Qe). 
10. Let K be an algebraic number field. For any positive integer n, let v(n) denote the 
number of integral ideals of Ox with norm n. Prove that for s > 1, x (s)/Cf(s) 


CO 
= )E & with c, = )) w(d)v(4), where ju is the Mobius function defined by 
n=1 d\n 


1 ifn = 1, 
p(n) = 4 (—1)’ ifn is a product of r distinct primes, 


0 otherwise. 


Chapter 10 ®) 
Simplified Class Number Formula creek 
for Cyclotomic, Quadratic Fields 


10.1. Numerical Characters and L-functions 


In this chapter, we give a simplified version of Dirichlet’s Class Number Formula 
for cyclotomic and quadratic fields using special kind of Dirichlet’s series called L- 
functions attached to numerical characters and derive Dirichlet’s Theorem for primes 
in arithmetic progressions. We first define these notions and prove some basic results 
regarding characters of finite abelian groups. 


Definition. Let G be a finite abelian group. By a character x of G, we mean a 
homomorphism xy : G —> {z: |z| = 1, z € C}. If G has order n and ¢ is the identity 
of G, then for x € G, x” =e which implies that x(x)” = x(x") = x(e) = 1. So 
x(G) is contained in the group of nth root of unity. 

Note that if G is a cyclic group of order m generated by a, then G has exactly m 
characters x0, .-.; Xm—1, defined by x;(a) = e!, where € is a fixed primitive mth root 
of unity. In fact this is true for every finite abelian group as asserted by the following 
proposition. 


Proposition 10.1 The number of characters of a finite abelian group equals the 
order of the group. 


Proof We can write G = [| G; as a direct product of cyclic groups. Suppose G; is 


i=l 
generated by a; and G; has order m;. Any element x € G is of the form 


x =atae...a®, (10.1) 


So a character of G is completely determined if we define x (a1), ..., x (as). Since 
a is the identity of G, so x (a;) is an (m;)th root of unity. Conversely let €; be an 


(m;)th root of unity, then for any x € G given by (10.1), we can define 
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YG) aete? ces (10.2) 
and this is well defined because the right hand side of (10.2) is independent of the 
choice of k; (which are unique modulo m;). Each root €; can be chosen in m; ways. 
So there are mim ---ms; characters of G. 


Observe that the set of all characters of a finite abelian group is a group under 
usual multiplication of mappings. This group is called the character group of a finite 
abelian group G. 


Proposition 10.2 If G is a finite abelian group and H is a subgroup, then any 
character of H can be extended to a character of G and the number of such extensions 
equals the index of H in G. 


Proof Let G be of order n and H be of order m. When we restrict a character x of G 
to H, we obtain a character of H. Itis clear that the map A sending x to the restriction 
map x|y is a homomorphism from the character group G of G into the character 
group A of H. Note that x € ker(A) if and only if x(g) = 1 forall g € H. Itcan be 
easily verified that the group ker(A) is in one-to-one correspondence with the group 
of characters of G/H. Thus by the previous | proposition | ker(A)| = =|G/H| = m: BY 
the first isomorphism theorem of groups, G / ker(A) = A(G). So order of Mei= 

m. But A has order m. Thus A(G) = H which implies that A is onto. Therefore, 
given any character of H, it can be extended to a character of G and the number of 
such extensions equals =. 


Corollary 10.3 Let G be a finite abelian group. If g # e, g € G, then there exists a 
character x of G such that x(g) # 1. 


Proof Let H be the subgroup of G generated by g, then H # {e}. Let w be a non- 
trivial character of H, so that %(g) € 1. By Proposition 10.2, we can extend the 
character w of H to a character x of G. So x(g) = w(g) £1. 


Proposition 10.4 Let G be a finite abelian group of order n with identity e. Let G 
be the character group of G with identity Xo. Then the following hold. 


(i) Forx € G. x x(g) equals n if x = xo and 0 otherwise. 


(ii) Forg €G, = x(g) equals n if g = e and 0 otherwise. 
xeG 


Proof (i) If x = xo, then )° x(g) =n. Suppose x # xo. Therefore there exists 
geG 
z € G such that x(z) € 1. As g runs over all the elements of G so does gz. Thus 


> x(g) = & x(ez) = x(z) & x(g). Since x(z) # 1, we see that )* x(g) = 0. 


geG geG geG = geG 
(ii) If g = e, then clearly }° x(g) = |G| =n. If g # e, then by Corollary 10.3, 
xeG 


there exists a character x’ of G such that x’(g) 4 1. As x runs over all the elements of 
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G, so does xx’. Thus > x(g) = >> xx'(g) = x'(g) © xX(g)- Since x'(g) # 1, 
xeG xeG xeG 


we have >> x(g) = 0. 
xeG 


Notation. For any natural number m, let G,, denote the multiplicative group of all 
reduced residue classes modulo m, i.e., those cosets of the group Z/mZ which are of 
the form mZ + a with (a, m) = 1; Gy» is a group of order }(m). The residue class 
modulo m which contains an integer a will be denoted by a. To every character x of 
G, , one can associate a function x* : Z —> C defined by 


ae» _ JX@ if (a,m)=1, 

x*(a) = ; 
0 if(a,m) > 1. 

Such a function x* defined on Z is called a numerical character modulo m. So 

a function x* : Z —> C is called a numerical character modulo m if it has the 

following properties: 


(i) x*(ab) = x*(a)x*(b) for all a, b € Z, 
(ii) x*(a) = O if and only if (a, m) > 1, 
(iii) x*(a) = x*(a’) ifa =a’ (mod m). 


In view of Proposition 10.1, the number of numerical characters modulo m is @(m). 
In future, we shall denote the numerical character x * corresponding to a character x 
of G,, by x again. Corresponding to the trivial character xo of G,,, we shall denote 
again by xo, the numerical character modulo m which is defined by 


tie 1 if (a,m)=1, 
BO TG ean SU 


It will be called the principal character modulo m. 


Remark 10.5 If x isanumerical character modulom and x 4 xo, then in view of the 
first assertion of Proposition 10.4, )> x (g) = 0, where g runs over a reduced residue 


8 

system or a complete residue system modulo m. Further for any positive integer 
n 
Ye xG ) < m — 1. To verify this, for a fixed n write by division algorithm n = 

j=l 

mq +r,0 <r <m. Foran integer i, let J; denote the set {im + 1,im+2,...,@+ 
1)m} consisting of m consecutive integers. Then 7; represents a complete residue 


n, 


m 


q-1 
system modulo m. So }* x(x) = 0. Thus * x(x) = ) YS x(x) = O. Therefore 


xeT; x=1 i=0 xeET; 
n mq+r n mgq-+r 
VxD= DV x(j). Hence | > x(i)] < » KQleranat. 
j=l j=mqt+l j=l j=mq+l 
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Proposition 10.6 Let x 4 x0 be a numerical character modulo m, then the series 


ioe) 
x(n) ; 
» ip converges uniformly on all the compact subsets of (0, 00) and represents a 
n= 
continuous function of s in (0, 0). The convergence of the series is absolute when 


s € (1,00). 


Proof Let P,, be a sequence defined by P,, = >* x (j). In view of the above remark, 
j=l 
|P,| <m —1 for each n > 1. So P, is a bounded sequence. It now follows from 


[o.e) 

Proposition 9.6 that )~ wn converges uniformly on compact subsets of (0, oo) and 
n=1 

tL 


—=s converges for 


[e.2) 
represents a continuous function of s in (0, oo). Since the series > 
n=1 


[o.@) 
s > 1, we see that the series )* * converges absolutely for s > 1. 


ns 


n=1 
Definition. For a numerical character x modulo m, we denote the sum of the 


o.@) 
series )* oun by L(s, x) whenever it converges and its sum function is called L- 


n=1 
function attached with character x. Applying Proposition 9.9 (with a, = cu ), we 
see that fors > 1 
oO = 
y x) _ (1 _ x) . (10,3) 
= ns ps 


where the product in the above equation is taken over all rational primes p. 


10.2 Simplification of Class Number Formula 
for Cyclotomic Fields 


Let K = Q(¢), where ¢ is a primitive mth root of unity, m > 3. We want to sim- 
plify Dirichlet’s Class Number Formula for K. Keeping in mind that K has no real 
isomorphism and Dirichlet’s Class Number formula given by (9.1), we have 


g(m) 


(21) R 
w/ldk] ” 


where hf is the class number of K, R is the regulator of K and w is the number of 
roots of unity contained in K. In view of Lemma 8.30, w = m or 2m according as 


lim (s — DéxG) =h 


1 
m is even or odd. By Euler’s Product formula, ¢x (s) = [| (1 _ xix) fors > 1, 
p 


where p runs over all non-zero prime ideals of Ox. We shall first write the above 
product in a clear manner. 
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For s > 0, define G(s) = II II (1 - wir) 7 If p is a prime ideal of Ox lying 
over a rational prime p not dividing m, then we denote the absolute residual degree 
of p by f,, it is independent of the choice of p lying over p in view of Theorem 4.3. 
In fact f;, is the smallest positive integer such that p/» = 1 (mod m) by Theorem 
4.13. Also the number of distinct prime ideals p of Ox lying over p is om . Thus 


for s > 1, we can write 


gm) 


x (s) = aT] (1- on) an (10.4) 


ptm 


We now make use of the following interesting device to write 1 — p~*/” in a conve- 
fo71 

nient form. Let € be a primitive ( f,)th root of unity, then 1 — X fo = I] a- eX): 
k=0 


. het 
Substituting X = p~°, we get 1 — p/p = [J] (1 — e*p~*) and hence 
k=0 


Blois fo- ‘ om) 
(l— pry = [Ta-ep ys. (10.5) 


Clearly the number of factors on the right hand side of the above equation is ¢(m), 
which is independent of p. Thus if we wish to combine terms corresponding to 
different rational primes p, then we have the same number of terms available to us. 

Let x be any character of the group G,, of reduced residue classes modulo m. 
Since the class p has order f,, in the group G,,, x (p) i is an (f>)th root of unity and 
hence x(p) = €* for some k,0<k < fp—le=e 7 . Conversely if €* is taken, 
then there = exactly one character x, of the cyclic group generated by p such 
that x:(p) = e*, Extend x1 toacharacter of G,, and this can be done in exactly ~ om) 
ways by Eropestnon 10.2. Thus as x runs through all characters of G,,, x (Pp) es 
each value ef, 0 <k < fo -1 , exactly times. Therefore it follows from (10.4), 
(10.5) that for s > 1, we have 


fo—! 


cx(s) = G(s) ]] [J a- Le ey 
pim k=0 
os =Go TTT (1- xP) | 
ptm x 


where x runs over all the characters of G,,,. Now let us denote the numerical character 
modulo m which corresponds to x again by x. Since x(p) = 0 if p|m by the 
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-1 
definition of numerical character, we see that ¢x(s) = G(s) [|] (1 _ x) for 
PX 


Ss > 1, where x runs over all numerical characters modulo m and p runs over all 
primes. Therefore keeping in mind (10.3), it follows that for s > 1, 


ox(s) = oo TTT (1- xp) =G(s)[[LG.x). (10.6) 
x 


where x runs over all numerical characters modulo m. If x = xo is the principal 
character modulo m, then for s > 1 


xo(p)\ | ea i 
L¢s.x0) =T] (1 ) =T(1-=) =e [](1- =), 


s 
P P ptm 


-1 

because ¢(s) = [] (1 - i) by Euler’s product formula. Thus we have shown that 
Pp 

fors > 1 


tx(s) = F(s)é(s) |] LG, x), (10.7) 


X#X0 


where 


ro)=TI(1- »)TIIT(!- NQ@y var) wi 


p\m p\m plp 


On multiplying both sides of (10.7) by s — 1 and taking limit as s +> 17, it follows 
from Theorem 9.1 and Proposition 10.6 that the class number h of K = Q(¢) satisfies 


gm) — bin) 


22072R 


w/Idkl ” 


hk = F(1) I] L(,x), where «= 
X#X0 


ioe) 

with R the regulator K, w the number of roots of unity in K and L(1, x) = > x 
n=1 

Keeping in mind that w is m or 2m according as m is even or odd in view of 


Lemma 8.30, we have proved the following theorem. 


Theorem 10.7 Let K = Q(f) where ¢ is a primitive mth root of unity, m > 3. Let 
R denote the regulator of K, then the class number h of K is given by 


[dx] 
oF) |] £0. x) 
Qn ante er 
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where |dx | is explicitly given by Theorem 2.31, x runs over all non- principal numer- 
ical characters modulo m, w = m or 2m according as m is even or odd and F(s) is 


defined by (10.8) for s > 0. 
The following corollary is an immediate consequence of the above theorem. 


Corollary 10.8 [fx is anon-principal numerical character modulo m, then L(1, x) 
is non-zero. 


The corollary stated below is a particular case of Theorem 10.7. 


Corollary 10.9 Let K = Q(é), where ¢ is a primitive pth root of unity, p an odd 
prime. Then the class number h , of K is given by h, = fee II £2, x), where 


pal 


Om)" R 249 
R is the regulator of K and x runs over all non-principal numerical characters 
modulo p. 


10.3. Dirichlet’s Theorem for Primes in Arithmetic 
Progressions 


Using Corollary 10.8, we now prove a celebrated theorem due to Dirichlet. The 
theorem in the form given below was first conjectured by Gauss and proved by 
Dirichlet in 1837 using L-functions. 


Theorem 10.10 (Dirichlet’s Theorem for primes in A.P). Let m > 2 be an integer. 
For any integer a coprime with m, the arithmetic progressiona, a+m,a+2m,a+ 
3m, ... contains infinitely many primes. 


Proof The theorem is obvious when m = 2. Thus we shall assume that m > 3. Fix 
an integer a’ such that a’a = 1 (mod m) (which exists since a is relatively prime to 
m). Then x(a) = 70 = x(a’), where x is a numerical character modulo m. So by 
Proposition 10.4, we obtain the following “orthogonality relation” 


—_ o(m) ifa’b=1(modm), ie.,a = b (mod m), 
oe eee oy x(@'b) = | 0 otherwise, 


where x in both the summations varies over all the numerical characters modulo m. 
Now let s > | and let x be anumerical character modulo m. Then, in view of (10.3), 


x(p)\"' 
Lo. =[](1- P) 


Pp P 


where the product is over all primes p. Taking log of both sides, we see that 
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Summing both sides of the above equality as x varies over all the numerical characters 
modulo m, and using the above “orthogonality relation”, we obtain 


1a) x(p") o(m) 
Do x@ log LG. Y= rrp ew 20e SS ae 


Pp n=l xX n>1 
p"=a (mod m) 


Splitting the last summation on positive integers n satisfying p” = a (mod m) accord- 
ing asn = | orn > 2, we see that 


Yi x@loglis,xy=Gim) VO a tomy » a (10.9) 
x 


P n>2 
p=a (mod m) p"=a (mod m) 


We shall show that the second sum on the right hand side of (10.9) remains bounded 

for s > 1, whereas the sum on the left hand side tends to 00 as s > 1*. This would 

imply that Ss a — ooass — 1* and hence the theorem will be proved. The 
p=a (mod m) 

boundedness of the second sum on the right hand side of (10.9) for s > 1 follows 


since 


DD will wsL Lela? 


n>2 Pp n=2 Pp n=2 P 
p"=a (mod m) 


It only remains to prove that the sum on the left hand side of (10.9) tends to oo as 
s — 1*. Recall that by Proposition 10.6 for x 4 xo, L(s, x) is continuous in (0, 00) 
and L(s, x) does not vanish in (1, 00) by virtue of infinite product formula (10.3). 
Also in view of Corollary 10.8, L(1, x) 4 0 for a non-principal numerical character 
x modulo m; consequently Me log L(s, x) = log LC, x) is finite. On the other 


hand, in view of Euler’s product formula, L(s, xo) = ¢(s) [] (1 _ +) fors > 1, 
p\m 


we see that 


1 
log L(s, Xo) = log f(s) + Slog (1 = =) : 


p\m 


Now by Proposition 9.5, log¢(s) tends to oo when s > 1t. Hence so does 
log L(s, Xo). This proves the desired assertion. 
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10.4 Jacobi-Kronecker Symbol and Character Associated 
with a Quadratic Field 


To simplify Dirichlet’s Class Number Formula for quadratic fields, we shall use Leg- 
endre symbol, Kronecker symbol and Jacobi-Kronecker symbol (cf. [Niv, Chapter 
3], [Es-Mu, Chapter 7]). The first two symbols have already been defined in Sect. 
4.3. We first recall some properties of Legendre symbol and then we give definition 
of Jacobi symbol, Jacobi-Kronecker symbol along with their basic properties. 


Legendre symbol satisfies the following properties for an odd prime p: 


(i) If m =n (mod p), then ( ™ ) = (<). 
P 


P 
(ii) Fora,b € Z, (=) = (<) (2). 
P p)\p 


(p-1) 


Sie, foe 
(il) (=) =(-l)? 
P 


: 2 pal 
(iv) (<) =(-" 
P 


(v) Gauss’ Reciprocity Law.! If p, ¢ are distinct odd primes, then (2) (4) = 
q 


ean fe- Dg) 
The lemma stated below can be easily proved by using induction on k. Its proof 
is omitted. 


Lemma 10.11 Letn,, nz, ..., nx be odd integers, then the following hold. 
k 


k 
(i) dl nj) — 1 = >>(n; — 1) (mod 4). 


i=1 
k k 
(ii) ([] n?) — 1 = (nm? — 1) (mod 16). 
i=] i=l 
Definition (Jacobi Symbol). Let m be a positive odd integer having prime factor- 


ization [| p;, where p,, p2,..., Pp, are primes not necessarily distinct and n be an 
i=l 


: : ny, ref(n 
integer. The Jacobi symbol (=) is defined to be [] (=). 
m i=1 \ Pi 


Note that if the congruence x* =n (mod m) is solvable and (n, m) = 1, then the 


: n . 2 2\ (2 
Jacobi symbol (=) = |. The converse is false, e.g. | — ] = (=][( <=] = 1 but 
m 15 3 5 


x? = 2 (mod 15) is not solvable. 


' This is also known as the Quadratic Reciprocity law for Legendre symbol. It was conjectured by 
Euler and Legendre and first proved by Gauss, who referred to it as the “fundamental theorem” in 
Disquisitiones Arithmeticae and in his papers. During his life time he published six proofs for it, 
and two more were found in his posthumous papers. 
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Using properties of Legendre symbol and Lemma 10.11, one can quickly verify 
the following properties of Jacobi symbol, m being a positive odd integer. 


(i) If ny = np (mod m), then (“) = (=). 


m 


(ii) If m,, mz are odd positive integers, then ( . = ( . ) 
my, 


Gii) If, m2 are any integers, then (1) = (") (=). 
m 


m 
-1 in 
(iv) (=) =(-1)? 


2 aot 
(vy) (—)=CDs 
(vi) Reciprocity law for Jacobi symbol. If m and n are positive odd relatively 
prime integers, then (=) (—) = am yee Din=1) 
n 


Definition (Generalized Jacobi symbol). If m is a negative odd integer, then for 
any integer a, the generalized Jacobi symbol (=) is defined to be (<). 
m m 


Let m,n be odd integers which are coprime. Let sgn(m) stand for +1 or —1 
according as m > 0 or m < 0. The following properties can be quickly verified 
using the above properties of Jacobi symbol. 


(I) -1 _ == 1" mol 4 (sen ty 
m 


2 mat 

dp (—)=(C)s 
m 

ath) (=) (=) (1) + AE EY 
n m 


The last formula (III) is known as the reciprocity law for generalized Jacobi 
symbol. Note that reciprocity law for generalized Jacobi symbol remains the same 
as the one for Jacobi symbol when at least one of m or n is positive. 


Definition.(Jacobi-Kronecker symbol) Let a = 0 or | (mod 4) be an integer and 

let n be any non-zero integer. We write n = n,2°, where 2 { 11, the Jacobi-Kronecker 

symbol is defined by (<) = (<) (5) , where (=) is cours! Jacobi symbol 
ny ny 

and (5): is Kronecker symbol given by (5 i = Oor (— Nes r * according asa =0Oor 

1 (mod 4). 


Definition. Let K = Q(/d) be a quadratic field with d a squarefree integer having 
discriminant D. We define a numerical character x modulo | D| by setting x (x) = 0 
if (x, D) > 1 and 
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(=) if d = | (mod 4), 
x(x) =} (-D™ =) if d =3 (mod 4), 
(rts ay) itd = 2a 


Then x is called the character associated with the quadratic field Q(Vd). 
We now prove that x is a numerical character modulo |D]. For this it is to be 
shown that 


(i) x(xy) = x(x)x(y) for all x, y € Z. 
(ii) If x = x’ (mod |D)), then x(x) = x(x’). 


Clearly (i) needs to be verified only when (xy, D) = 1. We distinguish three cases. 


Case 1. d = | (mod 4). 
In this case, 
w= (3) = (2) (3) -2000 
P's = = = Xx . 
noe Vig) “Alay a 


Case 2. d = 3 (mod 4). 


_ xy-l ( XY xy-l _ x-l y-l : 
Then x (xy) = (-1) = [| — }.ByLemma 10.11, =— = = + => (mod 2). This 


|d| 
=(-l*2(-1)>. Thus x(xy) = (-)* ( oF) 


xy-1 
2 


implies that (—1) 


(7) = xoxo 


Case 3. d = 2d’, d' odd. 
In the present case, 


yay w-ta'-1 f xy xy2=1 | xy-l d/=1 x y 
xay=CD Ys (F)=cn eae ae: (a) (3). 
Id"| ld’| 7 \l@' 


By Lemma 10.11, ==! = ©=! + Y=! (mod 2) and 25! = #5! 4 25 (mod 2). 
Therefore 


x2-1 4) (w=1)d/=1 x y2-1 ) Q=Dd'/=1) y 
xy) = De (F) pat (2) = xeox0 


To verify (ii), we again distinguish three cases and assume that (x, D) = 1. 
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Case 1. d = 1 (mod 4). 
Then D = d and 


Case 2. d = 3 (mod 4). 
In this case, D = 4d and x(x 


(-)? (4) = x(x). 


Case 3. d = 2d’, d' odd. 
Here D = 4d = 8d’. Since x = x’ (mod |D|), we have x = x’ na |d’|). Therefore 
(=)- (=). Also x = x’ (mod 8) which implies that =- = x1 (mod 2) and 
—l = rl 1 (mod 2). Thus x(x) = x(x’). 

"The following proposition describes x on positive integers. 


a (=). Since x =x’ (mod |D|) we 


\a| . 
x/=1 X = 
(7) 


Proposition 10.12 Let K be a quadratic field having discriminant D. Let x be the 


D 
character associated with K. Then x(x) = 2) for every positive integer x, where 
x 


D 
(2) is the Jacobi-Kronecker symbol. 
x 


Proof The desired equality needs to be proved when (x, D) = 1. Write K = Q(/d) 
with d a squarefree integer. The proof is divided into three cases. 


Case |. d = | (mod 4). This case is split into three subcases : 


Subcase (1.1). x is odd. 
By reciprocity law for generalized Jacobi symbol, we have 


x= (f)= =o =(9-(2) 


Subcase (1.2). x = 2” y with r even and y odd. 
Using reciprocity law for generalised Jacobi symbol, we see that 


(7)-()-() G)-G)-o"" @- 
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fei (a) a) (a) a) a) 


D 
Hence x(x) = (2). 
x 
Subcase (1.3). x = 2’ y, with r, y odd. 
d 2 = 
Using the fact that ( ) = ( ) = ( nS together with the reciprocity law, we 


2 d 
have 
Ce Bele came 
= — = ( 1) 8 _ 
x x 2 y y 

=p (2) 
alg PIN ANTI of 20 \ af BY 
a (2)-(F))-(2)-( d ). 


the last equality holds because r is odd. Thus we have shown that 


(7) =G)= (a) ae 


Case 2. d = 3 (mod 4). 
For x odd, we have 


(2) _ (“) = (<) See (5) (ye (=) eer 


Case 3. d = 2d’, d' odd. 
For x odd, we have 


D 8d’ 2d’ 2 d’ 1, @pd/-) (X 
(2) (2) (2) -Q)(E) ei Gam 


The above proposition yields the following corollary. 


Corollary 10.13 Let Q(VD) bea quadratic field with discriminant D and let x be 
D 

the character associated with Q(V/D). Then x (p) = (2) for all primes p. 
P 
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10.5 Simplified Class Number Formula for Quadratic 
Fields 
Using Corollary 10.13, we now prove 


Theorem 10.14 Let K be a quadratic field with discriminant D and x be the numer- 
ical character modulo |D\ associated with K. Then the class number h of K is given 


by 
L(, x)VD 
Ld, xX)VvD if D > 0, 
= ~ Qloge | 
Ld, x)J|D\ 
m mL. VT ] if D <0, 


where € > 1 is the fundamental unit of K in case D > 0 and m is the number of 
roots of unity in K. 


Proof In view of Theorem 4.11 and Euler’s product formula, we have for s > 1 


awe HMI (:- wer) 


P plp 


-n-3)' 0-3)" 16-2)" 


The numerical character x associated with Q(/D) is non-principal by virtue of the 
following Lemma 10.16. By Corollary 10.13, for each prime p, we have x(p) = 


D 
(2). Thus for s > 1, we can write 
Pp 


Ko=T(-a) TW (C-Po-w) 0 OP VG-p) - 


np (2) (e)— 
In view of the fact that x (p) = 0 when p|D and L(s, x) = [] (1 _ 1P)™ for s> 
Pp 
1,we can rewrite the above equation as 
ox(s) = L(s, x)e(s). (10.10) 


Multiply both sides of (10.10) by s — 1 and take the limit as s > 1+. Then on 
applying Theorem 9.1 and Proposition 9.5 with notations as in Theorem 9.1, we 
conclude that hk = L(1, x), because L(s, x) is a continuous function in (0, oo) by 
Proposition 10.6. Now since K is a quadratic field with discriminant D, we see that 
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2? loge ree 

rite rR 1 =, 
ice oe. 2y/D 

m/|dx| 7 ifD<0. 
m,/|D| 


This yields the desired formula for h = L(1, x)/k. 


The following corollary is an immediate consequence of the above theorem. 


Corollary 10.15 Let x be the character associated with a quadratic field having 
[oe o.e) 

discriminant D. Then L(\, x) = >~ an >O ie, 1 (2) > 0. 
n=1 n=1 


n 


Lemma 10.16 The character x associated with a quadratic field is always non- 
principal. 


Proof Let D denote the discriminant of the quadratic field Q(/d) with d a square- 
free integer. The proof is split into three cases. 


Case 1. d = 1 (mod 4). 
Choose a prime p such that p | d and an integer s such that ass 1. By Chinese 


remainder theorem, there exists an integer x such that x = s (mod p) and x = 


1 (mod “). Then 
x x x S 
2 =(4)=(5)(z)=(4)- . 


Pp 


Case 2. d = 3 (mod 4), D = 4d. 
Using Chinese remainder theorem, choose an integer x such thatx = 1 (modd), x = 


3 (mod 4). Then x(x) = (—1)"*> (=) 2h, 


Case 3. d = 2d’, d’ odd. 
Again by Chinese remainder theorem, choose an integer x such that x = 5 (mod 8), 
x = 1 (mod |a’]), then 


x(a) = eee) (FY oa, 
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Exercises 


ee 


2 


Ow 


Nn 


. Let x be the character associated with a quadratic field K. Calculate L(1, x) 


when K is one of the following fields : 


(i) QV14); 
(ii) Q¢10); 
(iii) Q¢/—6); 
(iv) Q(/=T1). 


Let K = Q(¢), where ¢ is a primitive gth root of unity, g an odd prime. Prove that 
1\-! 
fors > 1, fx(s) = (1 _ —) I] L(s, x), where x runs over all the numerical 
x 


q AY 


characters modulo q. 


. Let D be the discriminant of a quadratic field Q(/D). Prove that there exist 


infinitely many positive integers n such that (2) =-l. 

Let K = Q(/D) be a quadratic field with discriminant D. Let v(m) denote the 
number of integral ideals of Ox with norm n. Prove that v(n) = >> (2), where 
k 


k runs over positive divisors of n. 


. Let K = Q(/D) be a quadratic field with discriminant D. Prove that for every 


integer N > 0, one has 


< |DI. 


Be) 


Appendix A 
Field Theory 


A.1l Introduction 


Fields have been used implicitly ever since the discovery of addition, subtraction, 
multiplication and division. Cardano’s formula dating 16th century used Q, R, C. 
Lagrange used the field of rational functions in n variables in his study of roots 
of polynomials in 1770. Number fields also appeared around this time. Euler used 
Q(./—3) to show that the equation xe y3 = z3 has no non-trivial solution in Z. 
The first truly abstract notion of field is due to Dedekind. In 1877, he gave the 
following definition: “J call a system A of numbers (not all zero) a field when the 
sum, difference, product and quotient of any two numbers in A also belong to A.” 
This is not completely general as the numbers in this definition are all complex. In 
fact in 1893, his student Weber gave the first fully abstract definition of field which 
we use today. 


Definition A binary operation denoted by ‘*’ ona set A is given by a function from 
A x Ainto A mapping (a, b) toa * b. Anon-empty set G with a binary operation ‘+’ 
is said to be a group! with respect to ‘x’ if the following three conditions are satisfied: 
(i) for all a, b, c belonging to G, a * (b * c) = (a * b) * c (associativity), (ii) there 
exists an element e € G, such that axe =a =e xa for all a € G (existence of 
identity), (iii) for every a € G, there exists an element a’ € G such thata xa’ =e = 
a’ *a (existence of inverse). Further G is called commutative/abelian? if a * b = 
bx a for all a,b eG. A set R with two binary operations denoted by ‘+’ and 
‘is said to be a ring if (i) (R, +) is a commutative group, (11) Multiplication is 


' The abstract form of the definition of a group, which we use today, was built up slowly over the 
course of 19th century, with suggested definitions by Cayley, Kronecker, Weber, Burnside, and 
Pierpont. The axioms of associativity, identity element and inverse were first stated in their present 
form by Pierpont. 


? The term abelian is derived from the name of Norwegian Mathematician Niels Henrik Abel (1802- 
1829) who showed the importance of such groups in the theory of equations. 
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associative, i.e., a.(b.c) = (a.b).c for every a, b, c € R, (iii) Distributive laws hold: 
a.(b+c)=a.b+a.c and (b+c).a =b.a+c.a for everya,b,c eR. 


Definition A non-empty set F with two binary operations denoted by ‘+’ and ‘-’ is 
said to be a field if the following axioms are satisfied: 

(i) (F, +) is a commutative group (with identity element to be denoted by 0). 

(ii) (F \ {0}, -) is a commutative group (with identity element to be denoted by 1). 
(iii) Distributive laws hold, i.e., a.(b +c) =a.b+a.c and (b+ c).a=b.a+c.a 
for every a,b,c € F. 


Examples 


(i). Q, R and C are fields with respect to ordinary addition and multiplication. 

(ii). The set {a + b./2 | a, b € Q} is a field with respect to the usual addition and 
multiplication. 

(iii). Let be a positive integer. For a, b belonging to Z, we write a = b (mod n) 
and say a is congruent? to b modulo n if n divides a — b. This is an equivalence 
relation on Z. The equivalence class of an integer m for this equivalence relation 
is denoted by [m]. The set Z/nZ = {[m] | m =0,1,...,n — 1} is aring with 
respect to the operations [i] + [j] = [i + j] and [i] - [7] = [ij]. The ring Z/nZ 
is a field if and only if n is a prime. 

(iv). In what follows, x will stand for an indeterminate and F[x] will denote the 
set of all polynomials in x with coefficients from F. It is a ring with respect 
to the usual addition and multiplication of polynomials. Its quotient field to be 
denoted by F(x) is the field of rational functions in x over F. Similarly one 
can define the field of rational functions F (x,, x2,..., X,) inn indeterminates. 


Definition A non-empty subset E of a field F is said to be a subfield of F if E isa 
field under the induced addition and multiplication operations on F. If a subfield E 
of F is not equal to F, we shall say that E is a proper subfield of F. If E is a subfield 
of F, then F is said to be an overfield of E. 


Remark If {£;};<7 is a family of subfields of a field F’, then sois E = () E;. 

iel 
Definition Let F be a field. By the prime subfield of F we mean the smallest subfield 
of F. It is the intersection of all subfields of F. 


Definition Let F be a field and K be a field containing F as a subfield. Then K is 
called an extension of F or K/F is called a field extension. K can be regarded as a 
vector space over F’. A basis of this vector space is called a basis of the extension 
K/F and its dimension is called the degree of the extension K/F, which will be 
denoted by [K : F]. K is said to be finite or infinite extension of F according as the 
degree of K/F is finite or infinite. 


3 Tt was Gauss who first introduced congruence notation in Sect. VII of Disquistiones Arithmeticae 
published in 1801. 
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Example With operations of usual addition and multiplication, C is an extension of 
R of degree two and R is an infinite extension of Q, because R is uncountable and 
Q is countable. 

In 1894, Dedekind developed the theory of field extensions that included the 
concept of degree. He formulated the proof of Tower theorem stated below. 


Theorem A.1 (Tower Theorem) /f K is a finite extension of F and L is a finite 
extension of K, then L is a finite extension of F and[L: F|=[L: K][K: F]. 


Proof Let {e1, e2,...,@m} be a basis of K/F and {fi, fo,..., fr} be a basis of 
L/K. We claim that {e; f; | 1 <i<m, 1< j <n}isa basis of L/F. Let a be any 
element of L. Write a = > bj fj: bj € K andb; = Yo Ayer, Aij € F. Then 

j i 


= 2 (x nae fi= Dhue fj. 


This shows that the set {e; f; |1<i<m, 1 < j <n} generates the vector space 


L over F. To prove its linear faeces over Fr, suppose that )> juije; f; = 0 for 
ij 
some jj; € F. Then 


be (x ove) fj =0. 
j i 
As {fi, f2,---, fn} is linearly independent over K, it follows that 


Se Mijei = 0 forall j. 


Since {e1, a ..+,@m} 18 linearly independent over F’, ;; = 0 for all i,j. Thus 
fe; fj, | <i<m, 1 <j <n} isa basis of the vector space L over F consisting of 
mn elements. 


Definition Let F and F’ be fields. A mapping f from F to F" is called an isomor- 
phism (of fields) if (i) f is 1-1, Gi) f(a +b) = f(a) + f(b), flab) = f@f(d) 
for all a, b € F. Two fields F and F’ are said to be isomorphic if there exists an 
isomorphism from one onto the other. An isomorphism from F onto itself is called 
an automorphism of F. 

It can be easily checked that if Fo is the prime subfield of a field F, then Fo is 
isomorphic to either Q or Z/pZ for some prime p. A field with p elements will be 
denoted by F 


Definition The characteristic of a field F is defined to be 0 or p according as the 
prime subfield of F is isomorphic to Q or Z/pZ, where p is a prime. 
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Remark If F is a finite field*+ of characteristic p, then F can be regarded as an 
extension of F, = Z/pZ and if {w,,..., Wm} is a basis of the extension F’/ Fy, 
then clearly F has exactly p’” elements, because each element of F can be uniquely 
written as aj)w, + +--+ d,W, with a;’s in F’,. We shall prove later that given a 
prime p and any number m > 1, there exists a finite field with p’” elements which 
is “unique” in some sense. 


Definition Let K /F be an extension of fields and § C K. The smallest subfield of 
K containing F \J S is called the subfield generated by S over F and is denoted by 
F(S). In fact F(S) is the intersection of all the subfields of K containing F () S. If 
S = {a1,...,@,} is a finite set, then we say that F(S) is finitely generated over F 
and write F(S) as F(a), ..., Qn). 


Definition An extension K/F is called a simple extension if K/F is generated by 
a single element, i.e., K = F(a) for some a € K; such an element a is called a 
primitive element for the extension K/F. 


Example Any extension of prime degree is a simple extension. 

Definition Let K /F be an extension of fields and {a , ..., @,} be a subset of K. The 
smallest subring of K containing F anda, ..., @, willbe denoted by F[a,,..., a]. 
It consists of all polynomial expressions ina), ..., @,, with coefficients from F’. Note 
that F(a1,...,@,) is quotient field of F[a),..., ay]. 

Given a field extension K /F and elements a; = a, ..., a, in K, it would be inter- 
esting to know when is F(a) = F [a] or more generally when is F(a),...,@n,) = 
Fla, ..., @,]. These questions are related to algebraic extensions introduced in the 
next section. 


A.2 Algebraic Extensions 


Definition Let K /F bea field extension. An element a € K is called algebraic over 
F if it satisfies a non-zero polynomial with coefficients from F. An element of K 
which is not algebraic over F is called transcendental over F’. If every element of K 
is algebraic over F’, then we say that K/F is an algebraic extension. An extension 
which is not algebraic is called a transcendental extension. 

A complex number a@ is called an algebraic number if it is algebraic over Q, 
otherwise it is called a transcendental number. It was in 1853 that the existence of 
transcendental numbers was proved by Joseph Liouville. Charles Hermite proved that 
e is atranscendental number in 1873 and Lindemann showed that zr is a transcendental 
number in 1882. To this day, it is not known whether e + z is transcendental or not. 
Although it is often difficult to prove that a given complex number is transcendental, 
it is fairly easy to show that the set of all transcendental numbers is uncountable. 


4 Finite fields were introduced by Galois in 1830 for solving congruences of the type 
f(x) =0 (mod p), where p is a prime number and f(x) € Z[x] is irreducible modulo p. That 
is why finite fields are also known as Galois fields. 
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This follows from Theorem 1.2 which asserts that the set of algebraic numbers is 
countable. 


Definition Let K /F be an extension of fields. If ~w belonging to K is algebraic over 
F,, then the monic polynomial g(x) of smallest degree over F satisfied by a is called 
the minimal polynomial of a over F. It can be easily seen that g(x) is irreducible 
over F’. 


Examples The minimal polynomial of 1 + 3 over Q is x7 — 2x — 2. The minimal 
polynomial of 20'/? over Q is x? — 20 in view of Eisenstein irreducibility criterion 
stated in the last section of this appendix. 


Proposition A.2. Let K/F be an extension of fields. Suppose a € K is algebraic 
over F with minimal polynomial g(x) over F of degree n. Then F (a) is an extension 
of degree n of F. Indeed we have 


F(a) = {ap taja+...+a,-1a" || a; € F for0 <i<n-—1}= Ffa]. 


Proof Since the minimal polynomial of w over F has degree n, the set {l,a,..., 
a”~'} is linearly independent over F. So all we need to verify is that for any 
h(x) € F[x] with h(a) 4 0, the elements h(a) and 1/h(a) are linear combinations 
of 1,a,...,a@"~! with coefficients from F. By division algorithm, we can write 
h(x) = g(x)q(x) + r(x), with q(x) € F[x] and deg r(x) <n. On substituting a in 
the above equation, we see that h(a) = r(q@) as desired. Since h(a) 4 0, g(x) does 
not divide h(x). So g(x) being irreducible over F is coprime to h(x). Therefore there 
exist u(x), v(x) in F[x] such that u(x) g(x) + v(x)h(x) = 1; on substituting x = a, 
the last equality shows that 1/h(a@) = v(q@) and hence 1/h(q@) can be written as an 
F-linear combination of 1,a@,...,a”~!. 


It may be pointed out that Abel was the first to notice that F(a) = F [a] when a 
is algebraic over F. The converse of this result is also true because if F(a) = F[a], 
then 1/a = g(a) for some polynomial g(x) € F[x]. So @ satisfies the non-zero 
polynomial xg(x) — | and hence a is algebraic over F’. 


Corollary A.3 /f F(a1,a2,...,a,) is a finitely generated extension of F with 
each a; algebraic over F, then F(a,02,...,Q-)/F is a finite extension and 
F(a, Q2,...,Q@,) = Flay, d2,...,@;]. 


Proof By Proposition A.2, each of the extensions F'(a,)/F, F(a), a2)/F(a),..., 
F(q@1,02,...,Q,)/F (a1, @2,..., @-—1) is finite. So by Tower theorem, the extension 
F(@1, Q2,...,a,)/F is also finite. Keeping in mind the second assertion of Proposi- 
tion A.2, we see that F(a,, a2) = F(a1)[a2] = Fla; ][o2] = Fla), a2]. Repeating 
this argument finitely many times, the last assertion of the corollary follows. 


Proposition A.4 Every finite extension is algebraic. 


Proof Suppose that K/F is a finite extension of degree n. Let a € K. Then the 
n+ 1 elements 1,a,...,a@” are linearly dependent over F as [K : F] =n. Hence 
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there exist ao, d),...,d, € F, not all zero such that a7 + aja+...+a,a" = 0. 
This implies that a is algebraic over F. O 


Remark Converse of Proposition A.4 is not true. Let A denote the set of all complex 
numbers which are algebraic over Q. Then A is a subfield of C in view of Theorem 
A.6. Using Eisenstein irreducibility criterion, it can be easily seen that A/Q is an 
infinite extension. 


Theorem A.5 (Transitive property of algebraic extensions) [f K/F and L/K are 
algebraic extensions, then so is L/F. 


Proof Let a be an element of L. Since L/K is algebraic, w satisfies a relation 
a” +aja"-!+...+a, =0 for some a;’s € K. Then a is also algebraic over the 
field F’ = F(a), a2, ..., an). Since a; € K, they are algebraic over F. Hence F’/F 
is a finite extension by Corollary A.3. As F’(a)/F’ is also a finite extension, therefore 
F'(a)/F is finite. Consequently a is algebraic over F by Proposition A.4. 


Theorem A.6 Let K/F be an extension of fields. The set E of all elements of K 
which are algebraic over F is a subfield of K containing F. 


Proof Clearly each element of F is algebraic over F. Thus FC E. Let a, B be 
elements of A with 6 4 0. Then F(a, B)/F is a finite extension by Corollary A.3. 
Hence it is an algebraic extension by Proposition A.4. In particular, a + 6B, aB, a/B 
are algebraic over F’, i.e., these elements belong to E. This proves that F is a subfield 
of K. 


Theorem A.7 Let K/F be a finite simple extension with K = F(a) and g(x) be 
the minimal polynomial of a over F. Let (g(x)) denote the ideal generated by g(x) 
in F[x]. Then F[x]/ (g(x)) is isomorphic to F(a) = F{a]. 


Proof Consider the map y : F[x] > F[a] defined by W(h(x)) = h(a), h(x) € 
F[x]. Clearly w is an onto ring homomorphism with ker(w) = (g(x)). The the- 
orem now follows from the first isomorphism theorem of rings. 


Cauchy’s observation in 1847 that R[x]/ < x? +1 > is a field that contains a 
zero of x? + 1 paved the way for the following sweeping generalization proved by 
Kronecker in 1887. 


Theorem A.8 (Kronecker) /f g(x) is a polynomial of degree n > 1 with coefficients 
in field F and is irreducible over F, then there is an extension K of F with [K : 
F| =n inwhich g(x) has a root. 


Proof Since g(x) is irreducible over F’,, the ideal J =< g(x) > in the principal ideal 
domain F[x] is a maximal ideal and hence F[x]/J is a field. Denote F[x]/I by 
K. The mapping from F into K defined by a+> J +a is an isomorphism of F 
onto its image F’ contained in K. Identifying F with F’, we can consider K as an 
extension of F’. Note that the element J + x belonging to K is aroot of the polynomial 
g(X), because g7 +x) = 1+ g(x) = 1 as g(x) € J. It can be easily checked that 
I+1,2+x,...,1 +x"! forma basis of K=F[x]/I over F.So[K : F] =n. 
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The corollary stated below follows quickly from Theorem A.8. 


Corollary A.9 If h(x) is a polynomial with coefficients in a field F, then there is a 
finite extension K of F in which h(x) has a root. Moreover [K : F] < deg h(x). 


Theorem A.10 Let h(x) be a polynomial of degree n > \ with coefficients in a field 
F. Then there is an extension K of F of degree at most in! in which h(x) has n roots. 


Proof The theorem is proved by induction on the degree n of h(x). If deg h(x) = 1, 
then the result is obvious. Suppose it is true for polynomials of degree n — 1 over an 
arbitrary field. Let h(x) be a polynomial of degree n over F. By the above corollary, 
there is an extension F, of F with [F; : F] < nin which h(x) has a root, say a. Thus 
in Fi[x], h(x) factors as h(x) = (x — a@)h,(x), where hj(x) € Fi [x] is of degree 
n — 1. In view of induction hypothesis, there is an extension K of F; of degree at 
most (n — 1)! in which /; (x) has all its roots. Since any root of h(x) is either w ora 
root of h,(x), we see that K contains all roots of h(x). As[K : F] =[K: Fi][ Fi: 
F) < (n— 1)!n = 2}, the theorem is proved. 


Definition Let h(x) belonging to F[x] be a polynomial of degree n. An extension 
K/F is called a splitting field of h(x) over F if K contains n roots a, @2,..., Ay 
of h(x) and K = F(a, Q2,..., Qn). 

The following corollary is an immediate consequence of Theorem A.10. 


Corollary A.11 Let h(x) be a polynomial of degree n > \ with coefficients in a field 
F. Then h(x) has a splitting field L and(L: F| < n!. 


Examples 


(i) The splitting field contained in C of the polynomial x? — 2 over Q is Q(2'/?, w) 

where w # | is acube root of unity. 

(ii) The splitting field contained in C of x* — 2 over Q is Qa", 4 /—1). 

(iii) A splitting field of x? + x + 1 over Z/2Z consists of 0, 1, a, 1 + @ where a? + 
a + 1 = 0. It provides an example of a field having exactly four elements. 

(iv) Let a be a root of the polynomial x? + 1 with coefficients in F; = Z/3Z in an 
extension of Z/3Z. Then K = F3(q) is a splitting field of x? + 1. By Proposi- 
tion A.2, K = {a+ ba|a,b € F3} 1s a field of nine elements. 


Definition Let K and K’ be extensions of a field F. A field isomorphism from 
K into K' which is identity on F is called an F-isomorphism of K into K’. An 
F-isomorphism of K onto itself is called an F-automorphism of K. 

We shall now prove that if L; and L are splitting fields of a polynomial h(x) 
over F, then there is an F'-isomorphism from L, onto Lo. Indeed we prove: 


Theorem A.12 Leto : F — F' be an isomorphism of a field F onto a field F'. Let 
h(ix)=>> a;x' be a polynomial belonging to F[x] and h? (x) = » a(a;)x! be its 
image polynomial. Let K and K' be splitting fields of h(x) and h° (x) over F, F' 
respectively. Then there exists an isomorphism 6 from K onto K' such that o|r = 0. 
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To prove the theorem, we need the following lemma. 


Lemma A.13 Let o : F — F" be an isomorphism of a field F onto a field F'. 
Let g(x) = Yo ajx! belonging to F [x] be an irreducible polynomial. Let g° (x) = 
>> o(a;)x' be the image polynomial in F'[x]. Let a, a’ be respectively the roots of 
g(x) and g? (x). Then o can be extended to an isomorphism 6 from F [a] onto F'[a’] 
such that o(a) = a’. 


Proof Since the polynomial g(x) is irreducible over F’, g° (x) is irreducible over 
o(F) = F’. For h(a) € F[a], define o(h(a)) = h° (a’). The mapping @ is well 
defined, because if h(a~) = h,(a) withh,(x) € F[x], then g(x) divides h(x) — h(x) 
and hence g® (x) divides h° (x) — hf (x); consequently h° (a’) = hf (a’). The map- 
ping o is one-to-one, because if o(h(a)) = 0, then the polynomial g° (x) being the 
minimal polynomial of a’ over F’ divides h° (x) and hence g(x) divides h(x) which 
gives h(a) = 0. Clearly the mapping o is onto and a homomorphism of rings. So 
the lemma is proved. 


Proof of Theorem A.12 The proof is by induction on the degree of h(x). If deg h(x) 
= 1, then K = F, K’' = F’ and there is nothing to prove. Assume that the theorem 
holds for polynomials of degree not exceeding n — 1 over an arbitrary field and 
that h(x) € F[x] has degree n. Let g,(x) be an irreducible factor of h(x) over F. 
Let a be a root of g(x) and @’ a root of the polynomial gf (x). By Lemma A.13, 
o can be extended to an isomorphism o, from F[a] to F’[a’] mapping a onto 
a’. Write h(x) = (x — a)hi(x) where hi(x) € F(a)[x] so that h° (x) = h" (x) = 
(x — a’)h{' (x). Therefore K, K’ are splitting fields of the polynomials h, (x), hf! (x) 
over F(a), F’(a’) respectively. By induction, o; can be extended to an isomorphism 
o from K onto K’. 


The following corollary follows immediately from Theorem A.12. 


Corollary A.14 A splitting field of a polynomial over a field F is unique upto F- 
isomorphism. 


Corollary A.15 > Any two finite fields having the same number of elements are 
isomorphic. 


Proof Let K be a finite field with g = p” elements. Since K™* is a group of order 
q — 1, for any element w € K*, «?~! = 1 by Lagrange’s theorem for finite groups. 
So each element of K is a root of the polynomial x4 — x which can have at most 
q roots. Thus K is a splitting field of x7 — x over F,. The result now follows from 
Corollary A.14. 


Definition A field F is called algebraically closed if it has no proper algebraic 
extension, i.e., if K is an algebraic extension of F, then K = F. 


Remark In 1799, Gauss at the age of 22, proved that C is algebraically closed. 
This result was then considered so important that it was called “The Fundamental 


5 This result was first obtained in 1893 by American mathematician E. H. Moore. 
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Theorem of Algebra”. Over a period of fifty years, Gauss gave four different proofs 
of this theorem. 


Example Let A denote the set of all those complex numbers which are algebraic over 
Q. In view of Theorem A.6, A is a subfield of C and is called the field of algebraic 
numbers. Assuming that C is algebraically closed we show that A is algebraically 
closed. Let € be an element of an overfield of A which is algebraic over A, then € being 
algebraic over C belongs to C. Since & satisfies a polynomial x” + a,x"! + +--+ a, 
for some a;’s belonging to A, it follows that & is algebraic over the finite extension 
Q(a, d2,...,a,) of Q and hence & is algebraic over Q in view of Theorem A.5. 
This proves that € belongs to A. 


Definition An extension F of a field F is called an algebraic closure of F if F /F is 
an algebraic extension and F is an algebraically closed field. 


Example The field A of algebraic numbers is an algebraic closure of Q. 

Remark In 1910, Ernst Steinitz proved that every field F has an algebraic closure 
which is unique upto F'-isomorphism, i.e., if F, and Fy are two algebraic closures 
of F,, then there exists an isomorphism from F, onto Fy which is identity on F (for 
proof see [Za-Sa, Lu-Pa2]). 


A.3. Separable Extensions 


Definition Let g(x) belonging to F'[x] be an irreducible polynomial. g(x) is called 
a separable polynomial if all its roots in its splitting field are distinct, otherwise it is 
called inseparable. 


Definition Let K /F be an extension of fields. An element a € K is called separable 
over F if it is algebraic over F and its minimal polynomial over F' is a separable 
polynomial, otherwise a is called inseparable over F. An extension K/F is called 
separable if it is algebraic and every a € K is separable over F. 


Examples 


(i). 3'/5 is separable over Q. In fact a'/” is separable over Q for any integer a. 


(ii). Let F = F,,(t) where f is an indeterminate. Then a = t!/P is not separable over 
F. 


Using Taylor’s expansion of a polynomial, the following proposition can be easily 
proved. 


Proposition A.16 Let h(x) belonging to F[x] be anon-constant polynomial. A root 
a of h(x) in some extension field is a repeated root of h(x) if and only if h'(a) = 0. 


Proposition A.17 A monic irreducible polynomial g(x) overa field F has arepeated 
root if and only if g'(x) is the zero polynomial. 
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Proof If g(x) has a repeated root, say a in an extension of F’, then by the above 
proposition g’(a) = 0. But g(x) being the minimal polynomial of a over F divides 
every other polynomial h(x) € F[x] with h(a) = 0. So in particular g(x) divides 
g' (x). Since deg g’(x) < deg g(x), we conclude that g’(x) is identically zero. Con- 
versely suppose that g’(x) is the zero polynomial. Then by Proposition A.16, every 
root of g(x) is a repeated root. 


Corollary A.18 Each irreducible polynomial over a field of characteristic zero is 
separable. 


Corollary A.19 An irreducible polynomial g(x) € F[x] is inseparable if and only 
if the field F is of characteristic p > 0 and g(x) is a polynomial in x”. 


Proof In view of Proposition A.17, a monic irreducible polynomial g(x) belonging 
to F [x] is inseparable if and only if g’(x) is the zero polynomial. On writing g(x) as 
g(x) = >< a;x', we see that g’(x) is the zero polynomial if and only if characteristic 
of F is a prime p and a; = 0 for each index i not divisible by p, i.e., g(x) = 
dy + Apx? + px? eee 


Definition A field F is called perfect if all finite extensions of F are separable. 

It is immediate from Corollary A.18 that every field of characteristic zero is a 
perfect field. Note that if F is a field of characteristic p > 0, then F? = {a? |a € F} 
is a subfield of F. The following theorem asserts that F? = F if and only if F is 
perfect. 


Theorem A.20 Let F be a field of characteristic p > 0. Then F is perfect if and 
only if every element of F has a pth root in F, i.e., for every a € F, there exists 
b € F with b? =a. 


Proof We first verify that if a €¢ F has a pth root, it is unique, for if b? = a = b), 
then (bj — bo)? = bf — b} = 0, i.e., b} = by. Assume that F is perfect. Suppose to 
the contrary that there exists an element a € F which has no pth root in F’. The poly- 
nomial f(x) = x? —a € F[x] is clearly inseparable. We verify that it is irreducible 
over F’. Let a be a root of f(x). Then a ¢ F due to our supposition. Let g(x) be 
the minimal polynomial of a over F’. Since g(x) is a divisor of f(x), g(x) is nota 
separable polynomial. So by Corollary A.19, g(x) is a polynomial in x”. Therefore 
deg g(x) = p = deg f(x) andhence f(x) = g(x) is irreducible over F’. Adjoining a 
root of f(x) gives an inseparable extension of F of degree p, a contradiction. Hence 
every element of F has a pth root in F. 

Conversely, assume that every a € F has a pth root in F. Suppose q@ is an insepa- 
rable element over F'. Then the minimal polynomial g(x) of a over F is a polynomial 
in x? by Corollary A.19. So g(x) = dy) + ayx? +...+ a,x?" with a;’s belonging 
to F. If bj € F isa pth root of aj, ie., b? = a;, then 


g(x) = bE + dP xP +... 4 DPX” = (bo +hix +... + dy x")? 


which is impossible as g(x) is irreducible over F’. 
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Corollary A.21 Any finite field is perfect. 


Proof Let F be a finite field of characteristic p > 0. The mapping a +> a? defined 
from F into F is 1-1 and hence onto. Therefore the corollary follows from Theorem 
A.20. 


Definition Let K,, Kz be subfields of a field L. The smallest subfield of L containing 
K, and K; is called the compositum(composite) of K,; and K> and will be denoted 
by K, Ko. 

If K,, Kz are algebraic extensions of field F which are subfields of a field L, then 
we show that the compositum K,K> consists of all finite sums of the type > a; 6; 
where a@;’s € K1, 6;’s € K2. This is so because the inverse of an element of the type 

k 

> a; 8; witha;’s € K,, B;’s € K2, belongs to the subfield F(a1,..., a%, Bi, -.-. Be) 
whieli equals the subring F[a,...,a@%, 61,..., Be] in view of Corollary A.3. In 
particular if K is an algebraic extension of a field F of characteristic p > 0, then 
F, K? are algebraic extensions of the field F’” and hence the compositum F K? 
consists of all finite sums of the type }“ b;y? with b; € F, y; € K. 

The following theorem gives a necessary and sufficient condition for a finite 
extension to be separable. 


Theorem A.22 Suppose F is a field of characteristic p > 0. A finite extension K / F 
is separable if and only if K = FK?. 


Proof Suppose first that K /F is separable. Clearly FK? C K. To show that K C 
FK?, let a be an element of K. We show that the hypothesis a separable over F 
implies that 

F(a) = F(a’). (A.1) 


Since @ is separable over F, it is separable over F(a”). Note that a satisfies the 
polynomial x”? — a@? over F(a”). Let g(x) be the minimal polynomial of a over 
F(a’). Then g(x) divides x? — a? . Since g(x) is separable, we see that the degree of 
g(x) is 1. Thereforea € F(a”) andhence F(a) = F(a?) = F[a?]. Consequently a 
can be written asco + cja’? +...+c,(a@”)’ forsomec; € F;thusa € FK?, which 
proves that K C FK’? as desired. 

Conversely suppose that F K? = K.Itis tobe shown that K / F is separable. Claim 
is that if (J), l,..., Jn} isa basis of K/F, then {I? 1), ..., 1? }is also a basis of K/F. 
Let a be any element of K = F K?. Recall that FK? consists of finite sums of the 
type }*b;y? with b; € F, y; € K. So we can write w = biy? + boys +...+ by? 


n 
for some b; € F, y; €¢ K, 1<i<r. Write y= do aijly, a;j € F, then y? = 
j=l 


n 
Y\a?.1? which implies that 
j=l 
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n 


«= Dot = Don [age] = (Sah) 
i=1 i=l j=l i=1 


j=l 


Hence a is an F-linear combination of 17, /),...,/?. Thus {I7,13,..., 17} spans 
K /F and therefore it is a basis of K /F. In particular, using basis extension theorem, 
it follows from the claim that whenever a subset {6;, 62,..., Bn} of K is linearly 
independent over F, then so is {B), B),..., Bn}. 

Let a be any element of K and g(x) be the minimal polynomial of a over F. 
It is to be shown that a is separable over F. Suppose to the contrary g(x) is not 
separable. Then g(x) € F[x?] by Corollary A.19. So there exists f(x) € F[x] such 
that g(x) = f(x”). Let d,d, denote respectively the degrees of g(x) and f(x). 
Then d = pd, which implies that d, < d. Since [F(a) : F] =d, {l,a,..., at@'} is 
linearly independent over F. By what has been proved in the above paragraph, 
{l,a?,...,@"?} is linearly independent over F. But 0 = g(a) = f(a?) which 
implies that {1, a”, ... , v“'?} is linearly dependent over F’. This contradiction proves 
that w is separable over F. 


The following corollary is an immediate consequence of the above theorem. 


Corollary A.23 Let a be algebraic over a field F of characteristic p > 0. Then 
F (a)/F is separable if and only if F(a?) = F(a). 


Corollary A.24 Ifa is separable over a field F, then F(a)/F is a separable exten- 
sion. 


Proof Since every finite extension of a field of characteristic zero is separable, it is 
enough to prove the corollary when characteristic of F is p > 0. Arguing as for the 
proof of equation (A.1), we see that F(a) = F(a”). Hence by the above corollary, 
F (qa) is a separable extension of F. 


Theorem A.25 (Transitive property of separable extensions) [f L/K and K/F are 
separable extensions, then so is the extension L/F. 


Proof The theorem needs to be proved when F is a field of characteristic p > 0. We 
first prove the result when L/K and K/F are finite. By Theorem A.22, K = FK? 
and L= KL’?.Now L= KL? =FK?PL? C FL? CL. Hence L = FL?. Again 
applying Theorem A.22, we see that L/F is a separable extension. 

We now prove the result for general separable extensions. Let a be any element 
of L and g(x) = x” + a,x""!+.--++ a, be the minimal polynomial of w over K. 
Consider the subfield F; = F(a), a2,...,a,) of K. Then g(x) is a separable poly- 
nomial over F|. So a is separable over F,. Therefore by Corollary A.24, F\(a)/F; 
is a separable extension. Also F\/F is a finite separable extension because each 
element of the subfield F, of K is separable over F. It follows from the transitive 
property of finite separable extensions that F|(@)/F is a separable extension. Hence 
a is separable over F’. 
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Corollary A.26 Let K /F be an extension of fields. The set F* of all elements of K 
which are separable over F forms a subfield of K. 


Proof Leta, B € K beseparable over F.. Itis to be shown thata + 6,af anda/f are 
separable over F'. Now F'(a)/F is separable by Corollary A.24 . Also F(a, B)/F (a) 
is separable by the same corollary. Therefore by the transitive property of separable 
extensions, F(a, 6)/F is separable. 


The following corollary is an immediate consequence of the above Corollary 
A.26. 


Corollary A.27 Ifelements a, a, ..., @, ofan extension of afield F are separable 
over F, then F(a, @2,...,,)/F is a separable extension. 


Definition The set F* given in Corollary A.26 is called the separable closure of F 
in K and the degree [F* : F] is called the separable degree of the extension K/F. 
The degree of K /F° is called the inseparable degree of K/F. 

Finite separable extensions have a special property which is given by the following 
theorem. 


Theorem A.28 (Primitive Element Theorem) Every finite separable extension is 
simple. More generally if K = F (0, 62, ..., 9) is a finite extension of a field F and 
if at least n — | of the elements 6,, ..., 6, are separable over F, then K is a simple 
extension of F. 


Proof We prove the second assertion and its proof is split into two cases. 

Case I. F is a finite field. 

In this case, K is a finite field and the multiplicative group of non-zero elements of 
K is cyclic, say generated by 6 in view of a basic result of group theory (cf. [Her, 
Chap. 2]). In this case, K = F(6) is a simple extension. 

Case II. F is infinite. 

Let K = F(0, 02,...,0,) where at least n — 1 of 0), 02,..., 0, are separable over 
F. In this case, we prove the result by induction on n. It is trivial when n = 1. Next 
we prove the theorem when n = 2 and suppose K = F(a, f) with a separable over 
F. We need to show that K /F is a simple extension when a, 6 do not belong to F. 
Let f(x), g(x) € F[x] be the minimal polynomials of a, 6 respectively over F’. Let 
| =A, Q,...,a, be the roots of f(x), Bi = B, Bo, ..., Bs be the roots of g(x) ina 
splitting field of f(x)g(x). As a is separable over F so the roots of f(x) are distinct. 
Since F is infinite, there exists a non-zero element c € F such that c is different from 
PP for2<i<r,1<j<s.Sety =f + ca. We claim that F(y) = F(a, B). 

Clearly F(y) C Fa, B). Since 6 = y — ca, g(y — ca) = 0. Thus a@ is a common 
root of the polynomials f(x) and h(x) := g(y — cx). Write 


h(x) =[]y — ex — 8) = oT] te — a) — 16 - 61 


j=l j=l 
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In view of the choice of c, the above equation shows that a is the only common 
root of f(x) and h(x). Since f(x) is separable, (x — a) is the greatest common 
divisor of f(x) and h(x). As the coefficients of f(x) and h(x) lie in F(y), the 
coefficients of their greatest common divisor also lie in F(y). Soa € F(y). Then 
B=y-—caeé F(y). Hence F(a, 8) C F(y) so that F(y) = F(a, B) as claimed. 
This completes the proof when n = 2. 

When n > 2, assume that 6;,...,6,-1 are separable over F,, then by induction 
hypothesis, F(@2,...,6,) is a finite simple extension, say F(0@) of F. Therefore by 
the case n = 2, F(01,02,...,0,) = F(01, 0) is a simple extension of F. 


Definition Let K /F be an extension of fields of characteristic p > 0. An element 
a of K is said to be purely inseparable over F if the minimal polynomial of a over 
F has only one root. The extension K/F is said to be purely inseparable if every 
element of K is purely inseparable over F. 

Note that an element a of K is both separable and inseparable over F if and only 
ifae F. 


Theorem A.29 Let K/F be analgebraic extension of fields of characteristic p > 0. 
Let F* denote the separable closure of F in K. Then K /F° is a purely inseparable 
extension. In particular every algebraic extension can be written as a separable 
extension followed by a purely inseparable extension. 


Proof Leta be any element of K . To prove the theorem, itis enough to show that there 
exists e > 0 such that a” € F°; this will prove that w is purely inseparable over F'* 
because it will satisfy the polynomial x?" — a?” = (x — a)? over F%. Let g(x) be 
the minimal polynomial of a over F’. Ifa is separable over F,thena € F*. If not, then 
by Corollary A.19, g(x) is a polynomial in x”, say g(x) = g1(x”), gi (x) € F[x]. 
Note that g; (x) being irreducible over F is the minimal polynomial of a”? over F. If 
a? is separable over F, thena? € F%. If not, then by Corollary A.19, ¢)(x) = go(x?) 
for some g2(x) € F[x]. Note that go(x) is the minimal polynomial of a?” over F 


and deg go(x) = Sess) = eg) Repeating the above argument, we see that there 


exists e such that a” must be separable over F. 


A.4 Normal Extensions 


Definition An algebraic extension K /F is called a normal extension if whenever an 
irreducible polynomial g(x) € F[x] has one root in K, then it has all roots in K. 


Examples 


(i) Any extension K/F of degree two is normal because if an irreducible poly- 
nomial g(x) = ax” + bx +c has one root 6 in K, then its other root namely 
—B — b/a also belongs to K. 

(ii) If K/F is a normal extension, then the separable closure F* of F in K is also 
a normal extension of F’. 
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Gii) Let @ be aroot of the polynomial x* — 2, then Q() /Qis not anormal extension. 


Definition Two elements a and a’ lying in an extension of a field F and both algebraic 
over F are said to be conjugates over F or F'-conjugates if they have the same minimal 
polynomial over F’. 


Proposition A.30 Let a and a’ be algebraic over a field F. Then a and a' are 
conjugates over F if and only if there exists an F-isomorphism o from F(a) onto 
F(a’) with o(a) =a’. 


Proof Suppose first that a and a’ are the roots of the same monic irreducible polyno- 
mial g(x) belonging to F' [x]. By Proposition A.2, F(a) = F[a] and F(a’) = Fla’). 
Let h(a) be any element of F(a), h(x) € F[x]. We define o(h(a)) = h(a’). Then 
o is well defined because if h(~) = h,(@) with h,(x) € F[x], then g(x) divides 
h(x) — hy(x) and hence h(a’) = h(a’). It can be easily seen that o is an F- 
isomorphism of F'(a@) onto F(a’). 

Conversely, assume that there exists an F-isomorphism o from F(a) onto F(a’) 
with o (a) = a’. Let g(x) denote the minimal polynomial of a over F. Now g(a) = 0 
implies that o(g(@)) = g(o(a)) = g(a’) = O. Therefore a and a’ have the same 
minimal polynomial g(x) over F. 


Remark A.31 If g(x) is an irreducible polynomial over a field F having a root a 
and L is an extension of F containing a splitting field of g(x) over F, then arguing 
as in the proof of above proposition, it can be easily seen that the number of F- 
isomorphisms of F(a) into L is the number of distinct roots of g(x). In fact each of 
these F-isomorphisms is defined by mapping @ onto a root of g(x). In particular, if 
K/F is a finite separable extension of degree n, then by Theorem A.28, K/F is a 
simple extension and hence there are exactly n F-isomorphisms of K into a normal 
extension of F containing K. 


The following two results will be used to give two more equivalent definitions of 
a finite normal extension. 


Proposition A.32 Let K be a splitting field of a polynomial h(x) € F(x] over a 
field F. If o is an F-isomorphism from K into an extension of K, thena(K) = K. 


Proof Let a, a2,...,Q, be the roots of h(x) in K so that K = F(a, Q2,..., Qn). 


n 
Let o be an F-isomorphism from K into an extension of K. Write h(x) = [[@ _ 
i=l 


a;). Applying o, we obtain h(x) = [[@ —a(a;)). Soa(a}), 7(a2),...,0(Qy) is 
i=l 
a permutation of a1, @2,..., @,. Therefore 


o(K) = o(F (a, 2,..-, On)) = F(o(a@), a (a2), eee | O(Qn)) 
= F(aj,02,...,Q,) = K. 
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Theorem A.33 Let K/F be a finite extension of fields. Then the extension K /F is 
normal if and only if K is a splitting field over F of some polynomial in F(x]. 


Proof Let K/F be a finite normal extension. Write K = F(f,, B2,..., Bm). Let 
gi(x) € F[x] be the minimal polynomial of 6; over F and define h(x) = I] gi (x). 
i=1 


Then K contains all roots of h(x) and hence it is a splitting field of h(x) over F. 

Conversely let K be a splitting field of a polynomial h(x) € F[x]. Letay, a2,..., 
a, be all the roots of h(x) so that K = F(a, @2,..., @,). Let B € K be any root ofa 
monic irreducible polynomial g(x) € F [x]. Let B’ be another root of g(x) in an exten- 
sion of K. We have to prove that 8’ € K. Since 6 and f’ are F-conjugates, there exists 
an F-isomorphism o from F (8) onto F(B’) with o(8) = f’ by Proposition A.30. 
Note that splitting fields of h(x) over F(6) and F'(f’) are respectively K(B) = K 
and K(f’) = F(6', a, ..., @,). Therefore by Theorem A.12, 0 can be extended to 
an F'-isomorphism o, from K onto K(f’). By Proposition A.32, 0;(K) = K, so 
B’ = 0; (B) belongs to K. This proves that K/F is normal. 


Definition Let K/F be a finite extension. It can be easily seen that there exists a 

smallest normal extension L of F such that K C L. The field L is called a normal 

closure of K over F. In fact if K = F(j, Bo,..., Bm) and g;(x) € F[x] is the 
m 


minimal polynomial of 6; over F’, then L is a splitting field of h(x) = I] gi(x) over 
i=l 
F. So L is unique upto F-isomorphism. 


Proposition A.34 Let K be a finite normal extension of afield F and E be a subfiled 
of K containing F. Then every F-isomorphism of E into K can be extended to an 
F-automorphism of K. 


Proof Leto be an F-isomorphism of E into K. Since K /F is a finite normal exten- 
sion, K is a splitting field of a polynomial say h(x) € F[x] over F by Theorem A.33. 
So K is also a splitting field of h(x) over E. Therefore in view of Theorem A.12, 0 
can be extended to an F-automorphism of K. 


Using the above proposition, we prove the following theorem which gives two 
more equivalent definitions of a finite normal extension. 


Theorem A.35 The following statements are equivalent for a finite extension K of 
afield F: 


(i) K/F is anormal extension. 
(ii) K is a splitting field over F of a polynomial h(x) belonging to F(x]. 
(iii) Every F-isomorphism of K into any extension of K has image K. 
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Proof (i) and (ii) are equivalent in view of Theorem A.33 and (ii) implies (1i1) 
in view of Theorem A.32. We now prove that (iii) implies (1). Let L be a finite 
normal extension of F containing K. Let B € K be any root of a monic irreducible 
polynomial g(x) € F[x]. Let 6’ be another root of g(x) in the extension L of K. 
We have to prove that 6’ € K. Since 6 and f’ are F-conjugates, there exists an 
F-isomorphism t from F(f) onto F(f’) with t(6) = f’ in view of Proposition 
A.30. By Proposition A.34, t can be extended to an F-automorphism T (say) of L. 
On restricting t to K and using assertion (iii), we see that T(K) = K and hence 
Bb’ = T(B) belongs to K. This proves that K /F is normal. 


Keeping in mind the above theorem, the following corollary can be easily verified. 


Corollary A.36 If K,, K2 are finite normal extensions of a field F, then so are K, Ky 
and K, Ko. 


We shall quickly deduce the following corollary from Proposition A.34 and The- 
orem A.35. 


Corollary A.37 Let K be a finite normal extension of field F and E be a subfiled of 
K containing F. Then E/F is anormal extension if and only if o (E) = E for every 
F-automorphism o of K. 


Proof It is immediate from Theorem A.35 that if E/F is a normal extension, then 
o(E) = E for every F-automorphism o of K. To prove the converse, assume that 
o(E) = E for every F-automorphism o of K. Let g(x) € F[x] be an irreducible 
polynomial having aroot 8 € E and f’ be another root of g(x). Since K /F is normal, 
B’ € K. Let t be an F-isomorphism from F(f) into K defined by t(B) = 6’. By 
Proposition A.34, t can be extended to an F'-automorphism Tt (say) of K. Then by 
our assumption 7(£) = E and therefore 6’ = t(B) belongs to E. This proves that 
E/F is anormal extension. 


Example A.38 Every finite extension K of a finite field F is normal, because if 
|K| = q = p”, then as shown in the proof of Corollary A.15, K is a splitting field 
of X4 — X over F,, and hence it is also splitting field of X7 — X over F. Therefore 
K/F is normal by Theorem A.35. In fact every algebraic extension L of a finite field 
F is normal because whenever L contains a root a of an irreducible polynomial g(x) 
belonging to F[x], then all roots of g(x) belong to the normal extension F(a) of F. 


Remark Normality is not a transitive relation. For example; consider K = Q(@) 
where @ is a real root of x* — 2, then Q(6)/Q(V/2) and Q(/2)/Q are normal but 
Q(@)/Q is not a normal extension. 
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A.5 Galois Extensions 


“Galois theory is a show piece of mathematical unification, bringing together several differ- 
ent branches of the subject and creating a powerful machine for the study of problems of 
considerable historical and mathematical importance.” 


Ian Stewart—Galois Theory® 


Definition An extension K/F is called a Galois extension if it is both normal and 
separable. 


Examples 


(i) An extension of degree 2 of a field of characteristic different from 2 is a Galois 
extension. 

(ii) A generator of the cyclic group consisting of all nth roots of unity in C is 
called a primitive nth root of unity. If ¢ is a primitive nth root of unity in C, 
then Q(¢)/Q is a Galois extension being the splitting field of X” — 1 over Q. 
The field Q(¢) is called nth cyclotomic field. Such extensions of Q are called 
cyclotomic extensions. 

(iii) An algebraic extension of a finite field is a Galois extension in view of Corollary 
A.21 and Example A.38. 

(iv) If K/F isa Galois extension and E is a subfield of K containing F’, then K/E is 
also a Galois extension because the minimal polynomial of any element 6 € K 
over E divides the minimal polynomial of 6 over F’. On the other hand E’/ F may 
fail to be Galois extension. For example: K = Q(2!/7, ./—3) being a splitting 
field of the polynomial x? — 2, is a Galois extension of Q but E = Q(2'’3) fails 
to be a Galois extension of Q. 


Galois extensions are named after the French mathematician Evariste Galois 
(1811-1832) and are of fundamental importance in field theory. Galois gave a com- 
plete solution to the problem partially solved by Gauss, Ruffini and Abel of solving 
a polynomial equation by radicals in 1830 when he submitted a memoir to the Paris 
Academy of Sciences on the theory of equations. In this memoir, he described what 
is now known as the Galois group of a polynomial and used this group to derive 
necessary and sufficient conditions for a polynomial to be solvable by radicals. For 
complete details along with the history of this problem, the reader is referred to the 
interesting book [Tig] by Jean-Pierre Tignol. 


Definition Let K/F be a Galois extension. The set of all F-automorphisms of K 
is a group with respect to the composition of maps. This group is called the Galois 
group’ of K/F and will be denoted by Gal(K/F). 


© The book entitled Galois Theory by Ian Stewart is published by CRC Press, 2003. 

7 Tt may be pointed out that this definition of Galois group is very different from the one given 
by Galois in his memoir written by him at the age of 19. He only dealt with splitting fields of 
polynomials and for him, the Galois group consisted of certain permutations of the roots. The 


modern formulation of Galois theory is due to Emil Artin who published his own account of Galois 
theory in 1938 and 1942 (cf. [Art]). 
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Example Let d, dj be distinct squarefree integers. We show that K = Q(/vd , 7d) 
is a Galois extension of Q having Galois group isomorphic to Klein’s 4-group. Since 
K is the splitting field of the polynomial (x? — d)(x* — d,) over Q, it is a normal 
extension of Q of degree 4. Ifo € Gal(K /Q), thena (/d) = ed, withe € {1,—1} 
and so 0?(/d) = Jd. Similarly o?(./d;) = </d; and hence o? is identity. Therefore 
Gal(K /Q) is isomorphic to Klein’s 4-group. 

We shall now compute the degree of the nth cyclotomic field over Q as well as 
its Galois group. 


Definition Let n be a positive integer. The polynomial [](x — 7), where 7 runs over 


all primitive nth roots of unity in C is called the nth éyclotatnic polynomial and will 
be denoted by ®,,(x). The degree of ®,,(x) is O(n). 

Note that ®; (x) = x — 1, ®o(x) = x + 1 belong to Z[x]. The following lemma 
shows that this holds for every n. 


Lemma A.39 The nth cyclotomic polynomial ®,(x) is in Z[x] for every n > 1. 
Proof The lemma is proved by induction on n. We first show that Vn > 1, 
x"-1l= I] (x). (A.2) 
d\n 


The above equality holds because every nth root of unity is a primitive dth root of 
unity for a unique divisor d of n and the polynomials on either side of (A.2) do not 
have any repeated root. By induction hypothesis, the polynomial 


g(x) = | | bate) 
d\n 


d#n 


belongs to Z[x]. Since g(x) is monic, it now follows from (A.2) that the polynomial 
®, (x) = (x” — 1)/g(x) belongs to Z[x]. 


Theorem A.40 [f ¢ is a primitive nth root of unity in C, then [Q(¢) : Q) = d(n). 
Equivalently, the cyclotomic polynomial ®,,(x) is irreducible over Q. 


Proof Let f(x) € Q[x] be the minimal polynomial of ¢ over Q. In view of 
Lemma A.39, f(x) divides ®,(x). We shall prove that if f(x) has a root n, then 
n? is also a root of f(x) for each prime p not dividing n. Since every primitive nth 
root of unity can be written as ¢?!""?r for some primes p; not dividing n, successive 
application of the above result will imply that every primitive nth root of unity is a 
root of f(x) and hence the theorem will be proved. 

Since f (x) divides x” — 1, there existsh(x) € Q[x] suchthatx” — 1 = f(x)h(x). 
Using Gauss’ lemma,® it can be easily seen that the monic polynomials f(x), h(x) 


8 Gauss’ lemma states that product of two primitive polynomials over Z is primitive. 
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belong to Z[x]. Suppose to the contrary, 7? is not a root of f(x) for some prime 
p not dividing n and for some root n of f(x). Then 7” is a root of h(x), ie., 0 
is a root of h(x’). Since f(x) is the minimal polynomial of 7 over Q, we can 
write h(x?) = f(x)g(x) for some g(x) € Q[x]. As f(x) is a monic polynomial 
with coefficients in Z, so g(x) € Z[x]. Using Fermat’s little theorem, we see that 
h(x?) = (h(x))” (mod p) and hence 


(h(x))? = f@)g() (mod p). 


If f(x), h(x) denote the polynomials over Z/pZ obtained by reducing the coef- 
ficients of f(x), h(x) modulo p, then it follows from the above congruence that 
ries and h(x) have a common factor. But x” — l= f(x)h(x) and hence x” — I 
has a repeated root in an extension of Z/pZ. In view of Proposition A.16, this is 
impossible because p does not divide n and the theorem is proved. 


Corollary A.41 Let K = Q(¢) where ¢ is a primitive nth root of unity. Then the 
Galois group G of the extension K /Q consists of ¢(n) automorphisms o,, 1 <r < 
n, (r,n) = 1, defined by o,(¢) = ¢" and G is isomorphic to the group (Z/nZ)* of 
reduced residue classes modulo n. 


Proof By Theorem A.40, ®,(x) is the minimal polynomial of ¢ over Q. So the 
Q-conjugates of ¢ are¢", 1 <r <n, (r,n) = 1. Consequently by Remark A.31, we 
have exactly ¢(n) isomorphisms o, from K into K defined by o,(¢) = ¢" with r 
as above; in fact each of these is an automorphism of K because o,(K) = Q(¢") = 
Q(¢). So the first assertion of the corollary is proved. Since ¢" and hence o, depends 
only upon the residue class 7 of r modulo n, therefore the mapping 7 > o, from 
(Z/nZ)* into G is well defined and bijective. It is a group homomorphism, because 
if (rs,n) = 1, then 


O+s(C) = ce = o,(f") = 0,(05(¢)) = 0; 0 0;(¢). 


This completes the proof of the corollary. 


Definition Let G be a subgroup of the group of all automorphisms of a field K. Then 
it can be easily seen that the set {a € K |o(a) =aVo € G}isa subfield of K. It 
is called the fixed field of G. 


Theorem A.42 Let K/F be a Galois extension of degree n. Then the Galois group 
of K/F is a group of order n and F is the fixed field of Gal(K /F). 


Proof Since K/F is a separable extension, we can write K = F(q@) by virtue of 
Theorem A.28 of primitive elements. Let g(x) denote the minimal polynomial of a 
over F’. Since K / F is anormal extension, all the roots of g(x), say a1, @2,..., @, are 
in K and these are distinct. If o is any F-isomorphism of K into an extension of K, 
then by Theorem A.35, o(K) = K. Therefore in view of Remark A.31, Gal(K/F) 
consists of F-automorphisms, o),...,0, of K defined by o;(@) = a;. This proves 
the first assertion of the theorem. 
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Let LZ denote the fixed field of Gal(K /F). Suppose to the contrary that F g L. 
Choose an element 6 € L \ F’. Let h(x) denote the minimal polynomial of 6 over F’. 
Then deg h(x) > 1 and h(x) is a separable polynomial. So there exists a root 6’ 4 6 
of h(x) in K.Leto : F(B) > F(8’) bean F-isomorphism such that 0 (6) = f’. By 
Proposition A.34 applied to the intermediate field F (6), we see that o can be extended 
to an F-automorphism o, of K. But 0;(8) = o(f) = B’ ¥ B, which contradicts the 
fact that 6 belongs to the fixed field of Galois group of K/F. This contradiction 
proves that L = F. 


Theorem A.43 (Artin’s Theorem) Let G be afinite group of automorphisms ofa field 
K and F be the fixed field of G. Then K / F is a Galois extension with Gal(K /F) = G. 


Proof Let 01, 02,..., 0, be all the distinct elements of G. We first prove that 
K/F is a separable extension. Indeed we prove that every element a of K is 
separable over F and [F (a): F] <n. Let a be an element of K. Let 61,..., By 
be all the distinct elements among 0)(a@), 02(@),...,0n(@). Note that for any 
o €G, o(f1), o(f2),...,0(Bm) are distinct and hence form a permutation of 
Bi,.--, Bm. Consider the polynomial g(x) € K[x] of degree m <n defined by 


g(x) = [[@ — f;). Then in view of what has been said above, for every o belonging 


i=1 


to G, 
8° (x) =] [@ -0(6)) =] [@ — 6) = g@). 


i=l i=1 


Hence g(x) € F[x]. Since g(x) has distinct roots, the minimal polynomial of a over 
F being a factor of g(x) has distinct roots. Therefore w is separable over F with 
[F(a): F] <n. Hence K/F is a separable extension. 

We next prove that K/F is a finite extension of degree not exceeding n. Note that 
for any finite subextension N/F of K/F, N/F is a simple extension by Theorem 
A.28 and hence [N : F] < n by what has been proved in the above paragraph. Among 
all finite subextensions N/F,, choose the one for which [N : F] is the maximum and 
denote this extension by M. We claim M = K. Suppose to the contrary that there 
exists 6 € K \ M and denote M(6) by M;. Then [M, : F] =[M,: M][M: F] > 
[M : F] contrary to the choice of M.So K = M, whichis a finite extension of F of 
degree not exceeding n. 

Now it will be shown that K/F is a normal extension. By Theorem A.28, we can 


write K = F(6). Then for i 4 j, o;(6) 4 0; (6). Consider h(x) = [[@ —o;(6)). 
i=1 

Arguing as in the first paragraph of the proof, we see that h(x) € F[x]. Since each 
o;(6) € K, K isasplitting field of h(x) € F[x]. Therefore K /F is anormal extension 
in view of Theorem A.35 . 

Clearly G C Gal(K/F). By Theorem A.42, Gal(K/F) has order [K : F]. As 
shown above [K : F] < n. Therefore keeping in view the fact |G| = n, we see that 
G =Gal(K/F). 
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Using above two results, we prove the main result of this chapter. 


Theorem A.44 (Fundamental Theorem of Galois Theory) Let K/F be a finite 
Galois extension. For any subfield T of K which contains F, let G(K, T) denote the 
subgroup of G(K, F) = Gal(K/F) consisting of those automorphisms which are 
identity on T. For any subgroup H of G(K, F), let Ky, denote the fixed field of H. 
Then the mapping T +> G(K, T) sets up a one-to-one correspondence between the 
set of subfields of K which contain F onto the set of subgroups of G(K, F) such that 


G@) T = Kqx,r), 
(ii) H = G(K, Ky), 
Gii) [K : T] = order of G(K,T) and[T : F] = index of G(K, T) in G(K, F), 
(iv) T is anormal extension of F if and only if G(K, T) is a normal subgroup of 
G(K, F), 
(v) when T is a normal extension of F, then G(T, F) is isomorphic to G(K, F)/ 
G(K,T). 


Proof Note that for any intermediate field 7, K /T is a Galois extension, therefore 
by Theorem A.42, T is the fixed field of G(K,, T) which proves (i). Second assertion 
follows from Theorem A.43 applied to H. Also in view of Theorem A.42, we see 
that |G(K, F)| =[K : F], |G(K, T)| =[K : T]. Therefore on dividing, assertion 
(iii) follows. 

To prove (iv), suppose first that G(K, T) is a normal subgroup of G(K, F). For 
every o € G(K, F), oG(K, T)o~! = G(K, T). In particular, their fixed fields are 
the same. Keeping in mind that the fixed field of oG(K, T)o—' is o(T), we see that 
o(T)=T Vo €G(K, F). This proves that T/F is a normal extension in view of 
Corollary A.37. Conversely suppose that T is a normal extension of F. Note that 
for any o € G(K, F), o(T) = T in view of Theorem A.35. Therefore the mapping 
®: G(K, F) > G(T, F) given by ®(o) = o|r is clearly a group homomorphism 
with ker(®) = G(K, T). By virtue of Proposition A.34, ® is onto. So by first isomor- 
phism theorem of groups, G(K, F)/G(K, T) is isomorphic to G(T, F). Therefore 
G(K, T) is anormal subgroup of G(K, F) and hence the theorem is proved. 


Definition A Galois extension K / F is called cyclic (respectively abelian) if its Galois 
group is cyclic (respectively abelian’). 

In view of the fact that a subgroup of an abelian group is normal and a factor 
group of an abelian (respectively cyclic) group is abelian (respectively cyclic), the 
corollary stated below follows quickly from assertions (iv), (v) of Theorem A.44. 


Corollary A.45 Let K be a finite Galois extension of a field F which is abelian 
(respectively cyclic). If E is an intermediate field of the extension K/F, then E/F 
is a Galois extension and is abelian (respectively cyclic). 


9 The terminology ‘abelian extension’ seems to have been initiated by Leopold Kronecker who stated 
and partially proved Kronecker-Weber Theorem which says that every finite abelian extension of 
Q is contained in a cyclotomic extension. 
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Keeping in mind that the number of subgroups of a cyclic group of order n is 
the number of divisors of n, the following corollary is an immediate consequence of 
Theorem A.44. 


Corollary A.46 Let K be a finite cyclic extension of a field F of degree n. Then the 
number of intermediate fields of K/F (including K, F) is the number of divisors 


of n. 


Remark An analogue of the fundamental theorem of Galois theory also holds for 
infinite Galois extensions. In fact Krull defined a topology on Gal(K/F) by taking 
as a fundamental system of open neighbourhoods of the identity the set of sub- 
groups belonging to finite extensions of F contained in K. The closed subgroups 
are precisely those subgroups which are of the type Gal(K /L) where L runs over 
intermediate fields between K and F (cf. [Lan, Chap. VI], [Lu-Pa2, Chap. 2]). 


Definition Let K be a finite extension of a finite field F consisting of g elements. 
The mapping o defined on K by o(a) = a’, a € K is clearly an F-automorphism 
of K. It is called the Frobenius automorphism of K/F. 

With K/F as in the above definition, we shall prove below that its Frobenius 
automorphism generates the Galois group of K/F. 


Proposition A.47 Let K/F be an extension of finite fields. Then Gal(K /F) is a 
cyclic group generated by the Frobenius automorphism of K/F. 


Proof Let K/F be an extension of degree n with | F| = g. Then | Gal(K /F)| = n by 
the fundamental theorem of Galois theory. Consider the map o : K —~ K defined 
by o(a) = a4, a € K. It is easily checked that o is an F-automorphism of K. Its 
powers o°,o0,07,...,0"~! are distinct, because otherwise 0’ is the identity map for 
some i, 0 <i <n and consequently a? =a for each a in K which is impossible 
as the polynomial x7 — x can’t have more roots than its degree. Thus Gal(K/F) is 


a cyclic group generated by o. 


Definition Let g(x) be a monic polynomial without repeated roots having coefficients 
in a field F. Let a1, ..., @» be all the roots of g(x) in its splitting field. In view of 
Corollary A.27 and Theorem A.33, F(a, ...,@m) is a Galois extension of F’. Its 
Galois group is called the Galois group of g(x) over F. This group is also called the 
Galois group of the equation g(x) = 0 over F. 


Example Let m be an integer with |m| > 1 which is not divisible by the cube of any 
prime number. Then we show that the Galois group of the polynomial g(x) = x? — m 
over Q is isomorphic to the symmetric group S3 of degree 3. It can be easily seen that 
g(x) is irreducible over Q. Note that the splitting field K of g(x) over Q is Q(6, w) 
, where @ is a root of g(x) and w ¥ | is acube root of unity. Hence [K : Q] = 6. So 
the Galois group of g(x) over Q is either abelian or isomorphic to $3. But this group 
can not be abelian in view of Corollary A.45, because the subextension Q(0)/Q is 


not normal. Therefore Gal(K /Q) is isomorphic to 53. 
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A.6 Valued Fields 


The development of Valuation Theory has a long history. It has its roots in the 
theory of p-adic numbers developed by Kurt Hensel in the first decade of 20th 
century. Motivated by the work of Hensel on p-adic numbers, it was the Hungarian 
mathematician Josef Kiirschak who gave the formal definition of valuation during 
the Cambridge International Congress of Mathematicians in 1912. His paper [Ktir] 
which appeared one year later uses the term ‘Bewertung’ for a valuation. According 
to him, the notion of a valuation of a field K is a generalization of the notion of 
ordinary absolute value of the field C of complex numbers. In modern terminology, 
the valuations defined by Ktirschak are called ‘absolute values’. An absolute value of 
a field K is a mapping y from K into real numbers satisfying the following axioms 
foralla,be K: 


(Il) w(a) > 0 fora £0, W(0) = 0, 
(ID) (ab) = ¥@y), 
dW) wa+b)< ¥(@+wd). 


The development of valuation theory gained momentum by the discovery of the 
fact that much of Algebraic Number Theory can be better understood by using 
valuations. It is the famous number theorist Helmut Hasse who is often credited with 
this discovery.!° Further significant contributions to Valuation Theory were made 
by Alexander Ostrowski. The terminology Archimedean and non-Archimedean for 
absolute values was introduced by Ostrowski in 1917. An absolute value y on a field 
K is called non-Archimedean if y(a + b) < max {wW(a), (b)} for alla, b € K. It 
was Ostrowski who first used valuations in additive form in his 1918 paper [Ost]. An 
additive valuation v of a field K is a mapping v : K —> RU {oo} which satisfies 
the following properties for alla, b € K: 


(i) v(a) = oo if and only ifa = 0, 
(ii) v(ab) = v(a) + v(d), 
(iii) v(a + b) > min{v(a), v(b)}. 


The subgroup v(K~) of (R, +) is called the value group of v and the pair (K, v) is 
called a valued field. It can be easily seen that additive valuations of K are in one- 
to-one correspondence with its non-Archimedean absolute values via the correspon- 
dence v —> w = e~”. Additive valuations are also known as classical valuations or 
real valuations. Hereafter by a valuation, we mean an additive valuation. To every val- 
uation v of K is associated a subring R, of K defined by R, = {a € K | v(a) > 0} 
which is called the valuation ring of v. Two real valuations v, v’ of K are said to 
be equivalent if there exists a real number c > O such that v'(a) = cv(a) for every 
a € K. Note that equivalent valuations have the same valuation ring. The converse is 
also true (cf. [lya, Chap. 2], [Nar, Chap. 1]); we shall omit the proof of the converse 
as it is not needed in the sequel. 


!0 A detailed description of development of Valuation Theory and its applications in Algebraic 
Number Theory is given in Peter Roquette’s masterly article [Roq1]. 
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An additive valuation v is said to be discrete if its value group is a cyclic subgroup 
of (R, +) ie., a valuation v is called discrete if it is equivalent to a valuation having 
value group Z. One can easily verify that the valuation ring of a discrete valuation 
is indeed a discrete valuation ring as defined at the end of Sect. 3.2. Conversely if 
R is a discrete valuation ring with quotient field K, then one can define a discrete 
valuation v of K whose valuation ring is R as is done in the following example. 
Note that if the field K is the quotient field of an integral domain R and v is a 
mapping on R satisfying properties (i), (ii), (ii) mentioned in the definition of an 
additive valuation, then v can be extended uniquely to a valuation of K in a natural 
way. 


Example Let R be a unique factorization domain with quotient field K and 2 bea 
prime element of R. For any non-zero element a of R, let v, (a) denote the highest 
power of z dividing a, ie., v;(@) =r, where a = 7'5,5 € R,w{ 56. It is natural 
to set v,(0) = oo . Clearly the mapping v, satisfies v,(@B) = vz(a@) + vz (B) and 
Uz(a + 6) > min{v, (a), vz(B)} for a, B in R. Hence v, uniquely extends to a 
valuation of the quotient field of R. In particular when K = Q and z is a prime 
number p, then vp is called the p-adic valuation of Q. In 1916, Ostrowski proved 
that any non-trivial!! valuation of Q is equivalent to v p for some prime number p; a 
simple proof of this result is given in [Bo-Sh, Chap. 1, Sect. 4.2]). 


Example Let p be a maximal ideal of the ring of algebraic integers Ox of an algebraic 
number field K. For any non-zero element a of Ox, let vp(~) denote the highest 
power of p dividing ~aOx. If we set vp(0) = 00, then clearly vp satisfies vp (ab) = 
Up(@) + Up(b) and vp (a + b) = min{v, (a), Vp (b)} for a, b in Ox and hence it gives 
rise to a valuation of K which is denoted by vy. It is also known that if v is a non- 
trivial valuation of an algebraic number field K , then v is equivalent to vp for some 
maximal ideal p of Ox (cf.[Nar, Theorem 3.3]). 


Strong Triangle Law. Let v be a valuation of a field K. If a, 8 € K are such that 
v(a) # v(B), then v(a + B) = min {v(@), v(B)}. 


Proof. Assume that v(a) < v(8). By the definition of valuation 
v(@ + B) = min{v(@), v(B)} = v(a@). (A.3) 
Again by a defining property of valuation, 
v(@) = v(a + B — B) = min{v(@ + B), v(—f)}. 
Since 2v(—1) = v(1) = 0, we have v(—f) = v(B). So the above minimum has to 


be v(a + £) in view of the assumption v(@) < u(f). It now follows from (A.3) that 
v(a + B) = v(q@) as desired. 


'l & valuation is said to be non-trivial if its value group is not the singleton set {O}. 
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A.7  Eisenstein-Dumas Irreducibility Criterion 


In 1850, Eisenstein proved a criterion which states thatif f(x) = a,x" + ay— pr 

-+ + ag is apolynomial with coefficients from Z and if there exists a prime p such that 
pt an, pla; for 0 <i <n—1and p’ } ap, then the polynomial f(x) is irreducible 
over Q. This criterion has been widely generalised and extended to polynomials 
with coefficients in valued fields. In 1906, Dumas [Dum] generalised the criterion 
and proved the following result. 


Eisenstein-Dumas Irreducibility Criterion. Let f (x) = a,x" + dy_1x"~! + +--+ ag 
be a polynomial with coefficients from Z. Suppose that there exists a prime p such 
that vp, (an) = 0, nvp(aj;) = (n — i)vp(ao) for 1 < i <n — 1 and v, (ao) is coprime 
ton, then f (x) is irreducible over Q. 

Note that Eisenstein criterion is a special case of the above criterion with v, (ag) = 
1. The following proposition will be used in the proof of this criterion. 


Proposition A.48 Let v be a valuation of a field K, ts be a real number and let 
w: K[x] —> RU {ov} be the mapping defined by 
w( Yes’) = min{v(c;) +i}, c € K. 


Then w gives rise to a valuation on K(x) whose restriction to K is v and whose 
value group is the subgroup of R generated by the value group of v and [. 


Proof Observe that a f (x)) = oo if and only if f(x)=0. It will now be shown that 


if f= a xg yb, .x/ are polynomials in K [x], then 
i=0 j=0 


w(fg) = w(f) + w(g), w(f + g) = min{w(f), w(g)}. 


m+n 
Write fg = = cyx* where c, = > ajb;. Let ig, jo be chosen so that 
k=0 itj=k 


ig = min{i | v(a;) + iu = w(f)}, jo = min{j | vj) + ju = w(g)}. 


Then 
Cpt is = 4,.0,+ YD adj. (A4) 
i+ j=igt jo iio 
We show that 
v(Ci,+j,) = vGi,bj,)- 


Since i #ij,i + j =i. + jo imply that either i < i, or j < jo, so either v(a;,) + 
ig < v(aj)+ip or v(bj,) + jou < v(bj) + ju. Thus v(qj;,) + ip + v(b;,) + 
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Jot < v(a;) tip + (bj) + ju when i+ j =io + jo, i # io. Consequently with 
i+ j=i,+ jo,i F io, we have v(a;,b;,) < v(ajb;). Hence by (A.4) and strong 
triangle law, we have 

v(Ci,+j,) = v(a;,b;,). 


Therefore 


v(C,,4;,) + Go + jo) = 0(G;,b;,) + Go + jo) = w(f) + w(g) 


Thus we have shown that 


w(fg) < vCi,+j,) + Wo + jo) = w(f) + w(g). (A.5) 


On the other hand, for anyk,O <k <m-+n, 


vce) + ku = v( D> ajbj) + ku = min{v(a)) + (bj) i+ J = K+ kw 
i+j=k , 
= min((v(a)) + iM) + Wb) + iw lit j =H 


=> w(f) + w(g). 


So 
w( fg) = w(f) + w(g). (A.6) 


By (A.5) and (A.6), we have w(fg) = w(f) + w(g). 

It remains to verify that w(f + g) => min{w(f), w(g)}. Assume without loss of 
generality that n = max{deg f, deg g}. Setb; = Oifm + 1 <i <n. Then for any /, 
0 <i <n, we have 


v(q; + bj) +i = min{v(a;), v(bj)} +i 
= min{(v(a;) +ip, v(b;) + ip)} 
= min{w(f), w(g)}. 


Therefore 
w(f + g) = min{w(f), w(g)}. 


We now prove the following theorem which has been proved in 2020 by Anuj 
Jakhar with slightly stronger hypothesis that the valuation of each coefficient except 
the leading coefficient of the polynomial is positive (cf. [Jak1]). This theorem imme- 
diately yields Eisenstein-Dumas Irreducibility Criterion. It has been shown that our 
version of the theorem quickly yields a well known irreducibility criterion by Anger- 
miiler. 
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Theorem A.49 Let v be a valuation of a field K with value group G. Let f(x) = 
nx" + dy_1x"| +++» + a9, ao $ 0 be a polynomial having coefficients in K with 
u(a,) = 0 and nv(a;) = (n — i)v(ao) for 0 <i <n —1. Letd be the smallest pos- 
itive integer such that do € G. Then each irreducible factor of f (x) over K has 
degree at least d. 


Proof Set 2 = v(ao)/n. Let w denote the mapping on K [x] defined by 
wi) cx') = min{u(c;) +ip}, ci € K. 


By the above proposition, w gives a valuation on K[x]. In view of the hypothesis, 


we see that 4. = vo) =. min ; [x2] . Therefore 
w(f(x)) = min {u(ai) + iu} = v(ao) = nw. (A.7) 


Let f(x) = fix) fo(x) --- f(x) be the factorization of f (x) into irreducible factors 
d; 

over K where f;(x) = )¢ Dj jx! has degree d; and leading coefficient b;g,. Since 
i=0 


v(a,) = 0, we may assume that v(b;q,) = 0 for 1 <i < t. Observe that 
t 
v(ao) = v([ | bio) = vo) +--+ + v0) 
i=l 
and n = d; +---+d,. Therefore using (A.7), we see that 
w(f (x)) = v(ao) = v(bjo) +--+ + vib) =n =dywt---+dp. (A.B) 


Also by definition of w, we have w(fj(x)) = omin, {v(bj;) + ju}; consequently 
SIS 


w(fi(x)) < v(bio), w(fi)) S vbia,) + dim = di. (A.9) 
Now using (A.8), (A.9) and keeping in mind that 
w(f(x)) = w(filx)) +--+» + wif), 


it follows that 
w(fi(x)) = v(bio) = diu, 1 <i St. 


Consequently d;z € G for! <i < t. By hypothesis d is the smallest positive element 
such that du € G, hence d; > d for | <i <t. This completes the proof of the 
theorem. 


Appendix A: Field Theory 225 


The next corollary which extends Eisenstein-Dumas Irreducibility Criterion is an 
immediate consequence of the above theorem. 


Corollary A.50 Let v be a valuation of a field K having value group Z. Let f (x) = 
AnX" + dy_yx"-! +--+ +9, a0 # 0 be a polynomial having coefficients in K with 
v(a,) = 0 and v(a;)n = v(ao)(n — i) for 1 <i <n —1. The following hold: 


(i) Ifn, v(ao) are coprime, then f (x) is irreducible over K. 
(ii) If gcd(n, v(ao)) = 2, then either f (x) is irreducible over K or it is a product of 
two irreducible polynomials of degree 5 over K. 


Recall that if f(x), g(y) are two polynomials in different indeterminates x, y, 
then f(x) — g(y) is called a difference polynomial. As in [Ang], a polynomial 
f(, y) with coefficients in a field F in two indeterminates x, y is said to be 
a generalized difference polynomial (with respect to x) of the type (m,n) if 


f(x,y) =ex" +o P,(y)x", where 0 Ac € F,n > 1,m = deg P,(y) => | and 
i=l 


deg P;(y) < mut for 1 <i <n — 1. Note that a difference polynomial is a generalized 
difference polynomial, because in this situation deg P;(y) = 0 for 1 <i <n—1.It 
may be pointed out that contrary to appearances, the property of being a generalized 
difference polynomial is actually symmetric in x, y (see [Bh-Kh]). 

The following corollary which gives a new and simpler proof of a well-known 
result by Angermiiler (cf. [Ang, Bh-Kh]) regarding generalized difference polyno- 
mials is shown to be a quick application of assertion (i) of Corollary A.50. 


Corollary A.51 Let P(x, y) =cx"+ 3 Pi(y)x"~' be a generalized difference 


polynomial of the type (m,n) having coefiiaients in a field F with m,n coprime, 
then P(x, y) is irreducible over F. 


Proof Consider the field K = F(y), the field of rational functions in an indeter- 
minate y with coefficients from F. Let v denote the valuation of K defined on its 
subring Fy] by 

v(h(y)) = —deg(h(y)), h(y) € Fy 


Let Q(x) denote the polynomial P(x, y) when regarded as a polynomial in x with 
coefficients from K. In view of the definition of a generalized difference polyno- 
mial, Q(x) satisfies the hypothesis of assertion (i) of Corollary A.50. Thus Q(x) is 
irreducible over K and hence P(x, y) is irreducible over F,, because the gcd of the 
coefficients of Q(x) in the unique factorisation domain F'[y] is a unit. 


The following corollary is an application of Theorem A.49. The irreducibility 
of the class of polynomials occurring in this corollary cannot be established by 
Eisenstein-Dumas Irreducibility Criterion. 


Corollary A.52. Let p be a prime number and a be an integer with vp (a) positive 
and even. Then the polynomial f (x) = x° + ax + p? is irreducible over Q. 
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Proof Suppose to the contrary that f (x) is reducible over Q. Then by assertion (ii) of 
Corollary A.50, f(x) factors as a product of two monic irreducible polynomials, say 
g(x), g1(x) of degree 3 over Q. Since f(x) € Z[x] is monic, using Gauss’s lemma for 
primitive polynomials, it can be easily seen that g(x), g(x) arein Z[x]. Write g(x) = 
x3 + bx? +cex +d, gi(x) = x? + bx? +c.x +d). On comparing coefficients in 
the equation f(x) = g(x)gi(x), we see that 


dd, = p’, (A.10) 

cdi; + c\d=a, (A.11) 
bd, + bid + cc, = 0, (A.12) 
c+c+bb; =0, (A.13) 
b+b,=0. (A.14) 


Since f(x) = x° (mod p), each of b, bj, c, c1, d, d; is divisible by p. So (A.10) 
implies that 
d=d,=+p. (A.15) 


Hence (A.11) shows thatc + cj = +(a/p).Itfollows from (A.12), (A.14) and (A.15) 
that cc, = 0, say cj = 0. Using (A.13), (A.14), we have +(a/p) =c = b? , which 
is impossible as v,(a/p) is odd. This contradiction proves that f(x) is irreducible 
over Q. 


Exercises 


1. Let J denote the ideal generated by x? + 1 in the ring R[x] of polynomials in an 
indeterminate x with coefficients from the field R of real numbers. Prove that 
R[x]/J is isomorphic to C. 

. Prove that Q(/2, V3) = Q(/2 + V3). 

. Show that x* — 10x? + 1 is the minimal polynomial of /2 + /3 over Q. 

. Prove that the polynomial!” a + « +x + 1 is irreducible over Q. 

. Prove or disprove that Q(73) and Q(./—3) are isomorphic as fields. 

. Let F be a field of characteristic p > 0, p € 3. If a is a zero of the polynomial 
f(x) =x? —x +3 is an extension field of F, show that f(x) has p distinct 
zeros in the field F(a). 


7. For any root a of the polynomial! x+ — x — 1, prove that [Q(a) : Q] = 4. 


NM WN 


!2 Tn 1930, Schur proved that the polynomial f, (x) = x ; a +--+ +x + lisirreducible over 


Q for each n and showed that the Galois group of f,(x) over Q is Ay, the alternating group of 
degree n, if 4 divides n and is S,, the symmetric group of degree n, otherwise (cf. [Col]). 


13 In 1956, Selmer [Sel] proved that x” — x — 1 is irreducible over Q for all n. 
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13. 


14. 


15. 


16. 


17. 


18. 
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20. 


21. 


22: 


23; 


24. 


25; 


26. 


27. 
28. 


Let F = {a+ bY2 + cv/4 |a, b,c € Q}. Prove that F is a field and each element 
in F has a unique representation as a + bx/2 + cv/4 with a, b, c € Q. Also find 
the inverse of 1 — </2 in F. 


. Prove that any finite subgroup of the multiplicative group of a field is cyclic. 
. If the elements 0, 6’ of an extension K of F are roots of the same irreducible 


polynomial in F'[x] of degree n, show that [F(6, 0’): F] <n(n— 1). 


. Let K/F be anextension, a, 6 € K algebraic over F of degrees m and n respec- 


tively. Show that if gcd(m, n) = 1, then [F(a@, B) : F] = mn. 


. Suppose that w and 6 are algebraic over F with minimal polynomials f(x) and 


g(x) respectively. Prove the reciprocity theorem: f(x) is irreducible over F (6) 
if and only if g(x) is irreducible over F(a). 

For 6 a real number, let Fp = Q(sin@) and Eg = Q(sin $), Show that Eg is an 
extension field of F, and determine all possibilities of [E, : Fo]. 

Let f(x) = x° — 8x7 4 9x — 3and g(x) = x4 — 5x? — 6x +3. Prove that there 
is an integer d such that the polynomials f(x) and g(x) have a common root in 
the field Qr/d ). Write one such integer d? 

Exhibit infinitely many pairwise non-isomorphic quadratic extensions of Q. 
Let F be a field of characteristic p > 0 and x, y be indeterminates. Show that 
F(x, y) is not a simple extension of F(x?, y”). 

Let A denote the field of all algebraic numbers. Prove that A/Q is an infinite 
extension. 

Prove that a finite field cannot be algebraically closed. 

Let F’» be the finite field with p” elements. Prove that for each divisor m of n, 
F has a unique subfield of order p”. 

For every prime p and number n > 1, show that there exists a finite field with 
p” elements. 

Let E be the splitting field of x? — 2 over Q, where p is an odd prime. Find 
[E : QI. 

Let F be a finite field with g elements. Let G be the group of invertible 2 x 2 
matrices with entries from F’. Prove that G has order (q? _ 1)(q? —q). 

Let p be an odd prime and F, the field of p elements. How many elements of 
F,, have square roots in F,,? 

Let a be an element in a field F of characteristic p > 0. Assume a is not a pth 
power in F’. Show that the polynomial x” — a is irreducible in F [x]. 

If the minimal polynomial g(x) of @ over a field F is of the form (x — a)’, 
m > 2, then prove that there exists e > 0 such that g(x) = x” — a?” where 
p > Ois the characteristic of F’. 

Let K /F bea finite extension and Q2 be an algebraically closed field containing 
K. Prove that any isomorphism o of F into Q can be extended to an isomorphism 
of K into Q. 

Find all conjugates of /2 +i and vil+ /2 over Q. 

Let K = Q(@) where 6 is a root of the polynomial x!0__ 2. Prove that K has 
degree 10 over Q, and that the group of automorphisms of K has order 2. 
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30. 


31. 


32. 


33. 


34. 


47. 
48. 
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Let f(x) = x? +bx +c be an irreducible polynomial over Q. Let K be the 
splitting field of f(x) over Q. Show that K = Q(V/D, a) for any root a of 
f(x), where D = —4b3 — 27c?. (See [Lu-Pa2, Chap. 2].) 

If K,, K2 are finite Galois extensions of a field F, prove that so are K; K2 and 
Ki 0 Ko. 

Let H be a subgroup of the group G of automorphisms of a field K. Let o be an 
element of G. If T is the fixed field of H, prove that the fixed field of oHa! is 
o(T). 

Prove that Q(/2 + V2) isa cyclic extension of Q of degree 4. 

Prove using the fundamental theorem of Galois theory that the field C of complex 
numbers is algebraically closed. (See [Lan, Chap. VI].) 

Find the Galois group of each of the polynomials over the field Q of rational 
numbers. 


(ay x? —2, 
(b) x*+1. 


. Prove that the Galois group of the polynomial x* — 4x? + 2 over Q is cyclic. 
. Letn bea positive integer not divisible by the characteristic of a field F. Prove that 


the Galois groups of the polynomial x” — 1 over F is isomorphic to a subgroup 
of (z /nZ) 


. Let m,n be relatively prime positive integers. How are the Galois groups of the 


polynomials x" — 1, x” — 1, x” — 1 over Q related to each other? 


. Prove that x? — 1 and x’ — 1 have isomorphic Galois groups over Q. 
. Prove that the Galois groups of x!° — 1 and x8 — 1 over Q are not isomorphic. 
. Let N be a finite abelian extension of a field K. Show that every subextension 


of N/K is an abelian extension. 


. Let E be the splitting field of x° — 1 over Q. Show that there exists a unique 


field K wihQC K CE. 


. Let a #~ +1 be a squarefree integer, p an odd prime number. Determine the 


Galois group of the polynomial x” — a over Q. Is it cyclic? 


. Let K and L be extensions of a field F having a common overfield. If K/F 


is a finite Galois extension and L/F is any extension, then show that [KL : L] 
divides [K : F]. Give an example to show that the result need not be true if K/F 
is not a Galois extension. 


. If K is acyclic extension of degree n of a field F’, show that for every divisor d 


of n there exists a unique subextension of K of degree d over F. 


. Prove that the Galois group of the polynomial x” — 2 over Q is not abelian when 


n> 2. 


. Let F be a field of characteristic p > 0 and a be an element of F' such that 


the polynomial g(x) = x? — x — a is irreducible over F’. Prove that the Galois 
group of g(x) over F is cyclic of order p. 

Prove that the Galois group of the polynomial x? — 3x — 1 over Q has order 3. 
Prove that the Galois group of the polynomial x* — 4x — 1 over Q is $3, the 
symmetric group of degree three. 
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49. Let x? + bx +c be a separable polynomial irreducible over a field F of char- 
acteristic different from 2. Prove that the Galois group over F of the poly- 
nomial x* + bx + ¢ is cyclic of order 3 or is isomorphic to $3 according as 
D = —4b? — 27c? is a square in F or not. 

50. Let G be a finite abelian group. Prove that there exists a Galois extension K of 
Q contained in a cyclotomic extension of Q such that G is the Galois group" of 
K/Q. 

51. If R is the valuation ring of a discrete valuation, then prove that it is a principal 
ideal domain having only one non-zero prime ideal. 


'4 The following problem was posed in early 19th century: Given a finite group G, whether there 
exists a Galois extension of Q whose Galois group is G? This is called the Inverse Problem of Galois 
Theory and is one of the most challenging problems in mathematics. Several classes of groups are 
known to occur as Galois groups of Galois extensions of Q, for example the symmetric group S,,, 
the alternating group A,, for all n > 1, p-groups for odd primes p and finite solvable groups. 
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Chapter | 


2; 


If f(X) € Z[X] is a monic polynomial of degree m and if f(a) satisfies an 
equation f(a)” + ci f(a)! +---+c, = 0 for some c),...,c, belonging to 
Z, then a satisfies a monic polynomial of degree mn over Z. 


. Note that an algebraic number a is an algebraic integer if and only if a is an 


algebraic integer. Since cos” a = $(1 + cos a) — +2 + /3) is not an alge- 
braic integer, it follows that cos +5 is not an algebraic integer. 


. Denote the polynomial X*+ X +1 by f(X). If f(X) is reducible over Q, 


then f(X) has a rational root, say w. Since each root of f(X) is an algebraic 
integer, a € Z. As a(a? + 1) = —1, we see that a = +1 or —1. But by direct 
verification, neither 1 nor —1 is a root of f(X). This contradiction proves that 
f (X) is irreducible over Q. 

Arguing similarly, it can be seen that the polynomials X? — 4 and X? — 4X +2 
are irreducible over Q. 


. By Lemma A.39 and Theorem A.40, the minimal polynomial of ¢ over Q is 


X*+4 X34 X74 X41. 


. The characteristic polynomial of 2 + /3 with respect to K /Qis f(X) = X* — 


10X? + 1. This is also the minimal polynomial of /2 + V3 over Q because 
J (X) does not have a repeated root and characteristic polynomial is a power of 
minimal polynomial. 


. The characteristic polynomial of /—1 + J/2 with respect to K/Q is X*— 


2X? + 9 and it is also the minimal polynomial of /—I + /2 over Q. 


. (a) Nxjg@) = 1, Trrjg(a) = -1. 


(b) Nxjo(@) = Nxjo(Q)Nxjedt ¢) = 1, 
Trxjo(@) = Trxjo() + TrKjo(o") = —2. 
(©) Nxjo(a) = 0, Trg g(a) = 0. 
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10. 


11. 
12. 
13. 
14. 


15. 


16. 


17. 
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Denote cP by n and the field Q() by K’. Then n is a primitive pth root 
of unity. So by Lemma A.39 and Theorem A.40, the minimal polynomial of 
n over Qis 1+X+---+ X?-!. Deduce that Nxjg(1 — 7) = p and hence 
Nxjo(1 — n) = p” ' by Theorem 1.23. 

Use Lemma 1.14. 

Trxjo(6* + 0) = 0 and Nx/9(6? — 6) = 12. 

TrxjQ(" +2) = 4 and Nx 9307 +1) =31. 

Let {0,, 62} and {w1, w2, w3} be bases of L/K and K/F respectively. Write 
down the matrix of the F-linear transformation 7, from L to L defined by 
T, (§) = v& with respect to the basis {w 6), w201, W301; W102, w262, w362} of 
L/F and then compute the trace of the matrix. 

It is enough to prove the desired equality when L = K(y). Let {w,, wz} be a 
basis of K /F. Write down the matrix of the F-linear transformation € +> éy 
of K (vy) with respect to the basis {w1, w2; yw1, yW2; y7w, y7w} and compute 
its determinant. 

Use Theorem 1.20 and the fact that the minimal polynomial of a over F is same 
as the minimal polynomial of o (@) over F. 

Let A @ B denote the Kronecker product of two square matrices A and B as 
defined in the exercise. If A, C are m x m and B, D aren x n matrices with 
entries from C, then using matrix multiplication one can easily verify that 


(A @ B)(C ®@ D) = (AC) @ (BD). 


By an elementary result of linear algebra, there exists an invertible matrix P 
with entries in C such that P~!A P is an upper triangular matrix, say 


Uj, Uj2 +++ Uim 
peliay O 22 +++ Um 
0 O +++ Umm 


Using the above formula, we see that 
(P @1)'(A@ BYP @1) =(P'AP) @B, 
which can be written as 


Uj, B uj2B +++ UjimB 
0 u2B ees Urm B 


0 0 ini Umm B 
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Hence 
det(A ® B) =det ((P~'AP) @ B) = | | det(w;;B) 
i=1 


= [[@ det B) = (det A)" (det B)”. 


i=1 


Chapter 2 


lL 


N 


15. 


17. 


SCmMNAKRYW 


In view of Lemma 2.6, 


n(n—1) 


Dx/g(l,a,...,@"') = (-1) > Nxjg(ne" +). 


Show that the determinant of the Q-linear transformation € > E(na”! + a) of 
K isn"b""! + a"(1 —n)""'" which equals Nxjg(na"~! + a) by definition. 


. Show that the determinant of the transition matrix from {1,0,...,0”"~'} to 


(1,(0+m),...,(@+m)""} is 1. 


. Show that Dx/o(, 9, 67) = —1579 and note that 1579 is a prime number. 
. dx = —31 and {1,6, 67} is an integral basis of K. 
. dx, = 22356 = 23- 2? . 3° and {1, 0, 67} is an integral basis of K; for each i. 


dx = —2480 and {1, 6, 67, 67} is an integral basis of K. 
dx = —2'! and {1, 6, 67, 6} is an integral basis of K. 


. Show that Dx/o(1, 9, 67) = —104 = —2? - 26 and use Stickelberger’s theorem. 
; Show that 67/6 € Ox and Dg/g(l, 6, 67/6) = —2?.3-79. Use Lemma 2.8 and 


Stickelberger’s theorem to justify that dx = —2?- 3-79. 


. Consider the integral basis {1, 0, 07/5} of K, then proceed as in Example 2.17 


and use the fact that the congruence 5X 3 = +1 (mod 7) is not solvable in Z to 
deduce that K is not monogenic. 


. Show that the polynomial f(X + 2) is an Eisenstein polynomial with respect to 


the prime 7 and Dx /g(1, 0, 07) = 49. 


. Use Exercise 16 of Chap. 1. 
. Recall that if {w,, w2,..., w,} is an integral basis of K, then by definition dx 


is the square of the determinant of the matrix (wl ) di, js 

In view of Theorem 2.25, dx = (—1) =p p?~ which is a square in K by virtue 
of the previous exercise. 

Let pi, p2,.--, ps be all the odd primes dividing D which are arranged such 
that pi, p2,..., py are congruent to | modulo 4 and p,;41,..., ps are congruent 
to 3 modulo 4. Set d; = p; for 1 <i <randd; = —p; forr+1<i<-s, then 
d, is the discriminant of Q(./d;) for each 7. Three cases are distinguished. 
Consider first the case when D = 1 (mod 4). Keeping in mind that |D| = 
P\P2°++ Ps = |\d\d2---d;|andeachd; = | (mod 4), wesee that D = dd) ---d;. 
Consider now the case when D = 4 (mod 8). Since D is the discriminant of the 
quadratic field Q(/D), this case arises when £. = | (mod 4). So arguing as 
above, we can write D = (—4)d,d,---d,. 
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In the last case when D=O (mod 8), we can write D = 8d,d)---d, or 
(—8)d,d.---ds according as 2 = | or —1 (mod 4). 

Use the previous three Exercises 15-17. 

dx = 24 and {1, V2, /—3, /—6} is an integral basis of K. 


: gs-l 
dx = (11 u) . 
i=1 
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2. 
3. 
9. 


12. 


15. 


18. 


19. 


20. 


22. 


I = {a+ 4V6|a,b € Z} 
I = {(a+ bV—5)/2 | a,b € Z,a = b (mod 2)}. 
7=(34+0)(3 +0”), 13 = (4+ @)(4+4+ 07), 19 = (5+ 3)(5 + 30”) is fac- 
torization into irreducible elements in Z[w]. 
The norm of the ideal (2, w) is 2 and of (13,4+ w) is 13. Neither of them is 
a principal ideal, because no element of Ox has norm 2 or 13 with respect to 
K/Q. 
If 7 g J are ideals of Ox, then index of the subgroup J of Ox is strictly bigger 
than the index of J in Ox. 
We first show that 2, 1+ ./—5 have gcd 1. Denote Q(/—5) by K. Since 
Nx/o(2) = 4, NxjoV + ./—5) = 6 and no element of Ox has norm 2 or 3, 
it follows that 2, 1 + ./—5 are non-associate irreducible elements in Ox. Hence 
2,1+/—5 have gcd 1. 
Next it will be shown that the elements 6, 3(1 + /—5) donot havea ged. Suppose 
to the contrary these elements have a gcd in Ox, say d. So gcd of 2, (1 + /—5) is 
d/3. But as shown above 2, 1 + »/—5 have gcd 1. Therefore d/3 is aunit of Ox, 
ie., d = +3. Since 1 + ./—5 divides 6 as well as 3(1 + /—5), it follows that 
3 1-J-5 
= 
does not belong to Ox = Z[,/—5]. Hence 6, 3(1 + ./—5) do not have a gcd. 
Finally it remains to be shown that 2, 1 + /—5 have no lem. Suppose these 
elements have lcm, say 4 = a+ b./—5. Then Nx/Q(A) is divisible by Nx /Q(2) 
and Nx/g(1 + /—5). So Nx/q(A) is divisible by 12. Since 1 divides 2(1 + 
./—5), we see that Nxjg(A) divides Nxj;g(2U0 + /—5)) = 24. Consequently 
a’ + 5b? = Nx /Q(A) = 12 or 24. This is clearly impossible as a, b € Z. This 
contradiction proves that 2, 1 + »/—5 have no Icm. 
Show that if 6, y are elements of a unique factorization domain R with B/y 
integral over R, then each prime element of R dividing y divides B. 
Z[2 cos 2) is a Dedekind domain because in view of Corollary 2.32, it is the 
ring of algebraic integers of Q(¢ + ¢~!) where ¢ is a primitive 9th root of unity. 
Recall that every non-zero ideal in a Dedekind domain R can be uniquely written 
as a product of prime ideals of R. So there are only finitely many ideals of R 
dividing the given non-zero ideal J of R. Since an ideal J of R contains J if 
and only if J divides /, it follows that there are only finitely many ideals of R 
containing the non-zero ideal J of R. This yields the desired assertion. 


(1 + /—5) divides their gcd 3. This is false, because ji 
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24. 


26. 


Let J/I be an ideal of R/I where J is an ideal of R containing J. Fix a non-zero 
element a € J. By Corollary 3.23, there is 6 € J such that J = (a, 6). Hence 
J/TI is the ideal generated by B + I. 


Write J = I] p; where p;’s are distinct prime ideals and a;’s are positive inte- 
i=l 

gers. For every i, choose x; such that x; € py , butx; ¢ p 

der theorem, there exists ~ € Ox such that 


atl 


i 


. By Chinese remain- 


1 
a = x; (mod p'* 


; ) for l<i<r, 


and 
a = | (mod q) 


for every prime ideal q of Ox which divides N(J)Ox and is different from 
P1, P2,..-, p,- Note that the exact power of p; dividing aOx isa; andaOx = 1A 
where A is anideal of Ox whichis not divisible by any prime ideal of Ox dividing 
N(1)Ox.So N(J), N(A) are coprime numbers. By classical Chinese Remainder 
Theorem, choose b € Z such that b = 0 (mod N(J)) and b = 1 (mod N(A)). 
Then bOx is divisible by N(/) and hence by 7. So we can write bOx = IB for 
some ideal B of Ox. Therefore N(B) divides N(bOx) = |b|" where n = [K : 
QJ]. Since b is coprime with N(A), it follows that N(A), N(B) are coprime. 
Consequently 


gcd(Nx/9(@), Nxg(b)) = ged(N I) N(A), NU) N(B)) = NU). 


Chapter 4 


In what follows, p;,p} stand for distinct non-zero prime ideals of the ring of 


algebraic integers of the given algebraic number field for i = 2, 3, 5. 


1. 


By Exercise 3 of Chap. 2, the index of @ is 1. So Theorem 4.8 is applicable. 
Using this theorem, we see that 30x is a product of two distinct prime ideals 
p3, ps with N(p3) = 3, N(p4) = 3°. Also 50x is a prime ideal of Ox. 


. By Exercise 9 of Chap. 2, index of 6 is 1 and dx = —104 = —8- 13. So by 


Theorem 4.16, only the primes 2, 13 can be ramified in K. Using Theorem 
4.8, we see that 20x = pops with N(p2) = N(p,) = 2 and 130 = p°p’ with 
N(p) = N(p’) = 13, where p2 £ p), p £ p’ are prime ideals of Ox. 


. (a) K = Q(6) where 63 = 18. In view of Theorem 2.22, dx = —2? - 3°. So by 


Theorem 4.16, only the primes 2, 3 can be ramified in K. Since the minimal 
polynomial of 6 over Q is an Eisenstein polynomial with respect to the prime 
2, it follows from Theorem 4.5 that 20% = p3 with N(p2) = 2. Note that 
67 /3 satisfies the polynomial X* — 12 which is an Eisenstein polynomial 
with respect to the prime 3. Since K = Q(67/3), we have 3Ox = p3. 

(b) K = Q(6) where 6? = 20. Arguing as above it can be seen that only the 
primes 2, 3, 5 can be ramified in K; in fact 20x = p3 and 50x = fe. By 
Theorem 2.22, {1, 0, 6” /2} is an integral basis of K. Therefore 3 does not 
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divide ind @. So Theorem 4.8 is applicable and by this theorem we have 
(c) K = Q(e?*"/?). By Theorem 4.15, 30x = p!* where p is a prime ideal of 
Ox with N(p) = 3. 


. By Theorem 4.11, 20x can be written as a product p2p/, of distinct prime ideals 


of Ox with N(p2) = N(p5) = 2. So 20x is not a prime ideal and hence 2 is 
not a prime element of Ox. Since Nx/q(2 — w) = 8, it follows that the ideal 
generated by 2 — w is not a prime ideal. It can be seen that no element of Ox 
has norm 2 or 4. So 2 and 2 — w are irreducible elements of Ox. 


. In view of Theorem 4.8, 5Ox, is a prime ideal of Ox,, 5Ox, is a prime ideal of 


Ox, and 5Ox, is a product of three distinct prime ideals of Ox, each of norm 
5. This shows that K; #4 K3 and K2 # K3. Further 110 x, is a product of three 
distinct prime ideals of Ox, each of norm 11 and 110x, is a prime ideal of Ox, 
for i = 2,3. This shows that K; 4 Kp. 


. 20K = (pop)? with N(p2) = N(p5) = 23, 


30x = psp, with N(p3) = N(p) = 3°, 
5Ox = psps with N(ps) = N(ps) = 5°. 


. Arguing exactly as for the proof of equation (4.13), it can be shown that 


pOr== a)". 


Taking absolute norm on both sides of the above equation, we see that the absolute 
norm of the ideal (1 — €9)Ox is p and hence it is a prime ideal of Ox. 

11, 19, 29, 31 and 41 are the only primes less than 50 which split completely in 
K. 

5, 7 and 13 are the only primes less than 20 each of which generates a prime 
ideal in Ox. 

Denote Q(./—2) by K. The primes 2 and 3 split in Ox as 20x = p3 with 
N(p2) = 2 and 30x = psp with N(p3) = N(p3) = 3. So pop}, p2(p4), pobsPs 
are the only three ideals of Ox with norm 18. 

Denote Q(./—5) by K. Note that 15Ox factors as a product p2psp) of powers 
of distinct prime ideals of Ox. So the number of ideals of Ox dividing 15Ox is 
12. Hence the number of ideals containing 15 is 12. 

The desired number of ideals is 14. 

70x is a prime ideal of Ox and 29Ox is a product pp’ of prime ideals of Ox 
with N(p) = 29, N(p’) = 297. 

In view of Example 2.38, ind @ is not divisible by 2. So Theorem 4.8 is applicable. 
On applying this theorem, it can be seen that 20x is a prime ideal of Ox. 

J (X) is irreducible over Q in view of Eisenstein-Dumas Irreducibility Criterion 
proved in Sect. A.7. Using Exercise 1 of Chap. 2, we see that Dx/g(1, 9, 67, 0?) 
is not divisible by 3. In particular ind 6 is not divisible by 3. So applying Theorem 
4.8, 30x = psp with N(p3) = 3, N(p4) = 3°. 

Applying Lemma 2.6 and Corollary 2.16, we see that 


Dxjo(l,6,...,0? 1) = (HIPPY? pra?! = (ind 0)*dx. 
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Since X? — a is an Eisenstein polynomial with respect to every prime dividing 
the squarefree integer a, it follows that ind @ is coprime to a in view of Theorem 
2.18. Therefore the only prime which can divide ind 6 is p. 

Suppose first that a’ #4 a (mod p”), then the minimal polynomial (X + a)? — a 
of 6 — a over Q is an Eisenstein polynomial with respect to p. Therefore p does 
not divide ind(@ — a) = ind6@ and hence Ox = Z[6]. 

Conversely suppose that Ox = Z[6]. Since X? — a = (X — a)? (mod p), on 
applying Theorem 4.8, we see that 


pOx =p? 
where p = (p, 6 — a). Note that 6 —a € p but 6 —a ¢ p*. So we can write 
(9 — a) = pl where J is an ideal of Ox not divisible by p. On taking norm we 
see that 


PN(I) = N((9 — a)) = |Nx/g@ — a)| = la” — al. 


Hence a? # a (mod p’). 


Chapter 5 
3. The number of roots of unity in Q(¢) is m or 2m according as m is even or odd. 
4. (a) (3+ V13)/2. 
(b) 37+ 6V38. 
(c) 2445723. 
(d) 35 + 6/34. 

7. Note that the fundamental unit 3 + /10 of Q(V 10) has norm —1. So by Lemma 

5.10, all positive solutions (x,, yn) of x — 10y? = —1 are given by 
Xn + ynV10 = (3+ V10)"", 
where n runs over natural numbers. 

8. Let x, y be positive integers satisfying x? — 10y? = 10. Then 10 divides x and 
hence 10 divide x. Write x = 10z. Thus y* — 10z* = —1. By the previous exer- 
cise, y + z/10 = (3 + V10)?""! for some n € N. Hence all positive solutions 
(Xn, Yn) of x? — 10y* = 10 are given by 

Xn + ynV10 = V10(3 + V10)2""!, 
where n runs over natural numbers. 

9. Write g(X) = X"™ +a,X""!+.---+ a, with a; € Z. Clearly a —r divides 
2) —s0) = @" =r") aya" =r?) Fs 1 @ —7) over Ox: 
By hypothesis g(@) — g(r) = £1. It follows that w — r is a unit in Ox. 

10. In view of the previous exercise, 9 + | is a unit in Ox. 
11. Letx + y+ Vd)/2 be a fundamental unit of Q(/d). On taking norm, we have 


(2x + y)? — dy* = +4. Suppose to the contrary y is odd. Since d = 1 (mod 8), 
the above equality implies that (2x + y)? =5 (mod 8) which is false. 
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12. Ifd = 1 (mod 4) ande =x+ y+ Vd)/2 is a fundamental unit of K with y 
odd, then show that e? € Z[/d]. 

14. @ -14+ 72. 
(ii) —2 + 37/9, 


ii) 2 — 4/7. 

15. Itis enough to prove that there exists y € Ox such that |y| < 1.Let{w),..., wy} 
be an integral basis of K. Apply modified Minkowski’s lemma of complex 
linear forms to the forms L,,..., L, given by L;(x1,...,%,) = > wx; with 

j=l 
suitable constants bj, ..., b,, asin the proof of Lemma 5.6 (taking b; < | andthe 


isomorphism a +> a" to be the identity isomorphism) and obtain an element 
y € Ox with |y| < 1. 


Chapter 6 


1. (i) There are two prime ideals 9, 9’ of Ox: lying over the prime ideal p of Ox 
and 


e(p/p) = e(p'/p) = f(@/p) = f(@'/p) = 1. 


(ii) There is only one prime ideal g9 of Ox, lying over the prime ideal p of Ox 
and 


e(g/p)=1, f(p/p) = 2. 


2. Nj) = 20K, N(3) = 30x. 
3. There is only one prime ideal p of Ox lying over 3 and there are two prime ideals 
9, 9’ of Ox lying over p. 


e(p/p) = e(p'/p) =2, f(@/p) = f(@'/p) = 1. 


4. There is only one prime ideal 9 of Ox: lying over pz and f(§9/p2) = 11. 
Chapter 7 
1 @ <V13>. 


Gi) 23-27" =, 
(iii) < 40° + 30? + 20 + 1 > where 6 = e?7'/>, 
2. In view of Corollary 7.10 and the Discriminant theorem, dx equals d lk ale 
absolute value, if and only if K’/K is an unramified extension. 
. Consider the matrix product (0; (Bi));.; (6; (B;)), iv 
. See proof of Theorem 7.8. , 
; AKyK =< F'(0) >, dk'/K =< Nx'/K(F'(@)) >. 
. Using equation (2.20), deduce that 


OonAWNn f 


Agjg = (p'G"™ — 0). 
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k 
10. Write m = |] p;', where p;’s are distinct primes and r;’s are positive integers. 


11. 


12. 


13. 


14. 


i=l 
Let 7; be a primitive (p;')th root of unity in C. Then Q(n;) is contained in K 
for | <i <k. Soin view of Corollary 7.11, dx is divisible by the discriminant 
of Q(n;), 1 < i < k. But by Theorem 2.26, the discriminant of Q(n;) is +p;', 
where s; = r;6(p’') — pi'—'. Note that s; >r; when p; #2 and 5; >r; —1 
k 


L 


when p; = 2. Since |] Dp; divides dx, it now follows that m divides 2dx. 

i=1 
Let o be a K -isomorphism from K’ into C. Keeping in mind that for anya € K’, 
TrK/K (a) => Tro(k)/K (o (a)), it can be easily seen that o(Ax/K) => Ao(K)/K- 
Therefore using the definition of relative norm as given in Theorem 6.9, it follows 
that dk'/K = dg (K')/K- 
In view of Corollary 7.11, every prime ideal of Ox dividing the product 
dx,/Kdx,/K also divides d;;x. Assume now that p is a prime ideal of Ox divid- 
ing dz x, but not dividing dx,/x. It needs to be shown that p divides dx,/x. Let 
PB be a prime ideal of O, lying above p, and dividing A;,;x. Our claim is that 
PB divides Az;/x,. In view of the equality 


Ar/K = Axx, AK,/K 


(obtained in Proposition 7.9), the claim is proved once we show that ‘8 does 
not divide Ax,;xOz,. Suppose to the contrary 8 | Ax,/xOz, then with f = 
fix (9B), the supposition implies that p/ = Nz/x ($B) divides 


Nix (Ax,/KOL) = Nx,jk(N1/K, (Ak, /KOL)) = NgixtAy Pp) = Cae 


which shows that p divides dx,/x. This is contrary to the assumption and hence 
the claim is proved. 

Let 6 € K> be an algebraic integer with K, = K(@), and denote by F,G 
its minimal polynomials over K and K, respectively. Then L = K,(@) and 
F(X) = G(X)H(X) for some polynomial H(X) having coefficients in Ox,. 
Thus F’(@) = G'(6)H(@), and so F’(@) lies in the ideal G’(0)O,. By Theo- 
rem 7.12, G'(@) € Ar;x, which is contained in $B by virtue of the claim proved 
above. Therefore F’(8) € 98. Since 6 is an arbitrary algebraic integer generating 
the extension K2/K, it now follows from Theorem 7.12 that Ax,/« C SB. This 
proves that B divides Ax,/x Oz and hence on taking norm, we see that p divides 
d K3/K - 

If a prime ideal p of Ox is unramified in L/K, then clearly it is unramified in 
K,/K and in K,/K. The converse follows immediately from the Discriminant 
theorem and Exercise 12 above. 

If a prime ideal p of Ox is unramified in K’, then by the Discriminant theorem 
p does not divide dx:/x. Therefore using Exercise 11, p does not divide d,(Ky/x 
for any K-isomorphism o of K’‘ into C. Hence in view of Exercise 12, p does 
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not divide dy;x where N is the smallest normal extension of K containing K’. 
Thus p is unramified in NV. 


Chapter 8 


1. 


Proceed as in Example 8.20. 


4. In view of Exercise 4 of Chap. 2, dx = —31. Applying Theorem 8.14, we see 


14. 


15. 


16. 


18. 


that the class number of K is 1. 


. Let K = Q(/34). Then SOx = psp with N(ps) = N(p5) = 5. We show that 


5 is nota principal ideal. Suppose to the contrary ps is principal, say generated by 
a + by/34 with a, b € Z. So |Nx/g(a + bV34)| = |a* — 34b?| = 5. Therefore 


a” = +5 (mod 17) which is not possible as the Legendre symbol (=) =<], 


. In view of Example 2.20, dx = —44. Hence the signature of K is [1, 1]. By 


Theorem 8.14, in every ideal class of K, there exists an ideal B with N(B) < 
(+) 3/44 < 2.So N(B) = 1 and hence the class number of K is 1. 


. Proceed as in Example 8.22. 
. Let C,C’ be two distinct ideal classes of an algebraic number field K. Choose 


integral ideals J, J such that J € C7! and J € C’. By Corollary 3.22, there exists 
an integral ideal A of Ox such that gcd(A, JJ) = Ox and AI is a principal 
ideal. Therefore A € C and it is coprime with J € C’. 

Let N denote the smallest normal extension of Q containing K,. In view of 
Exercises 11, 12 of Chap. 7, the only primes dividing dy are the primes divid- 
ing dx,. So dy and dx, are coprime. Write K; = Q(@) and let F(X), G(X) 
be the minimal polynomials of 0 over Q and K2 respectively. Clearly G(X) 
divides F(X) and we show that F(X) = G(X). For this, it is enough to 
prove that G(X) € Q[X]. Note that G(X) € N[X] because each root of F(X) 
and hence that of G(X) belongs to N. So if NM Kz is denoted by K, then 
G(X) € K[X]. By Corollary 7.11, dx divides both dy and dx,. Since dy and 
dx, are coprime, it follows that dx = +1. But in view of Corollary 8.3, this is 
possible only when K = Q. Therefore G(X) € Q[X] and hence F = G; con- 
sequently [K, Kz : K2] = deg G = deg F = [K, : QI. 

Denote Q(./—p) by K. Then 20x = fe with N(p2) = 2. Note that po is not 
a principal ideal because if p2 is generated by a + b./—p with a, b € Z, then 
2 = N(p2) = a? + pb’, which is not possible for any integers a, b. So the ideal 
class of p> has order 2 in the class group of K and hence the class number of K 
is even. 

Use Lemma 8.31 together with the fact that all the (p — 1)/2 Q-isomorphisms 
of Ko into C are real. 

Let C,Co,...,C, be all the distinct ideal classes of K. Fix an integral ideal 
A; € C; for eachi. By Corollary 8.5, Al is a principal ideal of Ox, say AY = (aj). 
Let 6; be a complex number which is a root of the polynomial X” — a; and 
denote the field K (6;) by K;. Set L = K (01, 02, ..., 0,). In view of the previous 
exercise, AjOx, is a principal ideal of Ox, and hence A;Q, is a principal ideal 
of O,. Since any non-zero ideal of Ox is a product of a principal fractional ideal 
of Ox with A; for some i, it follows that /O, is a principal ideal of O; for each 
ideal J of Ox. 
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Chapter 9 


2. Following the steps of the proof of Theorem 9.2, show that the set S** in Step 
III of this proof can be identified with the subset of R? given by 


{(x, y) € R2 | x,y >0, O<xy <1, andl <= <6}. 
y 


Show by an elementary argument that the area of the above set is log ¢. 

5. (i) 1/4. 
., log(2 + V3) 

(ii) —————_.. 
V3 
... log(5 + 26) 
(iii) ————_—_. 
9. The numbers v(i) for 1 < i < 10 are respectively given by 


(i) 1,0, 1,1, 0,0, 2,0, 1,0 
Gi) 1,1,0,1,2,0,2,1,1,2 
Gii) 1,0, 1,0, 0, 0,0, 0, 1,0 
0,0, 0, 0,0 

d 


[ads Hae} 


(iv) 1,0, 0,0, 0, 0, 0, 


9 9 


10. It is elementary and well known that )> w(d) = 1, if n = 1 and 0, otherwise. 
d\n 
This implies that for s > 1, 


Le 
age ns — 


n=1 


[o.@) 
Since ¢x(s) = )> ™ fors > 1, we have 


ns 


n=1 
cx(s) — (rvim)\ (GS u@)_ Gen 
o(s) 7 (> m (x a 7 n=1 nv 
where c, = )~ (d)v (5) for eachn EN. 
d\n 
Chapter 10 
i log(15 + 4/14) 
(ay 2 log(3 + V/10) 
J/10 
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3. 
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Let x denote the character associated with the quadratic field Q(/D). Then x is 
a non-trivial numerical character modulo | D| in view of Lemma 10.16. So there 
exists an integer s such that x(s) = —1. We can choose an infinite sequence 
nj <Nn2 <--- of positive integers such that n; = s (mod |D]) for each i. So 
x(n;) = —1 for alli. The desired assertion now follows from Proposition 10.12. 


. In view of equation (10.10), we have for s > 1, 


(oe) loo) (oe) 


ye = eels) = LG, OE) = i sy (>: =| . 


n=1 k=1 m=1 


where x is the character associated with the quadratic field Q(VD). Using 

uniqueness theorem regarding Dirichlet’s series [Apo, Theorem 11.3], we see 

that v(n) = >> x(k) for all n € N. Keeping in mind that x(k) = (2) for each 
k\n 


positive integer k by virtue of Proposition 10.12, the desired equality follows. 


. Let x be the character associated with the quadratic field K with discriminant 


D. Then x is a numerical character modulo |D| and x(k) = (2) fork € N. It 
now follows from Remark 10.5 that for each positive integer N, we have 


N D N 
» (7) =|) x@)| < IDL. 
j=l J j=l 


Appendix A 


21. 
26. 


27. 


35. 


37. 


. Q(V3) and Q(./—3) are not isomorphic as fields because —3 is a square in 


Q(./—3) but not in Q(/3). 


. The inverse of 1 — /2 is —(1 + 2!/3 + 27/3), 
. [Eg : Fo] < 3. 
. d = 5isone of the possibilities. In fact, x? — 3x + 1 isacommon factor of f (x) 


and g(x). 

[E : Q]= p(p— 1). 

Let M be a subfield of K of maximum degree over F for which there is an 
isomorphism o; from M into Q extending o. It is to be shown that M = K. 
If a € K\M, then using the hypothesis that Q is algebraically closed, one can 
extend o; to an isomorphism from M(q@) into Q in a natural way. 

The Q-conjugates of /2 +1 are /2+ l, J/2 l, J2+ l, J/2—-1. 

The Q-conjugates of V1+ /2 are fl Aa/D., et —/2, al] +/2, 
-V1—¥2. 

(a) The Galois group of x* — 2 over Q is a non-abelian group of order 6. 

(b) The Galois group of x* + 1 over Q is isomorphic to Klein’s four-group. 
Let G, H and H, denote respectively the Galois groups of the polynomials 
x" — 1, x — 1 and x” — 1 over Q. Then G is isomorphic to the direct product 
of H and H;. 
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39. 


41. 
42. 


45. 


50. 


Let G, H denote the Galois groups of the polynomials x!° — 1 and x® — 1 over 
Q respectively. Then G is a cyclic group of order 4 and H is isomorphic to 
Klein’s four-group. 

Note that E is a cyclic extension of Q of degree 4. 

Let 6 be a root of x? — a and ¢ bea primitive pth root of unity. Then the Galois 
group of the polynomial x? — a over Q is isomorphic to the semi-direct product 
of a group of order p and acyclic group of order p — 1. It consists of p(p — 1) 
automorphisms o;;, 1 <i < p—1,0< j < p—1witho;; defined by 


crRecl, O@r> c/6. 
When n > 2, then Q(@) is not a normal extension of Q where @ is a root of 
x2. 
k 
Write G = || H; as a direct product of cyclic groups Hi,..., Hy with |H;| = 


i=l 
m;, say. By Dirichlet’s Theorem for primes in arithmetic progressions (cf. Theo- 
rem 10.10), there exist distinct primes p1, p2,..., py Suchthat p; = 1 (modm;). 


k 
Letn = [| pj andgé = e?4/" Then in view of Corollary A.41, Gal(Q(¢)/Q) is 
i=l 


k 
isomorphic to the direct product [] C;, where each C; is a cyclic group of order 


i=] 
pi — 1. Let D; denote the subgroup of C; of order (p; — 1)/m; for 1 <i <k. 
By the fundamental theorem of Galois theory, there is a subfield K of Q(¢) such 


k 
that Gal(Q(¢)/K) is isomorphic to [] D;. Deduce that Gal(K /Q) is isomorphic 


i=1 
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